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VAGUE SOFT NEAR-RINGS

SUSHAMA VIJAYKUMAR PATIL AND JANARDAN DHYANDEV YADAV

ABSTRACT. Soft set theory, proposed by Molodstov has been re-
garded as an effective mathematical tool to deal with uncertainties.
Vague set is a set of objects, each of which has a grade of member-
ship whose value is a continuous subinterval of [0,1]. Such a set is
characterized by a truth membership function and a false member-
ship function. In this paper we introduce and study the concept
of vague soft near-rings, vague soft ideals of near-rings. Also, we
derive some properties of vague soft near-rings and vague soft ideals
of near-rings.
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1. INTRODUCTION

The real world is complex and complexity in the world arises from
uncertainty. Knowledge, which describes the real world, is usually im-
precise and vague. The mathematical tools available to represent the
real world are not suitable to describe rigorous and precise information.
Thus, there is always some difference between vagueness of reality and
its rigorousness of mathematical model.

The fuzzy set theory was initiated by L. A. Zadeh [9] in 1960s. Since a
membership in a fuzzy set theory is a matter of degree, we can represent
the gradual membership of an element of a set describing the fuzzy
attributes like cold, hot, tall, short etc in a better way. Fuzzy set theory
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is applicable in control theory, rohobotics and other complex engineering
systems. Molodtsov [3] initiated the concept of soft set. In 2001 Maji
et al [11] combined fuzzy sets and soft sets models and introduced the
concept of fuzzy soft sets. Also Borah, Neog and Sut[10] have studied
algebraic properties of fuzzy soft sets. Varol, Aygun and Aygunnoglu
[2] have introduced fuzzy soft ring and discussed its properties.

The fuzzy set assigns a single value to each object and this number
is inadequate to tell its accuracy. To overcome this situation Gau and

Buehrer [11] in 1993 introduced and studied vague sets. Vague sets are
more generalization of fuzzy sets. Now the research on vague set theory
is rapidly progressing. Xu et al [13] introduced the notion of vague soft

sets which is a combination of vague sets and soft sets as an improvement
to the notion of fuzzy soft sets. On the other hand, vague soft rings and
the related properties are discussed by Selvachandran and Salleh[1].

Near-ring is a generalization of a ring. If in a ring we ignore the
commutativity of addition and one distributive law then we get a near-
ring. G. Pilz [12], J. D. P. Meldrum [7] and many other researchers have
contributed the near-ring theory.

The aim of this paper is to further extend the concept of vague soft
rings by using near-rings. We have also derived its basic properties.
We have defined vague soft ideals over near-rings and discussed some
properties. Inspite of this, we have defined vague soft ideals of vague
soft near-rings. Further we have studied properties related to these
concepts.

2. PRELIMINARIES
We recall some basic definitions for the sake of completeness.

Definition 2.1. ([12]) By a near-ring we mean a non-empty set N with
two binary operations ‘4’ and ‘.” satisfying the following axioms:

(i) (N,+) is a group,

(ii) (N,.) is a semigroup,

(i) z- (y+2)=x-y+x-2Va,yzeN.
Precisely speaking, it is a left near-ring because it satisfies the left dis-
tributive law. We will use the word “near-rings” instead of “left near-
ring”. We denote xy instead of 2:-y. Note that 20 = 0 and z(—y) = —zy,
but 0z # 0 for x,y € N.

Definition 2.2. ([3]) Let U be an initial universe set and E be the set
of parameters. Let A be a subset of E. Let P(U) denote the power set of
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U. A pair (F, A) is called a soft set over U, where F is a mapping given
by FF': A — P(U). For each x € A, F(x) is the set of x-approximate
elements of the soft set (F, A). A soft set (F, E) over U is also denoted
by a triple (F, E,U).

Definition 2.3. ([15]) For a soft set (F,A) the set Supp (F,A) =
{z € A|F(x) # ¢} is called the support of the soft set (F, A). If Supp
(F, A) # ¢ then the soft set (F, A) is called non-null.

Definition 2.4. ([1]) Let (F, A) be a non-null soft set over a near-ring
N. Then (F, A) is called soft near-ring over N if F'(x) is a subnear-ring
of N for all z € Supp(F, A).

Definition 2.5. ([1]) Let X be a set of objects and x € X. A vague set
V in X is characterized by a truth membership function ty : X — [0, 1]
and a false-membership function fy : X — [0,1]. The value ty(x) is a
lower bound on the grade of membership of x derived from the evidence
for x and is fy(z) a upper bound on the negation of x derived from the
evidence against x. The values ty(x) and fy(x) both associate a real
number in the interval [0, 1] with each point in X, where ty (z)+ fy (z) <
1. This approach bounds the grade of membership of x to a subinterval
[tv(z),1 — fy(x)] of [0,1] . Hence a vague set is a form of fuzzy set.

Definition 2.6. ([13]) Let U be a universe, E a set of parameters, V(U)
the power set of vague sets on U, and A C E. A pair (F A) is called a
vague soft set over U, where F' is a mapping given by F': A — V(U).

Definition 2.7. ([13]) A vague soft set (F, A) over U is said to be
an absolute vague soft set denoted by A, if Va € A,tﬁ(a) (r) = 1,1 —

fF(a)(x) =1,z eU.

Definition 2.8. ([5]) Let (F', A) be a vague soft set over U. Then for
all a, 8 € [0,1], where o« < 8 the («, §)-cut or vague soft («, 3)-cut of
(F, A) for each a € A is a subset of U which is defined as;

(F7A)(o¢,,8) = {1‘ eU: tﬁa > a,1— fﬁa > 5}
It can be written as,

(F, Ao = {x cU: Fyz) > [a,ﬁ]}.

Definition 2.9. ([

], [13]) The union (resp.intersection) of two vague
soft sets (F', A) and (G, B)
y

G, B) over a universe X is a vague soft set (H,C)
(F

which is denoted b A)U (resp.ﬂ)( ,B) = (H,C) where C =
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AlJB and for all c€ C,z € X,

tp (2) ifce A-B
ty (z) = te. (z) ifce B—A
max (resp. min) |:th (), ta, (:z:)} ifce ANB
1= fp () ifce A-B
1_fH (.T): 1—féc($) ifce B—-A
max (resp. min) [1 — fp (), 1= fa. (x)] ifce ANB
Definition 2.10. ([1],[13]) If (F, A) and (G, B) be two vague soft sets
over the universe X then (F, A)AND(G, B) is a vague soft set denoted

by (F', A) A(G, B) and is defined by,
(£, A)\(G, B) = (H, A x B)
where
i, (@) = min (tg, (@), 1, (2)
and

L= fi,, (@) = min (1= £z (2).1 = fg, (@)

for all (a,b) € Ax B and x € X.

Definition 2.11. ([1],[13]) If (F, A) and (G, B) be two vague soft sets
over the universe X then (F, A)OR(G, B) is a vague soft set denoted by
(F', A)\/(G, B) and is defined by,
(F,A)\/(G,B) = (H,A x B)
where

i, (x) = max (tﬁa(x), ta, (x))
and

L= fi,, (@) = max (1= £, (2),1 = fg, (x))

for all (a,b) € Ax B and x € X.

Definition 2.12. ([5]) The restricted or bi-intersection of two vague
soft set (F, A) and (G, B) over universe X is a vague soft set denoted by
(F,A)M(G,B) = (H,C) where C = ANBand forallce ANB,x € X

we have,
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and

1= fg, () = min (1= [ (@)1 = fg, ()

3. VAGUE SOFT NEAR-RINGS

Definition 3.1. Let N be a near-ring and (F, A) be a non-null vague
soft set over N. Then (F', A) is called vague soft near-ring if and only if
fora € Aand x,y € N

A~

() Falw+y) = min (Fy(2), Faly))
ie tp (z +y) > min (tpa(x),tﬁa(y)) and 1 — fz (z +y) >
min (1= £, (2).1 = f5, ()

,Fa(y))

Ezample 3.2. Let N = {0,a,b,c} be a non-empty set with two binary
oparations ‘+’ and ‘- defined as fallows,

+10la|b|c .10la|b]|c
0|0|al|blc 0j{0j0|0|O
alal0|lc|b alalalala
b|bjc|0]a b|0|0[|0]|b
c|lc|blal|0 clajalalc
Let A = {e1,e2} be a subset of set of parameters. Consider a vague

soft set (F, A) over a near-ring N given by,
F(e1) ={[0.2,0.9]/0,]0.2,0.9]/a, [0.1,0.8]/b,[0.1,0.8] /c}

F(e2) ={[0.4,1]/0,[0.4,1]/a,[0.3,0.5]/b,]0.3,0.5] /c}.
Then (F, A) is a vague soft near-ring.

Theorem 3.3. Let (F, A) be a non-null vague soft set over a near-ring
N. Then (F,A) is a vague soft near-ring over N if and only if for each
a €A and z,y € N the following conditions hold:

() Falw—y) > min | F, (@), Fu()],
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~ A~

(i) Falwy) = min [Fu(a), Fuly)]-

Proof. Let (F,A) be a vague soft near-ring over N. Let a € A and
z,y € N. Then

Fy(z —y) = Falz + (—y))
> min(Fy(z), Fu(—y))

A

> min(Fy(x), lf'a(y))

Since (13‘ , A) is a vague soft near-ring over IV, the second condition holds.
Conversely let (F, A) be a vague soft set over a near-ring N satisfying
the given conditions. Now consider

Fuo(0) = Fa(w — )

> min(Fy(x), Fy(z))

> Fy().
Thus F,(0) > F,(z) for all z € N. Also,
o(0—1x)
W0+ (—2)
in(Fu(), Fa(x))
().
Thus Fy(x —y) = Fo(z + (=y)) > min(Fy(@), Fa(~y))
Hence (F', A) is a vague soft near-ring over N. O

Fo(—x)

AV
it S

v

[V
> 3

Definition 3.4. Let (F', A) be a vague soft set over N. Let ¢ : N — N
be a map.
Then we define,

~

FO(z) = F(¢(x))
That is, ta®(x) = ta(d(z)) and 1 — f,?(x) = 1 — fo(é(z)) for all a € A.
(F%, A) is also vague soft set over N.

Theorem 3.5. Let (F,A) be a vague soft near-ring over N and ¢ be a
homomorphism of N. Then (F'?, A) is a vague soft near-ring over N.
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Proof. Let (F, A) be a vague soft near-ring over N.
Let a € Aand z,y € N.
To prove that (F?, A) is a vague soft near-ring over N.

Also we have,

Hence (E'?, A) is a vague soft near-ring over N. O

Theorem 3.6. Let (F, A) be a vague soft set over N. Then (I, A) be
a vague soft near-ring over N if and only if for all a € A and for any
a, B € 10,1], the vague soft (a, B)-cut of (F, A) is a soft near-ring.

Proof. Suppose (13' , A) be a vague soft near-ring over N.
Let any a € A.

Let any o, 8 € [ 1] with a < B.

To show that (F, A)(,,g) is a soft near-ring over N.

let z,y € (Fa>(a 5 Then E,(z) > [a, 8] and F,(y) > [a, 4.
Therefore F,(z —y) > min (F (z), Fuly )) > o, B].
Also F,(zy) > min (Fa(x),ﬁ( )) > [a, 4]

Hence x — y,zy € (Fa) .
N (a75)
Thus, (F, A)(q,p) is a soft near-ring over N.

Conversely, Let (}3’ s A)(a,p) 18 @ soft near-ring over N.
To show that (F, A) be a vague soft near-ring over N.
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~

Define, [, 5] = min (Fa(x),ﬁa(y)> foralla € A and x,y € N.
Then z,y € (Fa> .

(,8) R
By assumption, z — y, xy € (Fa>( 5

Therefore F,(z—y) > [a, 8] = min (Fa(x),Fa(y)) and F, (zy) > [a, B] =
min <Fa(aﬁ), Fa(y)> Hence (F, A) be a vague soft near-ring over N. [

4. IDEALS OF VAGUE SOFT NEAR-RING

Let N be a near ring. Let (f , A) be a non-null vague soft set over N.
Then (I, A) is called vague soft ideal over N if and only if for each a € A
and z,y,i € N the following conditions hold:

(i) (I, A) is vague soft near-ring over N |
i) Ll(x + i)y — 23] > Lali)
(ili) fa(zy) = La(y).
If 1, satisfies (i), (ii) then it is called vague soft right ideal
over N and if it satisfies (i), (iii) then it is called vague soft left
ideal over N.

Ezample 4.1. Let N = {a,b,c,d} be a non-empty set with two binary
operations ‘+’ and ‘- defined as fallows,

+la|blc|d alblc|d
alalblc|d alalalala
b|bla|d]|c blajalal|a
clc|d|b|a clalalala
d|{d|c|al|b dlajalal|b

let A= {ej,ea} be a subset of set of parameters.
Consider a vague soft set (F', A) over a near-ring N,

F(e1) = {[0.2,0.8]/a,[0.1,0.13]/b,]0.1,0.3] /c, [0.1,0.3] /d} ,

A

F(e2) ={[0.4,0.9]/a,[0.3,0.5]/b,[0.3,0.5] /¢, [0.3,0.5] /d} .
Then (F, A) is a vague soft ideal over N.

Theorem 4.2. Let (', A) and (G, B) be two vague soft ideals over a
near- ring N. Then (F,A) N(G, B) is vague soft ideal over N.
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Proof. Let (F,A) \(G,B) = (H, A x B)
Then for all (a,b) € A x B we have,

I:I(a,b)(ff— F IL‘— ﬂGb r—1Y

Hqp)(2y) = Fa(ay) () Go(zy)
= min [Fa (zy), Gb(xy)

[E—

> min [min {Fa($), Fa(?/)}
> min [min {Fa(m), Gb(x)} , min {Fa(y)a éb(y)H

Hence (o (zy) > min (o (@), Hiap (1))

Hence ﬁ(a,b) (zy) > I—:r(a,b) (y)
Hiopy {(@ + i)y — ay} = Fa{(x + i)y — 2y} \ Go {(z + i)y — 2y}
> Fu(i) /\ Gu(0)
= Hop) ().
Hence (F', A) A(G, B) is vague soft ideal over N. O

Theorem 4.3. Let (', A) and (G, B) be two vague soft ideals over a
near-ring N.Then (F, A) \/(G, B) is vague soft ideal over N.

Proof. Proof is similar to above theorem. O
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Theorem 4.4. Let (F, A) and (G, B) be two vague soft ideals over a

near-ring N.Then (F, A)(G, B) is vague soft ideal over N.

Proof. Let (F,A)ﬁ(@, B) = (H,C) where C = A|JB and for all ¢ €
C,x €N,
H.(x) = Fc(z) ifce A-B
= Ge(z) ifce B-A

=F.(z)[|Ge(z) ifceA()B

Casel: If ¢ € A— B then H,(z) = F,(x) and since (F', A) is a vague soft
ideal over N, (H,C) is a vague soft ideal over N.

Case2: If ¢ € B — A then H.(x) = G.(z) and since (G, B) is a vague
soft ideal of N, (H,C) is a vague soft ideal over N.

Case3: If ¢ € A B then H.(z) = F.(z) (| Ge(x) we have,

He(x —y) = Fo(z —y)[|Gelz — y)

= min [Fc($ —y), é0($ - y)]

> min {min {F’C(x),ﬁc(y)} , min {Gc(x), Gb(y)}]

T
@
=
Q
@
mm>
Py
&
|
Y
IV
=
=
S
mm>
Py
&
o
=
S
N—

He(ay) = Fu(ay) (| Gelwy) = min { Fuey), Golay) } = min { Fuly), Cely) }
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He{(z+ i)y — 2y} = Fo{(x + 1)y — ay} () Ge {(z + i)y — 2y}
> Fo(i) () Geld)
= H.(i).
Hence (', A)(G, B) is a vague soft ideal over N. O

Theorem 4.5. Let (', A) and (G, B) be two vague soft ideals over a

near-ring N.Then (F, A)f(G, B) is vague soft ideal over N.
Proof. Proof is straightforward. O

Theorem 4.6. Let (F, A) and (G, B) be two vague soft ideals over a

near-ring N. Then (F, A)\J(G, B) is a vague soft ideal over N if A and
B are disjoint.

Proof. Proof is similar to above theorem. O

Theorem 4.7. Let (F,A) is a vague soft left ideal over N and ¢ be a
homomorphism of N. Then (F?, A) is a vague soft left ideal over N.

Proof. Let (F, A) be a vague soft left ideal over N.

Let a € Aand z,y € N.

Also we have, (F', A) is a vague soft near-ring over N.

To prove that (F'?, A) is a vague soft left ideal over N, it remains to

show that Ff(my) > Fad)(y). Consider,

£, (@y) = Fulo(ay)

= Fo[p(2)(y)]

> F, [6(y)] since F,(zy) > min <Fa(m), Zf'a(y)) Va,y € N.
Hence (E'%, A) is a vague soft left ideal over N. O

Definition 4.8. Let (F, A) and (G, B) be two vague soft subsets over
near-ring N. Then (F,A) o (G,B) = (F o G,C) is a vague soft subset
over N defined by for all c € A B.

(Fo@)c(z) _J sup {mm[FC(x), Gc(x)]} ;if z is expressed as z = xy
; Otherwise
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Theorem 4.9. Let N be a near-ring, E be set of parameters and A be a
subset of E. Then (F,A) 18 vague a soft left ideal over N if and only if
for each a € A the corresponding vague set over N satisfies the following
conditions

(i) (F,A) is a vague soft near-ring over N,

(i) Ao (F,A) C (F,A).

Proof. Suppose (F , A) is vague soft left ideal over N.
Then clearly (F, A) is a vague soft near-ring over N.
Let z be any element of V.

Now if z = zy

Ao (F,A = {mm y)]}

If 2 cannot be expressed as z = zy then Ao (F, A)(z) = 0 < F(z).
Therefore, in any case Ao (', A)(z) < F(z).

Conversely, let (E', A) be a vague soft set over N such that for each a € A.
The corresponding vague subset E, of N satisfy given conditions. Let
x,y € N. Then we have

F(zy) > (Ao F)(zy)
— sup {min(ﬁ(x), Z5(9))}

> min(A(x), F(y))
= F(y).
This shows that, (F', A) is vague soft left ideal over N. O

THE VAGUE SOFT IDEAL OF A VAGUE SOFT NEAR-RING

Definition 4.10. Let (F, A) be a vague soft near-ring over N. A non-
null vague soft set (G, B) over N is called a vague soft ideal of (F', A) if
it satisfies the following conditions:

(i) B C A,

(i) (G, B) is a vague soft sub near-ring of (F', A),
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(i) Gulay) = Gl A
(iv) Gy [(z + i)y — zy] > Go(i). for all z,y,i € Supp(G, B) and Vb € B.

Theorem 4.11. Let (él,Bl) and (ng, Bs) be two vague soft ideals of a
vague soft near-ring (', A) over N. Then (G1, B1)(\(G2, B2) is a vague
soft ideal of (F', A) if it is non-null.

Proof. As (G1, By) and (Ga, Bs) be two vague soft ideals of a vague soft
near-ring (F,A) over N,

we have

B1 € Aand B, C A. Also (él,Bl) and (ng,Bg) be two vague soft
subsets of (F', A).

Clearly (Gy, Bl)ﬂ(éz, By) is non-null vague soft subset of (F, A).

let (Gl,Bl)ﬂ(Gg,Bg) = (H,C) where C' = By () Bz and for all
ceC,x € supp(H )

we have,

H.(z) = Gre(2) if ce B — B
= GAQC(.%') ifce By — By
= GAlc(CL‘) m GAQC(CL‘) if ce By ﬂ B

Therefore, there are three cases to be considered and they are as given
below:

Casel: If ¢ € By — By, then H.(z) = Gic(z) and since (Gy,

vague soft ideal of (F', A), (H, C) is a vague soft ideal of (F, A)

Case2: If ¢ € By — By, then H.(z) = Gac(z) and since (Ga, By) is a
vague soft ideal of (F', A), (H,C) is a vague soft ideal of (F, A).

Case3: If ¢ € By () By then H,(z) = Gio(z) ) Gae()

So, we have

ﬁc(l‘ —y) = Glc (z — ﬂG2C (@ -
= min |G1.(z — ), GQc(x_y)}

B;) is a

>m [mln {Glc G1c( )} ,min {GA2c($)> GAQc(y)H
= [mm {Glc GQC( )} , min {GAlc(y)y GA2c(y)H
= min (Hc )
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Hence Ho(x — y) > min (Ho(x), He(y)
H.(zy) = Gie(z mGQC zy)
— min [ o(zy), Gael xy)]
> min [min {G1(2), Gre(y) } min { Cac(e), Cac(v)
min [min {Gr(2), Gac(@) } ,min {Gre(y). Gac(v) |
= min (Ho(x), Hely))
Hence H.,(xy) > min <ﬁc(:p), ﬁc(y)).
Also, He(wy) = Ghe(wy) (| Gaclwy) = min (Gre(wy), Gaclay) ) = min {Gre(y), Gaely) | =
H.(y).
He{(z + i)y — 2y} = Gre{(x + i)y — 2y} [ | Gae {(x + i)y — 2y}
> Ghe(i)[) Gaeli)
= H,(i).

Thus in any case (G1, Bl)ﬁ(ég, By) = (H,C) is a vague ideal of (F, A).

]
Theorem 4.12. Let (él, Bi1) and ((jg, Bs) be two vague soft ideals of a
vague soft near-ring (F', A) over N. Then (G, By)J(Ga, Bs) is a vague
soft ideal of (F', A) if it is non-null.

Proof. Proof is similar to above theorem. O

CONCLUSION

In this paper, we extend our work to a vague soft near-rings. We
defined the vague soft ideals over a near-rings. We studied and discussed
its properties. Also, we introduced the composition of vague soft sets
and vague soft ideals of a vague soft near-rings.
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