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HYPER STRUCTURE THEORY APPLIED TO
KU-ALGEBRAS

SAMY M. MOSTAFA, FATEMA F. KAREEM AND BIJAN DAVVAZ

ABSTRACT. In this paper, the concept of a hyper structure KU-
algebra is introduced and some related properties are investigated.
Also, some types of hyper KU-algebras are studied and the relation-
ship between them is stated. Then, a hyper KU-ideal of a hyper
structure KU-algebra is studied and a few properties are obtained.
Furthermore, the notion of a homomorphism is discussed.
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1. INTRODUCTION

Prabpayak and Leerawat [0, 7] introduced a new algebraic structure
which is called KU-algebras. They studied ideals and congruences in
KU-algebras. Also, they introduced the concept of homomorphism of
KU-algebra and investigated some related properties. Moreover, they
derived some straightforward consequences of the relations between quo-
tient KU-algebras and isomorphism. The hyper structure theory (called
also multialgebras) is introduced in 1934 by F. Marty [1] at the 8th con-
gress of Scandinvian Mathematiciens. Around the 40’s, several authors
worked on hyper groups, especially in France and in the United States,
but also in Italy, Russia and Japan. Hyper structures have many appli-
cations to several sectors of both pure and applied sciences. In [3], Y.
B. Jun et al. applied the hyper structures to BCK-algebras, and intro-
duced the concept of a hyper BCK-algebra which is a generalization of
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a BCK-algebra and investigated some related properties. They also in-
troduced the notion of a hyper BCK-ideal, a weak hyper BCK-ideal and
gave relations between hyper BCK-ideals and weak hyper BCK-ideals.
Y. B. Jun et al. [2] gave a condition for a hyper BCK-algebra to be a
BCK-algebra and introduced the notion of a strong hyper BCK-ideal, a
weak hyper BCK-ideal and a reflexive hyper BCK-ideal. They showed
that every strong hyper BCK-ideal is a hyper sub-algebra, a weak hyper
BCK-ideal and a hyper BCK-ideal; and every reflexive hyper BCK-ideal
is a strong hyper BCK-ideal. In this paper we introduced the notion
of hyper KU-algebra and some types of hyper KU-algebras are studied.
Also, a homomorphism of hyper KU-algebra is obtained.

2. PRELIMINARIES

In this section, we present some concepts related to KU-algebra and
theories from the literature, which are necessary for our discussion.

Definition 2.1. [6, 7] Let X be a set with a binary operation * and
a constant 0, then (X,*,0) is called a KU-algebra, if it satisfies the
following axioms:
(KUy) (x*y)*[(y*2) % (z*2)] =0,
(KUg) 2 %0 =0,
(KU3) O xx = =z,
(KUy) 2%y =0 and yx2z =0 imply z =y,
for all z,y,z € X.
A binary relation < in X is defined by: x < y if and only if yxx = 0,
we can prove that(X, <) is a poset.
In a KU-algebra (X, «,0), the following properties are satisfied:

(KUyp) (y*x2)*x(zx2) <x*y,
(KUs) 0 < z,
(KUs) z <y and y < x imply x = y.

Corollary 2.2. [5] In a KU-algebra X. The following identities are
true, for allx,y,z € X.
(1) zx2z=0,
z*x(xxz)=0,
If ¢ <y implies that yx z < x *x z,
z2x(yxx) =y (2*x),
y* ((y*z)*x)=0.
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Definition 2.3. [9] A subset S of a KU-algebra (X;%,0) is called a sub
algebra of X, if z xy € X whenever z,y € X.

Definition 2.4. [9] A nonempty subset A of a KU-algebra (X;*,0) is
called an ideal of X, if for any =,y € X, the following conditions hold:
(1) 0 € A,
(2) yxz € A and y € A imply that z € A, for all y,z € X.

Definition 2.5. [9] Let A be a nonempty subset of a KU-algebra X.
Then, A is said to be a KU-ideal of X, if

(1) 0 € A,
(2) x*(y*z) € Aand y € A imply that xxz € A, for all z,y,2z € X.

Ezample 2.6. Let X ={0,a,b,c,d, e} with x is defined by the following
table.

QIO |||
(o) Nen] Nen) Hen) Nen] Nan}
(en)] Nen] Nen) Hen] Bl Be]
(o) New] Neo) s} s ol Sl
QIO [TO|O

O O Q| | & | &

e|0|0]0|0
Then, (X, *,0) is a KU-algebra and it is eas
are KU-ideals of X.

Definition 2.7. [7] Let (X,*,0) and (Y,*',0') be two KU-algebras, a
homomorphism is a map @ : X — Y satisfying Q(z xy) = Q(x) ¥ Q(y),
for all z,y € X.

O lola|o|a|o|a|o

to show that {0, a},{0,a,b,c,d}

<

Definition 2.8. [7] Let @ be a mapping of a KU-algebra X into a
KU-algebra Y and A C X, B C Y. Then, the image of A in Y under
Q is Q(A) = {Q(a) : a € A} and the inverse image of B in X is
Q1 (B)={be X :Q(b) € B}.

Theorem 2.9. [7] Let Q be a homomorphism of a KU-algebra X into
a KU-algebra Y, then
(1) If 0 is the identity in X, then Q(0) is the identity in Y ;
(2) If S is a KU-subalgebra of X, then Q(S) is a KU-subalgrbra of
Y;
(3) If A is a KU-ideal of X, then Q(A) is a KU-ideal in Y ;
(4) If S is a KU-subalgebra of Y, then Q~1(S) is a KU-algebra of
X;
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(5) If B is a KU-ideal in Q(X), then Q~Y(B) is a KU-ideal in X;
(6) Q is 1 —1 if and only if ker@ = {0};
(7) ker@ is an KU-ideal of X.

3. HyPErR KU-ALGEBRA

Let H be a nonempty set and P*(H) = P(H) — {¢} the family of
the nonempty subsets of H. A multi valued operation (said also hyper
operation) “o” on H is a function, which associates with every pair
(r,y) € H x H = H? a nonempty subset of H denoted x o y. An
algebraic hyper structure or simply a hyper structure is a nonempty set

H endowed with one or more hyper operations.

Definition 3.1. Let H be a nonempty set and “o” a hyper operation
on H, such that o : H x H — P*(H). Then, H is called a hyper KU-
algebra if it contains a constant “0” and satisfies the following axioms:
for all x,y,z € H

(HKU,) [(y o 2) o (z02)] <<z oy,

(HKUg) z 0 0 = {0},

(HKU3) 0oz = {z},

(HKUy) if x << y and y << z imply = =y,
where x << y is defined by 0 € y o z and for every A,BC H, A << B
is defined by Va € A,db € B such that a << b. In such case, we call
<< the hyper order in H.

We shall use the x o y instead of x o {y} or {z} o {y}. Note that if
A,B C H, then by Ao B we mean the subset 4c4pecplJaob of H.

Ezample 3.2. Let H = {0, a,b} be a set. Define a hyper operation o on
H as follows:

0 a b
{0} | {a} | {b}
{0} [ {0,a} | {a,b}
b| {0} | {0,a} | {0,a,b}
Then, (H,o,0) is a hyper KU-algebra.

Q|| O

Ezample 3.3. (1) Define the hyper operation o on Z, the set of inte-
gers, as follows:

_J{yy ife=0
roy= { 7 otherwise.

Then, (Z,0,0) is a hyper KU-algebra.
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(2) Let H = {0,1,2,3} be a set. Define the hyper operation o; on
H as follows:

[0 [ 1T [27] 3 ] 0 [ 1] 2 3
0 [ {0} [ {1} |{2}] {3} 0 {0} | {1} ] {2} | {3}
11 {0} [ {0} [ {1} ] {3} 1 {0y [ {0} | {1} | {3}
2 [ {0} | {0} | {0} | {0,3} 2 | {0} | {0} | {0,1} | {0,3}
3 1 {0} [{0} [ {1} ] {0,3} 3 [{0} [ {0} | {1} [{0,3}

Then, (H,o0;,0), i = 1,2 are hyper KU-algebras.

Proposition 3.4. Let H be a hyper KU-algebra. Then, for all x,y,z €
H, the following statements hold:

(P1) A C B implies A << B, for all nonempty subsets A, B of

H?

(P2) 000 ={0};
(P3) 0 << z;

(P4) 2 << Z;

(P5) 02 << z;

(Pg) A00—{0};
(P7) 0oA= A,

(Ps) (000)ox ={z}

) The proof follows by (P3), (HKU3) and (Py). O
Lemma 3.5. In hyper KU-algebra (H,o,0), the following hold:

r<<yimplyyoz<<xzoz forallxz,y,z€ H.

Proof. Since = << y, it follows that 0 € y o z. By (HKU;), we obtain
[(zoz)o(yoz)] << yox. Then0 € (yox)o[(xoz)o(yoz)], but 0 € you.
Hence, 0 € [(zoz)o(yoz)], ie., (yoz) << (xoz). O
Lemma 3.6. In hyper KU-algebra (H,o,0), we have
zo(yox)=yo(zox) for all x,y,z € H.
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Proof. From (HKU,), [(zox) o (yox)] <<wyoz. If y=0, then
(3.1) [(zox)ox)] << 2.

Making use of (3.1) and (HKUy), we get [(zo(yox) << [(zoz)ox]o(yo
xr) << yo(zoux), since z,y, z are arbitrary, interchanging y and z in the
above inequality, we obtain yo (z 0 z) << z 0 (y o), and by (HKUy),
we get zo (yox)=yo(zox). O

Lemma 3.7. For all x,y,z € H, the following statements hold:

(1) zoy<<ze zoy<<uw,
(2) 0<<A=0¢€ A,
B)ye(0ox)=y<<uz.

Proof. (1) Let x,y,z € H be such that x oy << z. Then, there exists
t € xoysuch that t << z. Thus 0 € zot C zo(xoy) =z o (z0y),
we get 0 € z o (z0y), hence zoy << x. The proof of the converse is
similar.

(2) Let 0 << A. It means that there is a € A such that 0 << a. By
using (HKU,), a =0, and so 0 € A.

(3) Let x € 0 oy. Then, by (HKU3), 0 € (Ooy)ox = youx. ie.,
0 € yox. Hence x << y. Il

4. SOME TYPES OF HYPER KU-ALGEBRAS

In this section we discuss the formalization of Some types of hyper
KU-algebras and we prove some related properties.

Definition 4.1. A hyper KU-algebra is said

(1) Row hyper KU-algebra (briefly, R-hyper KU-algebra), if
Oox = {z}, for all x € H;

(2) Column hyper KU-algebra (briefly, C-hyper KU-algebra), if
x o0 = {0}, for allx € H;

(3) Diagonal hyper KU-algebra (briefly, D-hyper KU-algebra), if
xox ={0}, for all z € H;

(4) Thin hyper KU-algebra (briefly, T-hyper KU-algebra), if it is a
RC-hyper KU-algebra;

(5) Very thin hyper KU-algebra (briefly, V-hyper KU-algebra), if it
is a RCD-hyper KU-algebra.

Ezxample 4.2. (1) Every KU-algebra is a RCD-hyper KU-algebra.
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(2) Let H ={0,a,b} be a set. Define a hyper operation o; on H as

follows:
01 0 a b
0] {0} {a} {o}
a | {0,b} |{0,a,b} | {0,a}
b |{0,a,b} | {a} |{0,a,b}
Then, (H,o1,0) is an R-hyper KU-algebra.
(3)
09 0 a O3 0 a 04 0 a
0 [ {0} | {a} 0] {0} |{a} 0] {0} | {a}
a | {0} ]{0,a} a | {0,a} | {0} a | {0,a} |{0,a}

Then, (H,o,0) is a T-hyper KU-algebra, (H,o03,0) is an RD-
hyper KU-algebra and (H,o4,0) is an R-hyper KU-algebra.
Theorem 4.3. Let H be a D-hyper KU-algebra. Then, for alla,x,y € H
(1) a € 00 x implies x o a = {0},
(2) yo(zoy) =00,
(3) 0o(x00)=z00.
Proof. (1) By Lemma 3.6 and Definition 4.1,{0} =000 =00 (zoz) =
zo (0ox). It follows that, for all a € 0oz, z 0 a = {0}.
(2) yo(zoy) —wo(yoy) = o0.
(3)0o(x00)=z0(000)=x00. O

Theorem 4.4. Let H be a CD-hyper KU-algebra. Then, for all x,y, z €
H

(1) zo(yox) = {0},

(2) z € xoy implies yo z = {0}.
Proof. (1) By Lemma 3.6 and Definition 4.1, zx o (yoz) =yo (zox) =
yo0={0}.

(2) Let 2 € z oy. Then, by (1), yoz C yo (zoy) = {0}. Hence

yoz={0}. O

5. HyPErR KU-IDEALS

Definition 5.1. Let A be a nonempty subset of a hyper KU-algebra H.
Then, A is said to be a hyper ideal of H if

(HI;) 0 € A,
(HIz) yoxr << Aand y € A imply = € A, for all x,y € H.
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Definition 5.2. A nonempty set A of a hyper KU-algebra H is called
a distributive hyper ideal if it satisfies (HI;) and

(HI3) (zoy)o(zo(zo0z)) << Aand y € A imply z € A.

Ezample 5.3. Consider a hyper KU-algebra H = {0, a, b, ¢} with the fol-
lowing Cayley table.

{0,a},{0,a,b} are the only hyper ideals in H which are also distribu-
tive hyper ideals of H.

0 a b c
{0,a} | {a} | {06} | {c}
[0,a} | (0,0} | {00} | et
{0,a} | {0,a} | {0,a,b} | {c}
{0,a} | {0,a} | {0,a,b} | {0,a,c}

Theorem 5.4. Every distributive hyper ideal A is a hyper ideal.

oS|[0

Proof. Since A is a distributive hyper ideal, it follows that for (z o y) o
(zo(zox)) << Aand y € A, substituting z = 0. We have (yoz) << A
and y € A, x € A. O

The converse of Theorem 5.4 may not be true as follows from Example
5.5.

Ezample 5.5. Consider a hyper KU-algebra H = {0, a,b,c} with the
following Cayley table. It can be easily checked that A = {0,b} is a
hyper ideal but A is not a distributive hyper ideal of H because (bo0) o
(bo(boc)) << A and 0 € A implies ¢ € A which is a contradiction.

0 a b c
{0} | {a} | {b} | {c}
{0} 1{0,a} | {0,b} | {b,c}
{0} | 0,0} | {0} | {a}
{0} | {0,0} | {0} [{0,a}
Definition 5.6. Let I be a nonempty subset of a hyper KU-algebra H
and 0 € I. Then,
(1) I is called a weak hyper ideal of H if yox C I and y € I imply
that z € I, for all z,y € H;
(2) I is called a strong hyper ideal of H if (yoz)((I #¢ and y € T
imply that z € I, for all x,y € H.

Ol || 0

Definition 5.7. For a hyper KU-algebra H, a nonempty subset I C H,
containing 0 is:
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(1) A weak hyper KU-ideal of H if ao (boc) C I and b € I imply
aocé€l;

(2) A hyper KU-ideal of H if ao(boc) << I and b € I imply aoc € I;

(3) A strong hyper KU-ideal of H if (Vx,y € H) ((ao(boc)(I # ¢)
and b € I imply aoc € I.

Theorem 5.8. Every (strong, weak) hyper KU-ideal is a (strong, weak)
hyper ideal.

Proof. Let I be a hyper KU-ideal of H. Then, Va,b,c € H ao(boc) << I
and b € I imply aoc € I. Putting a = 0 we get 0o (boc) << I and
belimply Ooce I. Hence (boc) << I and b€ I imply c € I. O

Generally, every (strong, weak) hyper ideal is not a (strong, weak)
hyper KU-ideal. It can be observed with the help of examples given
below:

Ezample 5.9. Let H = {0,a,b,c} be a set with the following Cayley
table.

0 a b c
{0} | {a} | {06} | {c}

{0} [ {0,a} | {0,b} | {b,c}
{0} | {0,0} | {0} | {a}

{0} [ {0,6} | {0} [{0,a}
Then, (H,o,0) is a hyper KU-algebra. Take I = {0,b}, then I is a weak
hyper ideal, however, not a weak hyper KU-ideal of H as bo (boc) C
ILbel,butboc=a¢l.

Ezample 5.10. Let H = {0, a, b} be a set with the following Cayley table.

0 a b
{0} | {a} | {b}
{0} [ {0,a} | {b}
{0} | {p} |{0,b}
Then, (H,o,0) is a hyper KU-algebra. Take I = {0, b}, then I is a hyper
ideal, but not a hyper KU-ideal of H, since 0o (boa) << I,b € I, but

a ¢ I.Here I = {0,b} is also a strong hyper ideal but it is not a strong
hyper KU-ideal of H, since 0o (boa) ={b} NI # ¢andbe I but a ¢ I.

Definition 5.11. A subset I of a hyper KU-algebra H such that 0 € 1
is called the following:

(1) A hyper KU-ideal of typel, if xo(yoz) << I,y I = xz0ozC1,

OIS |0

S| O] O
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(2) A hyper KU-ideal of type 2, if xo(yoz) C I,y =xoz C 1,
(3) A hyper KU-ideal of type 3, if xo(yoz) << I,y € I = xoz << I,
(4) A hyper KU-ideal of type 4, if xo(yoz) C [,y € I = zoz << I.

Theorem 5.12. In any hyper KU-algebra, the following statements are
valid.

(1) Any hyper KU-ideal of type 1 is a hyper KU-ideal of types 2 and
3.

(2) Any hyper KU-ideal of type 2 is a hyper KU-ideal of type 4.

(3) Any hyper KU-ideal of type 3 is a hyper KU-ideal of type 4.

(4) Any hyper KU-ideal of type 1 is a hyper -ideal.

(5) Any hyper KU-ideal of type 2 is a weak hyper -ideal.

Proof. The statements (1), (2), and (3) are clear. So, we prove only (4)
and (v).

(4) Let I be a hyper KU-ideal of type 1,yox << I, and y € I. Hence,
by Proposition 3.4, (P7). We obtain 0o (yoxz) =yox << I. But y € I,
so applying the hypothesis and (HKUs), we get {x} = 0o 2 C I. This
shows that [ is a hyper-ideal of H.

(5) The proof of (4) is analogous. O

6. A HOMOMORPHISM ON HYPER KU-ALGEBRAS

Definition 6.1. Let (H,0,0), (K, 0,0) be hyper KU-algebras. A map-
ping f : H — K is called a hyper homomorphism if

(HHy) f(0) =0,

(HHg) f(zoy) = f(z)o’f(y), for all x,y € H.

Theorem 6.2. Let f : H — K be a hyper homomorphism of hyper
KU-algebras. If x <<y in H, then f(y) << f(z) in K.

Proof. Let x,y € H be such that z << y. Then, 0 € y oz, and so
0= f(0) € f(zoy) = f(a) o f(y). Hence, f(y) << f(@) n K. O
Theorem 6.3. Let f : H — K be a hyper homomorphism of hyper
KU-algebras. If T is a hyper ideal of K, then f~1(1) is a hyper ideal of
H.

Proof. Clearly 0 € f~1(1). Let z,5y € H be such that z oy << f~1(1)
and € f~1(1). Then, f(z) € I, and for every z € x o y there exists
w € f71(1) such that z << w, that is, 0 € w o z. It follows that
0= f(0) € f(woz) = f(w)of(z) CIlof(xoy)=1TIof(x)of(y),so that
f(z)o f(y) << I. Since I is a hyper ideal of K, it follows that f(y) € I,
that is, y € f~1(1) by (HI;). Hence f~1(1) is a hyper ideal of H. [
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Theorem 6.4. If f: H — K is a hyper homomorphism of hyper KU-
algebras, then ker(f) ={x € H : f(x) = 0}, called the kernel of f, is a
hyper ideal of H.

Proof. Clearly 0 € ker(f). Let z,y € H be such that x oy << ker(f)
and x € ker(f). Then, f(z) = 0, and for each a € z oy there exists
b € ker(f) such that a << b. It follows from (HHs) and (HKUs) that
is, a € ker(f) so that 0'= f(a) € f(zoy) = f(z)o f(y) = 0o f(y) =
f(y),that is y € ker(f). Hence ker(f) is a hyper ideal of H. O

Theorem 6.5. Let f : H — K be an onto hyper homomorphism of
hyper KU-algebras. If I is a hyper ideal of H containing ker(f), then
f(1) is a hyper ideal of K.

Proof. Note that 0'= f(0) € f(1). Let z,y € K be such that z oy <<
f(1) and = € f(1). Since f is onto, it follows that there exist a,b € H
such that f(a) = x and f(b) =y. Thus f(aob) = f(a)o f(b) =xoy <<
f(1). Let w € aob. And for every z € f(aob) there exist w € f(1) such
that z << w. Then, f(w) << f(z), that is 0 € f(2) o f(w) = f(z ow).
It follows that z o w C kerf C I so that zow << I by (P;). Since I
is a hyper ideal of H, it follows that w € I by (HI). Hence aob C I
and so aob << I. Since a € I, it follows from (HI3) that b € I so that
y = f(b)inf(1). Hence f(1) is a hyper ideal ofK. O

Theorem 6.6. Let f: H — Hy and g : Hy — Hgs be two homomor-
phism of hyper KU-algebras such that f is onto and ker(f) C ker(g).
Then, there exists a homomorphism h : Hy — Hs such that ho f = g.

Proof. Let y € Hy. Since f is onto, there exists x € H; such that
y = f(z). Define h : Hy — Hj3 by h(y) = g(x), for all y € Hs.
Now, we show that h is well-defined. Let y1,y2 € Ho and y; = yo.
Since f is onto, then there are x1,x9 € Hj such that y; = f(z1) and
y2 = f(x2). Hence f(21) = f(x2) and 0 € f(z1) o f(z2) = f(z1 0 x2).
It follows that there exists z € x1 o 9 such that f(z) = 0. Thus z €
ker(f) C ker(g) and g(z) = 0. Since z € w1 o xg, then 0 = g(z) €
g(x1 o x9) = g(x1) o g(xe) which implies that g(z2) << g(z1). On
the other hand since 0 € f(x1) o f(z2) = f(z1 0 x2), similarly we can
conclude that 0 € g(x20x1) = g(x2) 0 g(x1), then g(x1) << g(x2). Thus
g(z1) = g(x2), which shows that h is well-defined. Clearly, ho f = g.
Finally, we show that h is a homomorphism. Let y;,y2 € Hs. Since
f is onto, there are x1,z9 € H; such that y; = f(z1) and y2 = f(z2).
Then, h(yy o y2) = h(f(21) o f(22)) = h(f(z1022)) = (ho f)(z1032) =
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o xp) = g(x1) o g(wa) = (ho f)(x1) o (ho f)(x2) = h(f(x1)) o
= h(y1) o h(y2). Moreover, since f(0) = 0 and g(0) = 0, then
= h(f(0)) = (ho f)(0) = g(0) = 0 Thus h is a homomorphism. [

7. CONCLUSION

The concept of a hyper structure KU-algebra is introduced and some
related properties are investigated. Also, some types of hyper KU-
algebras are studied and the relationship between them is stated. Then,
a hyper KU-ideal of a hyper structure KU-algebra is studied and a few
properties are obtained. Furthermore, the notion of a homomorphism
is discussed. Main purpose of our future work is to investigate fuzzy of
several types of hyper ideals with special properties such as an intuition-
istic bipolar (interval value) fuzzy n-fold of hyper KU-algebras.

Algorithm for hyper KU-algebras
Input (X: set, o: hyper operation)

Output (“X is a hyper KU-algebra or not”)
Begin

If X = ¢ then go to (1.);

EndIf

If 0 ¢ X then go to (1.);

EndIf

Stop: =false;

1:=1;

While ¢ < | X| and not (Stop) do

If 0 ¢ x; 0x; # 0 then

Stop: = true;

EndIf

ji=1

While j < |X| and not (Stop) do

If 0 ¢ ((yjomi)ox;) or 0 € (z;0y;) # 0 and z; # y; then
Stop: = true;

EndIf

=1
While j < |X| and not (Stop)do
If 0 ¢ ;0 (yjox;) or z; 0y; and 0 € (y; o z;) and x; # yj;, then
Stop: = true;
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EndIf
EndIf

k=1
While k£ < |X| and not (stop) do
I£0 ¢ (zi0y;) o ((yj © 2k) © (xi © 2;)) then
Stop:=true EndIf
End While
End While
End While
If Stop then

(1.) Output (“X is not a hyper KU-algebra”)
Else
Output (“X is a hyper KU-algebra”)
EndlIf
End
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