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ON CARTAN TORSION OF 4-DIMENSIONAL
FINSLER MANIFOLDS

Akbar Tayebi

ABSTRACT. There are several non-Riemannian curvatures in Finsler
geometry which show the complexity of Finsler geometry with re-
spect to Riemannian geometry. Among these quantities, the Cartan
and mean Cartan torsion have very important and brilliant posi-
tions. In this paper, we find the necessary and sufficient condition
under which a 4-dimensional Finsler manifold is C-reducible. Also,
we find the necessary and sufficient condition under which an arib-
trary 4-dimensional Finsler manifold has vanishing I-curvature.
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1. INTRODUCTION

There are several important non-Riemannian quantities in Finsler ge-
ometry which show the complexity of Finsler geometry with respect to
Riemannian geometry. Among these quantities, the Cartan and mean
Cartan torsion have very important and brilliant positions (see [1], [9],
[11], [12], [13], [14] and [16]). For a Finsler manifold (M, F'), the second
and third order derivatives of 1/2F2 at y € T, M, are inner products
g, and symmetric trilinear forms C, on T, M, respectively. We call g,
and C, the fundamental form and the Cartan torsion, respectively. The
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Cartan torsion is one of the most important non-Riemannian quantity
in Finsler geometry and it was first introduced by Finsler [5] and em-
phased by Cartan [2]. A Finsler metric reduces to a Riemannian metric
if and only if it has vanishing Cartan torsion. Taking a trace of Cartan
torsion yields the mean Cartan torsion I,. In [1], Deicke proves that a
positive definite Finsler metric F' is Riemannian if and only if the mean
Cartan torsion vanishes.

However, the Cartan torsion of special Finsler metrics explains that
this quantity needs more attention. For example, according to Matsumoto-
Ho6jo’s conclusive theorem, a Finsler manifold of dimension n > 3 is of
the Randers or Kropina-type if and only if its Cartan torsion satisfies in
the C-reducibility condition. Namely, its Cartan torsion is given by

{1 (0, 0) £ 1, () () + T, ()b (. 0) .

Cy(u, v, 'l,U) = m

where
hy(u’ v) = gy(ua v) — F_2(y)gy(ya U)gy(ya v).

It is remarkable that hy(u,v) is called the angular form in direction
y. A Randers metric on a manifold M is a positive scalar function on
TM defined by F = a + 8, where o = \/a;;(z)y'y? is a Riemannian
metric and 3 = b;(x)y’ is a 1-form on M (see [3]). The Kropina metrics
F = a?/p are closely related to physical theories. These metrics, was
introduced by Berwald in connection with a two-dimensional Finsler
space with rectilinear extremal and was investigated by Kropina [7].
All of these metrics are special Finsler metrics so- called («, 8)-metrics.
Also, every Finsler surface is C-reducible.

The 4-dimensional Finsler manifolds have an interesting history. In
1941, Randers published a paper concerned with an asymmetric met-
ric in the four-space of general relativity. His metric is in the form
F = a + (B, where « is gravitation field and § is the electromagnetic
field. He regarded these metrics not as Finsler metrics but as “affinely
connected Riemannian metrics”. This metric was first recognized as a
kind of Finsler metric in 1957 by Ingarden [0], who first named them
Randers metrics. It is interesting to find the necessary and sufficient con-
dition under which a 4-dimensional Finsler manifold is C-reducible. In
this paper, we consider the class of 4-dimensional Finsler manifolds and
find the necessary and sufficient condition under which a 4-dimensional
Finsler manifold is C-reducible. More precisely, we prove the following.
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Theorem 1.1. A J-dimensional Finsler manifold (M, F) is C-reducible
if and only if its main scalars satisfy

(1.1) A=3B=3C,
(1.2) D=E=F=G=M=0,
where A = A(x,y), B = B(z,y), C =C(x,y), D =D(z,y), £ = E(x,y)

and F = F(x,y) are scalar functions on T M and called the main scalars

of F.

In [15], Shen defined a new non-Riemannian quantity that is close to
the mean Cartan torsion and mean Landsberg curvature. Indeed, by
taking a horizontal derivation of mean Cartan torsion, one can find a
new quantity I, namely,

1=V,

where V; denotes the horizontal derivation with respect to the Berwald
connection of F. Every Riemannian metric has vanishing I-curvature.
In this paper, we find the necessary and sufficient condition under which
a 4-dimensional Finsler manifold has vanishing I-curvature.

Theorem 1.2. Let (M, F') be a 4-dimensional Finsler manifold. Then
F satisfies I = 0 if and only if its main scalars satisfy

(1.3) Ai+B; +C; =0, h;=0, j=0.

where h; = hi(z,y) and j; = j;(x,y) are called the h-connection vectors.

2. PRELIMINARY

Let M be an n-dimensional C* manifold, TM = J,cp; ToM the
tangent bundle and TMy := TM — {0} the slit tangent bundle. A
Finsler structure on M is a function F' : TM — [0, c0) with the following
properties:

(i) Fis C*° on T'My;

(ii) F' is positively 1-homogeneous on the fibers of tangent bundle 7'M,
ie., F(z,\y) = AF(x,y), VA > 0;

(iii) The following quadratic form g, : T, M x T M — R is positively
defined on T'M,

1 92
g, (u,v) == 5@[Fz(y—i- su—i—tv)} ;) WUE T, M.

s=t=

The pair (M, F') is called a Finsler manifold.
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Let x € M and F, := F|7,». To measure the non-Euclidean feature
of F, one can define C, : T, M x T, M x T, M — R by

1d
Cy(u,v,w) := 5% [gy+tw(u,v)] , u,v,w € Ty M.

The family C := {Cy}yernm, is called the Cartan torsion. It is well
known that C = 0 if and only if F' is Riemannian.
For y € T, My, define I, : T, M — R by

Ly(u) == Z 97 (y)Cy(u, 8;, 0;),
=1

where {0;} is a basis for T, M at « € M. The family I := {I,},crs,
is called the mean Cartan torsion. By definition, I,(y) = 0 and I, =
A7, A > 0. Therefore, I (u) := I;(y)u’, where

I; := g7*Cijp.

Let (M, F) be an n-dimensional Finsler manifold. For y € T,M,,
define the Matsumoto torsion M, : T, M x T, M x T,M — R by

M, (u, v, w) := My (y)u'viw® where

1
Mijr = Cijk — ——— ) {Iihjk + Tihik + Ikhij}7
hij == FF,i,; is the angular metric.

Lemma 2.1. ([3]) A Finsler metric F' on a manifold M of dimension
n > 3 is a Randers metric if and only if M, = 0, Vy € T'Mj.

Let us define I, : T, M x T, M — R by I, (u,v) = [;ju'v?, where

Here, “|” denotes the horizontal covariant differentiation with respect to
the Berwald connection. Thus I-curvature is defined as the horizontal
derivation of mean Cartan torsion.

44’7

The horizontal covariant derivatives of the Cartan torsion C along
geodesics give rise to the Landsberg curvature Ly, : T, M x T, M x T, M —
R defined by Ly (u, v, w) := L;jx(y)u'vIwk, where

Lijk = Cijisy”.
The family L := {Ly},c7n, is called the Landsberg curvature.
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Throughout this paper, we use the Berwald connection V on Finsler
manifolds. Let (M, F') be an n-dimensional Finsler manifold. Let {e;} be
a local frame for m*T M, {w?,w"**} be the corresponding local coframe
for T x (T'Mp) and {w;} be the set of local Berwald connection forms
with respect to {e;}. Then the connection forms are characterized by
the structure equations as follows

e Torsion freeness:

(2.1) dw' = w! A wij.

e Almost metric compatibility:
(2.2)  dgij — g’ — giw"; = —2Lijpw” + 200",

where w' := da’ and w"t* ;= dyF + ijkj.
The horizontal and vertical covariant derivations with respect to the

Berwald connection respectively are denoted by “||” and “, ”. For more
details, one can see [15].

3. PROOF OF THEOREMS

In this section, we are going to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1: Let (M, F') be a 4-dimensional Finsler mani-
fold. Suppose that
fl' = Fyi == g}:
Yy
is the unit vector along the element of support, m; is the unit vector
along mean Cartan torsion I;, i.e.,

1
- T
ST
where |[I|| := /g% I;I;, and n; and p; are unit vectors orthogonal to the
vectors ¢; and m;. Then the quadruple (¢;, m;, n;, p;) is called the Miron
frame. In this frame, we have

(3.1) 9ij = Lilj +m;mj + ninj + pipj,
(3.2) g9 =00 +m'm? +n'n? +pip.
Thus

hij = m;mj + nin; + pip;.
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Taking a vertical derivative of (3.1) yields the Cartan torsion as follows

FCij, = Amymjmy, + B(mynjng +nymgng + ningmy) + C(mip;pr
+pimpr + pipjmi) + D(mimgng + mingmy + ngmgmy)
+Eninjng + F(mimjpr, + mypjmy + pimgimy) + G(ngn;py
+nipjng + pingng) + H(mingpy + mipjng + nimgpy + nipimg
+pimjng + pingmg) — (D + €)(nipjpr + pinjpr + pipjne)

(3.3) —(F + G)pivjpk;

where A = A(z,y), B = B(z,y), C = C(z,y), D = D(x,y), £ = E(z,y)
and F = F(x,y) are scalar functions on T'M and called the main scalars
of F. By (3.3), we have

(3.4) Fly = (A+ B+ C)my.

Then, we get

hijle + hjeli + hiil; = (A+ B + C){?)mz‘mjmk + MEning + MEpip;

(3.5) +mning + mip;pr + mining + mjpipk}-
By (3.3) and (3.5), we get

(.A + B+ C){3mimjmk + mEning + mEpip; + Mmining + m;p;Pk
+mjnny + mjpipk} — 4Am;mimy, — 4B(mmjnk + nymjny
+n,~njmk) —4C (mipjpk + pim;pg + Pipjmk) - 4D(mimjnk
+m;n;my + nimjmk) —4Eninng — 4.7:(mimjpk + m;pjmy

+pimgmy) — 4G (ningp + nipjni + pingng) — AH (mingpy,
+miping + NyM;PE + NgPjmE + Piming + pmjmk)

+4(D + &) (nipjpr. + pinjpr + pipjn)

(3.6) +4(F + G)pipjpe = 0,
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which yields

(3.7) %A+B+®:A,
(3.9) 5A+B+@:B,
(3.9) 5A+B+@=a
(3.10) D—f—F—G-H=0.

By (3.7), (3.8) and (3.9), we get (1.1). This completes the proof. O

Proof of Theorem 1.2: The horizontal derivation of Miron frame are
given by following

ly; =0,

my); = hini + jipi,
n,); = kjpi — hymi,
pijj = —Jjmi — kjng,

where hs = hs(z,v), js = Jjs(z,y) and ks = ks(z,y) are called the
h-connection vectors (for more details, see [10]). Taking a horizontal
derivation of (3.4) implies

(3.11) F'l; = (Aj; + Bjj + Cj)mi + (A+ B+ C)(hjn; + jjpi)-

By assumption, (3.11) gives us

(3.12)  (Ay; + Bj; +Cjj)m; + (A+ B+ C)(hjn; + jjpi) = 0.
Contracting (3.12) with m® and using n;m’ = p;m’ = 0 implies that
(3.13) Ajj+ By +C; =0.

By multiplying (3.12) with n, and using m;n’ = p;n’ = 0 yields
(3.14) h; = 0.

Also, contracting (3.12) with p’, and using m;p’ = n;p’ = 0 and p;p’ = 1
gives us

(3.15) Jjj =0.
This completes the proof. ]
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