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1. INTRODUCTION

The notion of Krasner hyperrings was introduced by Krasner [10]. Marty [11] proposed
the idea of the hypergroup in 1934. Heidari and Davvaz [7] proposed hyperideals for ordered
semihypergroups in 2011. In [4, 20, 17, 19, 6, 15, 18], several new concepts and results of
ordered hyperstructures are described.

Derivation in rings was first explored by Posner [14] and later (2013) on hyperrings by
Asokkumar [1] and some fundamental properties were investigated in [9]. The notion of
derivations appeared on the ordered semihyperrings in [16]. Also, see [13, 5, 3, 2, 8].
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In this note, we establish some theorems on d-prime hyperideals and obtain several results

about homo-derivations on hyperrings.

Definition 1.1. The triple (R, ®,®) is a hyperring if

(1) (R,®) is a canonical hypergroup [12];
(2) (R,®) is a semigroup and c©0=0=00¢, Vc € R;
(3) The multiplication ® is distributive with respect to the hyperaddition .

A subset () # K C R is a hyperideal if
(1) (K,) is a canonical subhypergroup;
(2) forevery ke Kandc€e R, cOkkOce K.
Definition 1.2. Let (R, ®,®) be a hyperring. A function d : R — R is a derivation [9] if
Ve,d € R,
(1) d(c ) Cd(c) ®d(c);
(2) dlcod)ed(c)od ®cod(d),

Ezample 1.3. Consider the hyperring R = {0,1, —1}:

&0 1 -1
0] 0 1 -1
1 1 1 R
-1/-1 R -1
®© |0 1 -1
010 0
1]0 1 -1
-1/0 -1 1
Define d : R — R by
0, z=0
diz) =< -1, z=1
1, z=-—1

Then, d is a derivation on R.

2. d-PRIME HYPERIDEALS

Definition 2.1. Let (R, ®,®) be a hyperring. A function A : R — R is a homomorphism if
Ve, € R,
(1) Alca ) C Ae) D A(d);
(2) AM(cod)=Ac) @ A(d).
A derivation d is called a homo-derivation if
dlcod)=d(c)®d()

Theorem 2.2. Let d be a homo-derivation of R. If K is a subhyperring of R, then
d"YK)={r € R|d(x) € K}
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is a subhyperring of R.
Proof. For any c,c € d~'(K), we get d(c),d(c') € K. So,
dlcod)Cd(c)od(d) C K.
Thus, c© ¢ € d~1(K). On the other hand,
dlcod)=d(c)od(d) e K.
Hence, c® ¢ € d7H(K). O

Definition 2.3. Let d be a homo-derivation of R. A hyperideal K of R, such that K # R,
is called a d-prime hyperideal if

coOdeK=ceKord(d)e K,Ve,d € R.

Remark 2.4. [8] For a hyperideal K of R,
VK :={r € R | 3In € N such that 2" € K}
is a hyperideal of R.

Theorem 2.5. Let d be a homo-derivation of R. If K is a d-prime hyperideal of R, then
VK is a d-prime hyperideal of R.

Proof. Let ¢ ® ¢ € VK and ¢ ¢ VK for ¢,¢ € R. We show that d(d) € VK. Since
cod e VK, we get

(c®d)" € K for some n € N.

So, ¢ ® ™ € K. Since K is a d-prime hyperideal and ¢" ¢ K, we have d(¢") € K. So,
(d())* = d(d™) € K. Thus, d(¢) € VK. O

Ezample 2.6. Let R = {0,q,r,c} and

@

{0,7} {q,c}
{g,c} {0,7}

o3I OO
oK I oo

0
q
r
c

oS O O OO

o3I ol®

Qa3 olw
o 3 3 o=
o o a oo

Clearly,

r, T=gq,r
is a homo-derivation on a hyperring (R, ®,®). Clearly, K1 = {0,7} and Ko = {0,c} are
d-prime hyperideals of R.

Definition 2.7. A hyperideal K of R is said to be a d-hyperideal if



On d-prime hyperideals of hyperrings 185

d(z) € K,Vx € K.

Theorem 2.8. Let d be a homo-derivation of a commutative hyperring (R, ®,®). If K is a
mazimal d-hyperideal and d-prime, then K is prime.

Proof. Let q©b € K with ¢ ¢ K and b ¢ K for g,b € R. Let t €c y® 2z C K& < g > for
y € K and z €< ¢ >. Then

z0b €(y®z)®b
=wo(rog)ob
=yob)d(roqobd)
C(KOR)®(ROK)
CKOK

CK.
where 7 € R. So, b® x € K with b ¢ K. Since K is d-prime, we get

diz) e KC K& < g >.

As K is a maximal d-hyperideal, K = K@ < ¢ >. Hence, g € K, a contradiction. Therefore,
K is a prime hyperideal of R. U

Theorem 2.9. Let d be a homo-derivation of a hyperring (R, ®,®). Then K is a d-prime
hyperideal of R iff for any hyperideals V and W of R, VO W C K implies V C K or
dW)CK.

Proof. (=): Let K be a d-prime hyperideal of R, VO W C K and V ¢ K, where V,W are
hyperideals of R. We prove that d(W) C K. As V' ¢ K, there exists v € V such that v ¢ K.
Take any w € W. Then,

voOoweVoOWCK.
Since K is a d-prime hyperideal and v ¢ K, we get d(w) € K for all w € W. Thus,
dW)C K.
(<): Suppose that v ® w € K for some v,w € R. Then <v®w >C K. So,

<v>O<w>C<vow>C K.

Hence, < v >C K or d(< w >) C K. Thus, v € K or d(w) € K. Thus, K is a d-prime
hyperideal. O

Theorem 2.10. Let d be a homo-derivation of a hyperring (R, ®,®,0,1). If K is a d-prime
hyperideal and d(q") € K for some q € R, then d*(q) € K.
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Proof. Let ¢ € R and d(q") € K. Then,
d(q") € K

=dlgoqe---0q) e K
—_———

n-copies

= d(q) ©d(q) ©®---©d(q) € K

Vv
n-copies

= (d(q))" € K.
So,
(d(@)" ' @d(g) € K.
As K is a d-prime hyperideal,
(d(g))"' € K or d(d(q)) € K.
Thus,
(d(¢))" '€ K ord®(q) € K.
If (d(q))"! € K, then
(d(q))"? ©d(q) € K.
As K is a d-prime hyperideal,
(d(q))""? € K or d(d(q)) € K.
By continuing this process, we get
d(q) € K or d(d(q)) € K.
If d(q) € K, then 1 ®d(q) = d(q) € K. Since K is a d-prime hyperideal and 1 ¢ K, we
obtain d(d(q)) € K, i.e., d*(¢q) € K. O
3. CONCLUSIONS

This study was conducted to investigate the significant relationship between homo-
derivations and prime hyperideals in hyperrings. We have shown that every maximal homo-
derivation-hyperideal and homo-derivation-prime hyperideal is a prime hyperideal of a com-
mutative hyperring R. Furthermore, we proved that if W is a d-prime hyperideal of R and
d(g") € W for some q € R, then d?(q) € W. In our future work, we study fuzzy d-prime
hyperideals in hyperrings.
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