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1. INTRODUCTION

Algebraic structures play a significant role in the study and analysis of many-valued logics,
so that the nature of these logics becomes clearer with the help of algebraic tools. Various
logical algebras have been presented and worked on as semantic systems for non-classical
logical systems, among which two important structures called B L-algebras and MV -algebras
can be mentioned.

In 1958, C. C. Chang [2] introduced M V-algebras in order to provide an algebraic proof
for the completeness of Lukasiewicz many-valued logic. This algebraic structure quickly
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attracted the attention of many researchers, and interesting results were obtained in this
field.

In 1998, Hdajek introduced a generalization of many-valued logic called ”basic logic” (BL,

for short). This logic clarified the common connection between important many-valued logics
such as Lukasiewicz and Godel. He had two motivations for introducing basic logic from an
algebraic point of view:
One is to work on logical propositions from an algebraic point of view, and the other is to
obtain an algebraic concept for the study of continuous triangular norms on real unit interval
[0, 1]. Since the double negation law (z~~ = z) does not hold in B L-algebras, these algebraic
structures are the generalization of MV -algebras.

The notion of ideals plays a fundamental and key role in many algebraic structures, such
as commutative rings and MV -algebras, while in some other algebraic structures, such as
BL-algebras and residuated lattices, due to the lack of a suitable additional operation, the
focus is on the filters.

In 2013, C. Lele [7] et al. introduced the notion of ideals in BL-algebras and showed that
filters and ideals behave quite differently. They proved that unlike MV -algebras, filters and
ideals in BL-algebras are not dual of each other. They showed that quotient BL-algebras
which are constructed via ideals are MV-algebras. Also, they demonstrated that « € I if
and only if x7~ € [ for every ideal I, whereas if we replaced the ideals with filters, both of
these corollaries does not hold in the case of filters in B L-algebras.

In 2019, N. Dolatabadi and J. Moghaderi [9] introduced o-filters, where o is a
BL-homomorphism of A. They investigated some properties of o-filters and obtained re-
sults in this context. For example, they mentioned the relation between special filters and
o-filters in BL-algebras.

In this paper, based on the above explanations and the fact that the behavior of ideals
and filters is completely different in B L-algebras and that these two concepts are not dual to
each other, we consider o as a BL-homomorphism and define o-ideals and primary ideals in
BL-algebras. Then we introduce the o-prime, o-primary and o-invariant ideals and obtain
some results about them.

The structure of the paper is as follows:

In Section 2, we recall some definitions and results about BL-algebras that we use in the
sequel. In Section 3, we introduce the notion of o-ideals, primary ideals in BL-algebras
and investigate some propositions about them. In Section 4, after introducing the o-prime,

o-primary and o-invariant, we obtain some relations between them.

2. PRELIMINARIES

In this section, we review some definitions and properties about the BL-algebras and

related topics that will be used in this paper. For more details, refer to the references.

Definition 2.1. [5]. An algebra A = (A, A,V,®,—>,0,1) of type (2,2,2,2,0,0) is called a
B L-algebra, if it satisfying the following conditions:
(BL1) (A,A,V,0,1) is a bounded lattice,

(BL2) (A,®,1) is a commutative monoid,

(BL3) (®, —) forms an add joint pair; that is x © y < z, if and only if x <y — z, for
all z,y,z € A,
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BLy) zhy=206(x — y),
(BLs) (z —y)V (y — x) =1

For any BL-algebra A, L(A) = (A,A,V,0,1) is a bounded distributive lattice, which is
called lattice reduct of A.

Theorem 2.2. [5, 12]. Let A be a BL-algebra. Then the following hold for all x,y,z € A:
Da<y iffr—y=1,

) — (y—2)=(x0y) 2=y — (z — 2)
) rxoy<z,y, henccxOy <z Ay,

4) zVzx~ =1 impliesx ANz =0

51l —z=zx,z—zx=1r<y—zxandzr= =z,
Nexox”=0,z20y=0,iffc <y~ and x < zx~7,

8) (zoy) =z — vy,
9) (x —y)~ =2= — y~, (xAy)~ =2=Ay~, (xVy)~ = 2= Vy~ and (zOy)~ = =0y~

11)a;®(y—>z) (x@y)—>z
12) (zAy) " =2~ Vy and (zVy) =z~ ANy~ .

Definition 2.3. [5]. Let A be a BL-algebra and F' be a non-empty subset of A. Then F is
called a filter of A, if it satisfies:

(F1) For every z,y € F,x 0y € F,

(F3) For every z,y € A, if z <y and x € F, then y € F.

Definition 2.4. [5, 12]. Let A be a BL-algebra. Then the order of an element = € A is the
smallest integer n such that 2" = 0, where 2° = 1, 2" = 2"~! ® z, denoted by ord(z) = n,
and if no such n exists, then ord(z) = co. An element 0 # a € A is called a zero divisor
element, if a ® b =0, for some 0 # b € A.

An element a € A is called a nilpotent element if a™ = 0, for some n € N.

Proposition 2.5. [13]. A BL-algebra A is local if and only if for all x € A, ord(x) < oo or
ord(z7) < o0.

Definition 2.6. [2]. An algebra (M, ®, —,0) of type (2,1,0) is an M V-algebra, if satisfying
the following conditions:

(MVy) (M, &, O) is an abelian monoid,

(MVy) (27)” =2~ =z,

(MV3) 0" @x=0",

(MVy) (z~®y)  @y=(y ®z) dx.

A BL-algebra A is called Godel algebra, if x ® x = 22 = x, for any € A. A BL-algebra
A is an MV-algebra, if z= =z, for any x € A [5].

A non-empty subset I of an MV-algebra A is called an ideal, if the following properties
are satisfied:
(i) for any a,be I, a®be I,
(ii)ifa<band b e I, thena eI [2].
An ideal P of an MV-algebra A is primary, if and only if for any a,b € A, a ® b € P implies
a™ € Porb" € P, for some n € N [1].
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Theorem 2.7. [3]. For an MV -algebra A and a proper ideal P C A, the following conditions
are equivalent:

(i) P is primary ideal,

(ii) A/P is a local MV -algebra,

(iii) a ©® b € P implies a™ € P or b™ € P, for somen € N, wherea©b= (a~ ®b")",

(iv) for any a € A, there exists some n € N such that a™ € P or (a™)" € P.
Proposition 2.8. [7]. If A is a BL-algebra, then the operation "@” is associative and
compatible with the order relation, where t @y == = — vy, i.e., x < y and z < t imply
rQz<yot, for any x,y,z,t € A.

Through the paper, we mean A is a BL-algebra. C. Lele and et al. in [7], introduced the
notion of ideals in BL-algebra as follows:
A non-empty subset I of A is an ideal, if it satisfying the following conditions:

(i) z@y € 1, for every z,y € 1,

(ii) f # <y and y € I, then z € I, for every z,y € A.
The set of all ideals of A is denoted by Id(A).

Remark 2.9. [7]. For every ideal I of A, x € I if and only if 2= € I, for every z € A.

We recall that [5] if A and B are two BL-algebras, then a mapping f : A — B is called
a BL-homomorphism, if the following conditions hold, for all z,y € A:

(i) f(04) = 0p,

(i) f(z —y) = flz) — f(y),
(iii) fz ©y) = f(z) © f(y).

Also, f(xNy) = fe) N f(y), flevy) = fx)V [(y), f(27) = (f(2))”, and if 2 <y, then
f(z) < f(y), for any z,y € A.
The kernel of f is defined by Kerf ={z € A : f(x) =0p}.

Proposition 2.10. [7]. Let I be an ideal of A. Then the quotient BL-algebra A/I is always
an MV -algebra.

Remark 2.11. [7]. If I is an ideal of A, then A/I = {a/I = [a] : a € A} and [a] = [b] iff
a®b” €l and a” ®be I. Therefore, a/I =0/Iiff a €l and a/I =1/Iiff a~ € I.

Theorem 2.12. [7]. A set I containing 0 of A is an ideal, if and only if for every z,y € A,
- Oyel andx el implyyel.

From [7], for every subset X of A, the smallest ideal containing X is called the ideal
generated by X and it is denoted by (X), i.e., (X) =N{I : I isanideal of A, X C I}.
Also, the authors in [7] proved that (§) = {0} and if X # (), then (X) ={a € A : a <
(...((x1 @ x9) @ x3)...) @ Ty, for some x1,x9,...,x, € X}.

Theorem 2.13. [8]. Let X be a non-empty subset of A. Then (X)={ac A : (2] ®...®
x,) —a” =1, for some x1,x2,...,T, € X}, where (X) is the ideal generated by X .

Definition 2.14. Let I be a proper ideal of A. Then
(i) I is a prime ideal, if it satisfies for every z,y € A, (zx — y)” € T or (y — z)” € I
(7],
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(ii) I is a maximal ideal, if it does not properly contained in any other proper ideal of A,
(7],

(iii) I is called an obstinate ideal, if z,y ¢ I, then z @y~ € [ and y © 2~ € I, for all
x,y € A, [10].

Corollary 2.15. [7]. I is a prime ideal of A, if and only if for every z,y € A, x Ny € I
implies that x € I ory € I.

Definition 2.16. [11]. Let I be a proper ideal of A. The intersection of all maximal ideal
of A that contain I is called the radical of I and it is denoted by rad(I). rad([) is an ideal
of A and I Crad(I).

Theorem 2.17. [11]. Let I be a proper ideal of A. Thenrad(l) = {x € A : (z —
(x7)")~ eI, VneN}

Lemma 2.18. [4]. The following statements are equivalent, for all x,y,z € A:
(a) (z —y) —y) —az=y—uz,
b) (z—y) —y=(Uy—2z) — o
() Ifr — 2<y—z z<uz, theny < x,
(d) Ifr — 2<y— 2z, z<uzy, theny < x,
(e) If y <z, then (x — y) — y < z,
(f) A is an MV -algebra.

Theorem 2.19. [11]. Let M be a proper ideal of A. Then the following conditions are
equivalent:

(1) M is a mazimal ideal of A,

(2) for all x ¢ M, there exists n € N, (z7)" € M,

A
3) — s a locally finite MV -algebra.
M

Proposition 2.20. [7]. An ideal I of A is a prime ideal, if and only if the quotient BL-

algebra T 1s an MV -chain.

Definition 2.21. [13]. A proper filter F is called a primary filter, if for all z,y € A,
(x ®y)~ € F implies (")~ € F or (y")~ € F, for some n € NU {0}.

Proposition 2.22. [14]. Let f : A — B be a BL-homomorphism and I € 1d(B). Then
) € Id(A).

Proposition 2.23. [14]. Let f : A — B be a BL-epimorphism and I be an ideal of A. Then
fl) € 1d(B).

3. 0-IDEALS AND PRIMARY IDEALS IN BL-ALGEBRA

In this section, by considering the mapping o : A — A as a BL-homomorphism, we
introduce the notion of o-ideals and primary ideals in BL-algebras and derive some results

about them.
Lemma 3.1. Let Y be an ideal of A. Then M(Y), K(A) and E(Y) are ideals of A, where

KA ={acA : =0}, MY)={ye A : y“e€Y}and E(Y)={te A : s <
t~, for some s €Y},
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Proof. (i) K(A) # @ (since 0 € K(A)). Suppose that r,s € K(A). Then r= =0 and s~ = 0.
We have (ros)==(r" — s)="=1r~ — s =" — s )=~ —0)=r= =0, ie,
r@s € K(A). Suppose that r,s € A with r < s and s € K(A). Since 7= < s~ and s~ =0,
r= = 0. This means that r € K(A).

(ii) Let Y be an ideal of A. 0 € M(Y) and M(Y) # @. If r,s € M(Y), then r=,s= € Y.
Therefore, by Remark 2.9, 7, s € Y. Consider r=@s~ =r= — s~ = (r~ — s)~ = (r@s)~.
Sincer@s €Y, (ros)= €Y. Therefore, r@se€ M(Y). If r,se€ A,r <sand s € M(Y),
then r= . AssT €Y and Y is an ideal of A, we get 7= € Y and r € M(Y').

(iii) E(Y ) ;é @ (since0 € E(Y)). If s,t € E(Y), thena; <s™,a, <t~ ,forsome a,az € Y.
We have s= < a7, t© < a3. By the compatibility of the operation "©”, we get that
(sot)™ =s= 0t~ <af @a; = (a1@a2)7, e, (a1©a2)T = (a1 @a2)” < (s0t)T = (s©t)™.
Therefore, (a1 @ ag)™ < (s @ t)”. Since aj,a2 € Y and Y is an ideal, a; @ ay € Y. This
means that s@t € E(Y). Now, let s,t € A, s <tand t € E(Y). Then a= < ¢, for some
a €Y. Since t~ < s~, we conclude that s € E(Y). O

Theorem 3.2. If I is an ideal of A and M is a non-empty subset of A, then the following
statements hold:

(i) o(E(Y)) C E(c(Y)) and the equality holds, if o is a BL-isomorphism,

(il) o(M(Y)) € M(o(Y)) and the equality holds, if o is a BL-isomorphism,

(i) M(o(I)) € M(o(M(D))),

(iv) o(Y)) Co(Y);, whereYy={a€ A : a—y=y, foralyecY},

(v) If o is surjective, andV y € A In € N; o(y) <y", then o(l;) = (o(I));.

Proof. (i) Let a € o(E(Y)). There exists y € E(Y) such that @ = o(y). We have a~ < y~,
for some a € Y anda™ — y~ =1. Soo(a™ — y~) =0(1) =1 and o(a™) = (c(a))” <
o(y~) = o(y)” = a~. This means that o € E(c(Y)). For the equality, if t € E(o(Y)),
there exist a1 € o(Y), y1 € Y such that o] <t~ and a1 = o(y1). It is enough to show that
t = o(y2), for some yo € E(Y). We take az = 0~ 1(a1) and yo = o7 1(t) (o is isomorphism).
Therefore,
ay <yy <= (07 (a1))” < (07 (1)”

= (0 Ha1))” — (071 t)” =1

— oo Har))” — (e t)" =1

—a —t =1

—a; <t
The last relation is true by the fact that t € E(c(Y')). Therefore, t € o(E(Y)).
(ii) Let @« € o(M(Y)). Then a = o(y), for some y € M(Y). Since v = o(y), o~ = (o(y))” =
o(y~). Therefore, o= = o(y)~ = o(y~) and a= = o(y~) € o(Y). For the equality, let
t € M(o(Y)). Then t= € o(Y). We show that t = o(y), for some y € M(Y). Take
y=o01t),s0y=™ = (c71(#)" =07 }(t7) € 071 (0(Y)) = Y (where o isomorphism). This
means that y € M(Y') and hence t € o(M(Y)).
(iii) Let t € M(o(I)). Then t= € o(y), for some y € I. Based on Remark 2.9, y= € I and so
y € M(I). Therefore, t € M(o(M(I)).
(iv) Let t € 0(Y;). Then there exists z € Y] such that t = o(z). We have z — y =y, for
any y € Y. Therefore, o(z) — o(y) = o(y) and o(2) € (6(Y));. Thus, t € (o(Y));.
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(v) Since o is onto, I C o(I) and I = o(I). Therefore, for the proof of (o(I)); C o(I}),
we show that I; C o([;). Let t € I}, then t — y = y, for all y € I. Since o is onto,
o(z) =t, for some z € A. Therefore, there exists n € N, o(z) < 2". Based on Theorem 2.2,
2" —y<o(z) —y=y But 2" <z, 80z —y<z"—y. Then z — y = y. This
means that z € [}, i.e., t = 0(z) € o(I;). By (iv), the proof of the other side is clear. O

From now until the end of the paper, o : A — A is considered as a BL-homomorphism.
Definition 3.3. An ideal I of A is o-ideal, if o(I) C I.

Ezample 3.4. Let A ={0,a,b,1}. Define” ®” and ”? — 7 as follows:

®©l0 a b 1 — |10 a b 1
0(0 0 O O 01 1 11
al0 a 0 a a |b 1 b 1
b|0 O b b b |0 a 1 1
110 a b 1 110 a b 1

Then it is easy to see that A is a BL-algebra and I = {0,a} is an ideal of A. If we consider
oc:A— Abyo(a) =1, o(b) =0, then o(I) = {0,1} € I. So I is not a o-ideal. Also, we
consider A in [7, Example 3 - 5], 0 = id4 and the ideal J = {0,d} of A. Then J is a o-ideal.

Theorem 3.5. Let I be an ideal of A and 0 : A —> A be a BL-homomorphism. Then I is a

A A
o-ideal of A, if and only if o~ is a well define map, where o~ : T — —, byo (ly]) = [o(y)]-

A
Proof. We suppose that I is a o-ideal of A. Let [y],[z] € T such that [y] = [z]. Then
y-©zeland z- ©y € I. We have o(y~ ©2) € o(I) C I, ie., o(y~) ®o(z) € I. Also,
o(z7)®ao(y) € I. Therefore, o(y) ~ o(z) and hence [o(y)] = [0(2 )} Conversely, let t € o([).
I

Then t = o(x), for some = € I. Since z € I, we have [x] = [0]. Therefore, o~ [z] = o [0].
This means that [o(z)] = [0(0)], and hence ¢t = o(x) € 1. O

Remark 3.6. We note that, if the o-ideal property of Theorem 3.5 is drop, then in general, o~
is not well define. If we consider A in Example 3.4, I = {0, a} as an ideal which is not o-ideal
(0c(I)={0,1} ¢ I)and 0 : A— A by o(a) =1, o(b) = 0 as a BL-homomorphism, we have
a € I and [a] = [0]. We know that 1 ¢ I, i.e., [1] # [0], in other words, [o(a)] # [0(0)]. This
means that o~ [a] # 0~ [0] and hence o~ is not well define.

Lemma 3.7. If [ and J are o-ideals of A, then the following conditions are satisfied:
(i) If 0™(1I) is an ideal, then for everyn € N, o™ (I) is a o-ideal,
(ii) I NJ is a o-ideal,
(iii) (I U J) is a o-ideal,
(iv) M(I) and rad(I) are o-ideals of A,
(v) E(I) is a o-ideal.
Proof. (i) By induction, let n = 2. Then o2(I) = o(co(I)) C o(I) C I. Now, we suppose that
for n = k. o®(I) C I, then o*T1(I) = o(c*(I)) Co(I) C I
(ii) It is clear by the fact that INJ C I, J.
(iii) Let ¢ € o((I U J)). Then there exists [ € (I U J) such that ¢ = o(l). Since | €
(IUJ), (af ®...0a,) — 7 =1, for some aj,as,...,a, € IUJ, n € N. Therefore,
o(a])©®...00(a,) — o(l7) = 1. In other words, (c(a; ) ®...®0(a,)) — t~ = 1. Now,
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the proof is complete, since each o(a;) € IUJ, 1 <i<n.

(iv) Let I be a o-ideal of A. We show that o(M(I)) C M(I). Let a € o(M(I)). Then
a = o(a), for some a € M(I). Since a € M(I), a= € I and o(a™) € o(I) C I. Therefore,
(0(a))™ = o(a™) € I, i.e., a= € I, and hence a € M(I). Now, let t € o(rad(I)). Then
t = o(b), for some b € rad(I). By Theorem 2.17, [b — (b7)"]~ € I, for every n € N. We
get alb — (b7)"] € o(I) C I, for every n € N. This means that [o(b) — (o(b))7)"]” € 1.
Therefore, [t — (t7)"]~ € I and hence ¢ € rad([).

(v) Let t € o(E(I)). Then t = o(y), for some y € E(I). We have a~ < y~, for some a € I.
Also, o(a™) < o(y7), ie., (0(a))” < (o(y))”. In other words, o((a))” < ¢t~. Since a € I,
ola) eo(I)C1,s0te E(I). O

Corollary 3.8. The structure (I7(A), A, V,{0}, A) is a bounded lattice, where
I°(A)={1 : lisa o—ideal of A}
denotes the set of all o-ideals of A.

Proof. Let K and J be two o-ideals of A. Then K vJ = (KUJ), KANJ =KnNJ. By
Lemma 3.7, both KV J, K A J are o-ideals of A. As for every I € I7(A), {0} C I C A, we

conclude the lattice is bounded. O
Lemma 3.9. Let A be an MV -algebra, and M (I) a o-ideal of A. Then I is a o-ideal of A.

Proof. Let I be an ideal of A and t € o([). Then t = o(a), for some a € I. We know that
I C M(I). From Remark 2.9, for every a € I, a= € I, i.e.,a € M(I). So o(I) Co(M(I)) C
M (I). By hypothesis, t € M (I). Therefore, we get t= € I and hence ¢ € I. O

Proposition 3.10. Let Ay, As be two BL-algebras and I, I5 ideals of A1 and As respectively.
Ifa: Ay — Ay, B: Ay — Ay and f: Ay X Ay — Ay X Ag by f(z,y) = (a(x), B(y)) are
BL-homomorphisms, for all (x,y) € A1 X As, then I; X Iz is an f-ideal of Ay x Aa, if and
only if I1 is an a-ideal of A1 and Is is a B-ideal of As.

Proof. Consider that (¢,s) € f(I; x Iz). Then (t,s) = f(x,y), for some (z,y) € I; x Is. This
means that (¢,s) = (a(x),B(y)). Since I; and I are a and [S-ideal, respectively, we have
a(z) € a(l1) C I and B(y) € B(I2) C Iz, ie., (t,s) = (a(z), B(y)) € I1 X Is.

Conversely, we show that I; and I, are o and [-ideals, respectively. Let z € «(l;) and
y € B(l2), then x = a(a1) and y = B(az), for some a; € I} and ay € Ir. We know that
(z,y) = (aa1),B(a2)) = flai,a2) € f(I1 x I3) C I} x Iy. Therefore, (x,y) € I; x I and
hence x € I, y € I>. O

Theorem 3.11. If I is an ideal of A, then the following statements are equivalent:
(i) I is a o-ideal of A,
(ii) Foranyx € I, x @ o(x) € I,

(iii) o~ : T by 0~ [a] = [o(a)] is a BL-homomorphism.

Proof. ()= (ii) Let x € I. Then o(z) € o(I) C I and o(x) € I. Since I is an ideal of A,
we get © @ o(x) € I, for any z € I.

(ii)= (i) Let t € o(I). Then t = o(a), for some a € I. Based on (ii), we conclude
a@o(a) € I. We know that o(a) ®@a™ < o(a). Therefore, o(a) < a~™ — o(a) =a@o(a) € I,
ie,t=o0(a) €l

(iii)<= (i) The proof is clear from Theorem 3.5. O
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1 A
Proposition 3.12. If I, J are ideals of A and J C I, then 7 is o~ -ideal of 7 if and only
if I is a o-ideal of A.

Therefore, o~ [a] €

<~

Proof. Let t € o(I). Then t = o(a), for some a € I and [a] €

I I I
“|=] C —=. Si — i.e. . C I.
o [J} <5 Since [o(a)] € 7 o(a) €I, ie,tel. Henceo(l)CI

1 I
Conversely, let [z] € o~ [j} Then there exists [y] € 7 [z] = 07 ([y]) = [o(y)]. Since
I 1
[y] € 50 we have [y] = % €5 and y € I. Therefore, o(y) € o(I) C I and o(y) € I. This
I 1
means that [z] = [o(y)] = cr((]y) € Therefore, [x] € 7 and hence o(y) € 1. O

Corollary 3.13. If A is a Godel algebra, then any ideal of A is a o-ideal, if and only if for
dlre A,z <o (z).

Proof. Let I be an ideal of A and for every z € A, x~ < ¢~ (x). We show that o(I) C I.
If t € o(I), we have t = o(s), for some s € I. Since s € I, s € Aand s~ < (o(s))” =t".
Therefore, t <t~ < s~. From Remark 2.9 and the fact that s € I, we get t € 1.

Conversely, let x € A. We know that = € (x) and by hypothesis, o(z) € o({x)) C (), i.e.,
o(x) € (z). Therefore, (x~ ®...®27) — o(z™) = 1, for some n € N. This means that
(z7)"=2" — o (x)=1,1e, 2" <(o(x))". O

Theorem 3.14. Let 0 : A — A be a BL-homomorphism such that (z= ® o~ (z)) —
(z7)" = (x7)", for everyx € A and n € N. If = =z, for every x € A, then x~ < o~ ().

Proof. We know that x € (z), for every x € A. Then o(x) € o({z)) C (z) and by Theorem
2.13, we get (z7)" — (o(x))” =1, for some n € N. This means that (z7)" < (o(z))”. By
Theorem 2.2 (11), we obtain 2~ ® ((o(x))” — (z7)") < (z~ ( ()7) — (x7)" = (7)™
Therefore, (o(z))” — (z7)" < 2= — (z7)". As (z ) < (o(x))” and (o(z))” —
(x7)" <z~ — (z7)", we apply Lemma 2.18 (¢) <= (f), so z= < (o(z))". O

Proposition 3.15. If g : Ay — As, 0 : Ay — Ay and a : Ay — As are BL-
homomorphism and ag = go, then the following statements hold:

(i) If g is an epimorphism and I is a o-ideal of A1, then g(I) is a o-ideal of As,

(i) g71(J) is a o-ideal of A1, for every a-ideal J of As.

Proof. (i) Let t € a(g(I)). Then there exists s € g(I) such that ¢ = a(s). Since a(g(I)) =
g(o(I)) and o(I) C I, we get a(g(I)) C g(I) and t € g(I).

(ii) Let y € o(¢g~'(J)). Then y = o(z), for some z € g~*(J). Since ag = go, we have
g(o(z)) = a(g(z)) € a(J) C J. Thus, g(o(z)) € J and o(x) € g~(J). This means that
g~ 1(J) is a o-ideal of A. O

Definition 3.16. An ideal P of A is called primary if for every z,y € A, z= Ay~ € P
implies 2" € P or y" € P, for some n € N.

Ezample 3.17. (i) If we consider the BL-algebra A in [7, Example 3 - 5], then the ideal
I = {0,d} is primary, but J = {0} is not primary, since a= Ad= =cAd=c©® (c » d) =
coOd=0€J,but foranyneN, a"=a¢ J,d"=d¢ J.

(ii) In Example 3.4, I = {0,a} is a primary ideal of A.
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Theorem 3.18. An ideal P of A is primary if and only if the quotient BL-algebra A/P is
local.

Proof. Let P be a primary ideal of A and x € A. Then (z=Az~) = (= Az~) =0 € P. Since
P is primary, we get (z7)" € P or z" € P, for some n € N. Therefore, (z7)"/P = (z~ /P)" =
0/P or z"/P = (x/P)" = 0/P. This means that ord(z~/P) < oo or ord(z/P) < oo and
hence A/P is a local BL-algebra.

Conversely, let A/P be a local BL-algebra and z,y € A, = Ay~ € P. Then z 0y <
= Oy <z Ay~. Weget x ®y € P. From Proposition 2.10, since P is an ideal of
A, A/P is a local MV-algebra and by Theorem 2.7, there exists n € N such that 2" € P
or y" € P. Therefore, P is a primary ideal of MV-algebra A. Now, we conclude P is a
primary ideal in BL-algebra A by the fact that P is a primary ideal of MV-algebra A and
zOyYy<rT Oy <zT Ay, O

It is easy to see that any prime ideal is primary. Indeed, let P be a prime ideal of A and
z,y € A such that z= Ay~ € P. By the fact that x Ay < 2= Ay~, we conclude x Ay € P.
Since P is a prime ideal, we get x € P or y € P and hence P is primary.

Let f: A — B be a BL-homomorphism. One can see that the f<(J) is a primary ideal,
for every primary ideal J € Id(B) and f(I) is a primary ideal of B, if I € Id(A) is a primary
ideal and f is surjective.

Recall [7] for every filter F' of A, N(F') is an ideal of A, where N(F)={x € A : 2~ € F}.
Now, let F' be a primary filter of A and =,y € A, such that 2= Ay~ € N(F). Then
(z=ANy=)" € F. Weget z=Vy= =z~ Vy € F. Also, 27 Vy~ = (zAy)” < (x®y)~. Since
F is a filter, (z ®y)~ € F. This means that (")~ € F or (y")” € F, for some n € NU {0}
and hence 2" € N(F') or y™ € N(F), for some n € NU{0}. Therefore, we have the following
corollary:

Corollary 3.19. If F' is a primary filter of A, then N(F) is a primary ideal of A.

Proposition 3.20. Let P be a proper ideal of A such that A/P does not contain any non-
nilpotent zero divisor elements. Then P is a primary ideal.

Proof. Let x,y € A; 2=Ay~ € P. Then 2= 0y~ € P,asx= Oy~ < 2= Ay~. By Remark 2.11,
(x= ®y~)/P = 0/P. This means that (z=/P) ® (y=/P) = 0/P. Now we are considering
the two following cases:

(i) A/P does not contain any zero divisor elements. Therefore, z=/P = 0/P ory=/P = 0/P,
i.e., = € Pory~ € P. By Remark 2.9, z € P or y € P. Thus P is Primary.

(ii) A/P contains some zero divisor element. Then z=/P # 0/P and y=/P # 0/P.
This means that «=/P and y=/P are zero divisor. Therefore, by hypothesis, we conclude
(z=/P)* =0/P or (y=/P)™ = 0/P, for some m,n € N. We get (z=)" € P or (y=)™ € P.
By Theorem 2.2 (7), 2™ € P or y™ € P and hence P is primary. O

Theorem 3.21. Let A be a Godel algebra and I be a primary ideal of A. Then rad(I) is

primary.

Proof. Let z,y € A; = Ay~ € rad(I). Then by Theorem 2.17, [(z= Ay~) — ((z= A
y=)7)"]” €I, for any n € N. Take n = 1, we get [(z= Ay~) — (2= Ay~)" ]~ € I. From
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Theorem 2.2(8), [((z=Ay™)®(z=Ay™)) "]~ = ((z=Ay™)?)~ € I. Since A is a Godel algebra,
we conclude (z= Ay~)~ = (= Ay~) € I. Therefore, 2™ € I or y" € I, for some n € N, as |
is a primary ideal. Now, the proof is completed by the fact that I C rad(I). O

Theorem 3.22. FEvery obstinate ideal of A is primary.

Proof. Let I be an obstinate ideal of A and = Ay~ € I such that z" ¢ I, for every n € N.
We show that y™ € I, for some m € N. We obtain = ¢ I by the fact that ™ < x, 2™ ¢ |
and I is an ideal. Since I is an obstinate ideal and 1 ¢ [ and = ¢ I, we get x © 1~ € I and
= ®1 € I. Therefore, 2~ € I. Now, if we apply the ideal property, so 2~ @ (= Ay~) € I,
ie., 2= — (#= Ay~) € I. From BL3 and Theorem 2.2 (3), we conclude y= < z= — 2= Ay~.
Asz= — 2= Ay~ € I, we get y= € I and by Remark 2.9, y € I. This means that, there
exists m = 1, y = y! € I and hence I is primary. O

Now, we give an example to conclude that the converse of the above theorem does not
hold.

Ezample 3.23. We consider A = {0,a,b,c,d, 1}, with the following operations on A, where
0<a<b<l,0<a<d<1l,0<c<d<1.

©l0 a b ¢c d 1 =10 a b ¢ d 1
0j0 0 00O 0O 0j1 11111
al0 0 a 0 0 a ald 1 1 d 1 1
b0 a b 0 a b blec d 1 ¢ d 1
c|0 0 0 ¢ ¢ ¢ c|lb b b 1 1 1
dl{0 0 a ¢ ¢ d dla b b d 1 1
110 a b ¢ d 1 110 a b ¢ d 1
Then (A, A,V,®,—,0,1) is a BL-algebra [6].

It is easy to see that I = {0,c} is a primary ideal but, is not obstinate, since a,b ¢ I,
a®b - =aGc=0€lbuta ©b=dob=a¢l.

Definition 3.24. Let Y be a subset of A. We say that Y holds in maximal property, if for
any y ¢ Y, there exists n € N such that (y")” € Y.

Lemma 3.25. If I is a o-ideal of A and o™(I) hold in mazimal property, for some n € N,

then I is a mazrimal ideal.

Proof. Since I is a o-ideal, 0™(I) C I, for some n € N. If 2 ¢ I, then = ¢ ¢™(I). Now from

hypothesis, we get (")~ € ¢™(I) C I, for some m € N. This means that ()" = (z7)™ €

1. Therefore, the proof is complete by Theorem 2.19. U

Proposition 3.26. Let I be a o-ideal of A and there exists n € N, with (v — y)~ € o™(I)

A

or (y — x)~ € o"™(I), for every x,y € I. Then T is an MV -chain.

Proof. At first, we show that [ is a prime ideal of A. Let (z — y)~ ¢ I, since [ is a

o-ideal, so (x — y)~ ¢ o™(I). By hypothesis, we get (y — )~ € ¢™(I) C I. Therefore,

(y — x)~ € I and I is a prime ideal. The proof is complete by Proposition 2.20. (]
We note that if o is onto and [ is a prime o-ideal of A, then the converse of Proposition

3.26 is hold, for every z,y € A and n € N. Since let z,y € I, (vt — y)~ ¢ o"(I) =1 (0 is
onto). Then, by Definition 2.14(i), (y — =)~ € [ = o"™(I).
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Corollary 3.27. If I is a o-ideal of A, then I is a prime ideal, if the following property
holds:

There exists m € N such that Ny € o™(I) implies x € 0™ (I) ory € o™ (I), for every
xz,y € A.

Proof. 1t is clear from Corollary 2.15 and the fact that o™ (I) C I. O

4. 0-INVARIANT, 0-PRIME AND 0-PRIMARY IDEALS IN BL-ALGEBRAS

In this section, we define the notion of g-invariant, o-prime and o-primary ideals in
BL-algebras and we derive some results about them.

Definition 4.1. If 0 : A — A is a BL-homomorphism, then the ideal I is called an
o-invariant ideal, if c~1(I) = I.

It is easy to see that the ideal {0} of A is a o-invariant ideal.

Lemma 4.2. If [ is a o-invariant ideal, then the following conditions hold:
(i) I is a o-ideal,
(ii) Ker(o) C 1.

Proof. (i) Let I be a o-invariant ideal of A. Then o~ !(I) = I and o(I) = o(c (1)) C I,
(ii) Let t € Ker(o). Then o(t) =0 € I and hence t € o~ 1(I) = I. O

One should note that the converse of the above Lemma holds, if we add the condition
02 = ¢. In fact, it is enough to show that c='(I) = I. Let a € o= *(I). Then o(a) € I.
Consider o((c(a))” ®a) = (0(o(a)))” ®a(a) = (6%(a))” ® o(a) = 0~ (a) ® o(a) = 0. This
means that (o(a))” @ a € Ker(o) C I, ie. 0~ (a) ®a € I. Now, by applying Theorem 2.12
and the fact that o(a) € I, we obtain a € I. Hence, o~ !(I) C I. Also, since I is a o-ideal,
o(I) C I. Therefore, I C o~ 1(I).

Proposition 4.3. If I and J are o-invariant ideals, then the following conditions hold:
(i) INJ is a o-invariant ideal,
(ii) (I U J) is a o-invariant ideal, when o is an epimorphism,
(iii) rad(I) is a o-invariant ideal.

Proof. (i) It is clear that by the fact that INJ C I,J. So o= '(INJ) C o (1) = I and
o 'INJ) Cot(J)=J. Thus, c7(INJ) CINJ. Since I C o (1), J C a7 1(J).
Therefore, I NJ C o~ Y(INJ), and hence I N J is a o-invariant ideal.

(i) By Lemma 3.7 (iii), o((I U J)) C (IUJ). So (IUJ) C o~ }({IUJ)). We show
that o1 (U J)) C (IUJ). Let t € o~ Y((I U J)). Then there exists I € (I UJ) such
that t = o~1(l) for some ai,...,a, € TUJ. We have (a] ®...®a,) — I~ = 1. So
o la])®...0 o_l(a;) — o~ 1(I7) = 1. Consider that there exist by,...,b, € T U J,

such that (b ® ... ®b,) — t~ = 1. We take by = o (a1),...,bn, = 0 (ay), then
by O...0b, —t~ =1,ie,te(IU J)
(iii) By Lemma 3.7 (iv), o(rad(I)) C rad(I). So rad(I) C o '(rad(I)). We show that

o~ l(rad(I)) C rad(I). Let t € o~ (rad(I)). Then there exists a € rad(l) such that ¢ =
o~ Y(a). As a € rad(I), by Theorem 2.17, for any n € N, [a — (a~)"]~ € I, then o~ [a —
(a™)]~ € o= 1(I) = I. Therefore, [0~ '(a) — o~ '(a")"]~ € I. Since t = o~ !(a), then
[t — (t7)"]” € I. Hence t € rad(I) and o~ (rad(I)) = rad(I). O
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Proposition 4.4. If o is onto and 0 = o, then for any o-ideal I of A, Ker(c) C I implies
that o(rad(I)) = rad(I).

Proof. Let t € rad(I). Then by Theorem 2.17 [t — (t7)"]” € I for all n € N. Since
t € rad(I) C Aand 0 : A — A is onto, there exists b € A such that o(b) = ¢t. Therefore,
[0(b) — ((a(b))")"]~ € I. So aglb — (b7)"]” € I. In other words, [b — (b7)"]” €
o 1(I)=1,ie., becrad(I). Thus, o(b) € o(rad(I)). This means that t € o(rad(I)).
Conversely, we show that o(rad(I)) C rad(I). Since 02 = o and I is a o-invariant ideal.
Also, by Proposition 4.3 (iii), rad(/) is a o-invariant ideal. Then rad([) is a o-ideal, and
hence o(rad(I)) C rad(I). O

Definition 4.5. If I is a prime ideal of A, then [ is called a o-prime ideal, when for each
a € I, there exists b ¢ I such that a A b € Ker(o).

Ezample 4.6. Let A be a BL-algebra in [7, Example 3 - 5], 0 =id4 and I = {0,d}. Then I
is a o-prime ideal of A, as by [7, Example 3 - 5|, I is a prime ideal of A and if z =0 € I,
then for every y ¢ {0,d}, 0 = x Ay € Ker(o). Also, if z = d, then there exists a ¢ I,
dNa=d® (d—a)=d®c=0¢€ Ker(o).

Proposition 4.7. Let I be a o-prime o-invariant ideal of A. Then I is a minimal prime

o-tnwvariant ideal.

Proof. Suppose that [ is a o-prime o-invariant ideal of A and J is a prime o-invariant ideal,
such that J C I, for a € I and a ¢ J. By hypothesis, since I is o-prime, there exists b ¢ I,
such that a A b € Ker(g). On the other hand, J is o-invariant. By Lemma 4.2, Ker(o) C J
and aAbe€ J. Asb ¢ I, we take b ¢ J. Thus, a A b ¢ J; this is a contradiction. Therefore,

I is a minimal prime o-invariant ideal. O

Definition 4.8. Let A be BL-algebra and I an ideal. Then I is called o-primary, if for
every x € A, 2= Ao~ (z) € I, implies z € I.

Ezample 4.9. (i) Let A = {0,a,b,¢,1},0<a <c¢<1,0<b<c<1. Define ® and — as
follow:

®©l0 a b c 1 —-10 a b ¢ 1
00 0 0 0O 0/1 1 1 11
al0 a 0 a a alb 1 b 1 1
b0 0 b b b bla a 1 1 1
c|0 a b ¢ ¢ c|0 a b 1 1
110 a b ¢ 1 110 a b ¢ 1

Then it is easy to see that I = {0, a} is an ideal of A. If we consider the mapping o : A — A
by ¢(0) =0, o(a) =b, o(b) = a, o(c) = ¢, o(1) =1, so I is not a o-primary ideal of A.
(ii) Let A ={0,a,b,1}, 0 < a,b < 1. Define ® and — as follow:

©l0 a b 1 —10 a b 1
0(0 0 0 O 011 1 1 1
al0 a 0 a alb 1 b 1
b0 O b b bla a 1 1
110 a b 1 110 a b 1

Then it is easy to see that I = {0,a} with o =id4 is a o-primary ideal of A.
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Proposition 4.10. If I, J are ideals of BL-algebras A, B respectively, then I x J is a
o-primary ideal of A X B, if and only if I is a o1-primary ideal of A and J be a oo-primary
ideal of B, where 0 : A x B — A x B by o(a,b) = (01(a),02(b)) is a BL-homomorphism.

Proof. Let (a,b) € A x B; ((a,b)= Ao=(a,b)) € I x J. Then ((a=,b=) A (o7 (a),05 (b)) =
((a=Ao7(a)), (b= ANo5 (b)) € I xJ. This means that ((a= Ao (a)) € I and (b= Ao5 (b)) € J.
Since, I is a o1-primary ideal of A and J is a oo-primary ideal of B, we get a € [ and b € J.
Therefore, (a,b) € I x J.

Conversely, let a € A and b € B; (a= ANoj(a)) € I and (b= Aoy (b)) € J. Then
(= A o(@), 6= Ao (1) € T x J. We get ((a=,b7) A (0 (a), 05 () = ((a=,b7) A
0=(a,b)) € I x J. Since I x J is a o-primary ideal of A x B, we conclude (a,b) € I x J ie.,
a € 1,be J. Therefore, I is a o1-primary of A and J is a go-primary of B. U

Now, we have the following proposition, by considering Propositions 2.22 and 2.23.

Proposition 4.11. Let g: Ay — As be a BL-epimorphism, o : Ay — Ay, v: Ay — Ao
be BL-homomorphism and vg = go. Then the following statements hold:
(i) If I is a o-primary ideal of A1 and Ker(g) C I, then g(I) is a y-primary ideal of As,
(i) If J is a y-primary ideal of As, then g='(J) is a o-primary ideal of A.

Proof. (i) Let b € Ag; (b= Ay=(b)) € g(I). Since g is onto, there exists a € Aj, such that
g(a) = b. Therefore, (¢=(a) Avg=(a)) € g(I). By hypothesis, we get (¢=(a) A g(c=(a)) =
g(a= No=(a)) € g(I). Therefore, g(a= A o=(a)) = g(c), for some ¢ € I and g(a= Ao=(a)) A
g (c) = g(c) AN g~ (c) = 0. This means that g(a= Ao=(a) Ac™) =0and a= Ao~ (a) ANc™ €
Kerg C I. Since ¢~ @ (a= Ao=(a)) < ¢c” A(a= ANo=(a)), we have ¢~ ® (a= Ao~ (a)) € 1.
By applying Theorem 2.12 and the fact that ¢ € I, we get (a= Ao~(a)) € I. Since [ is a
o-primary, a € I and hence b = g(a) € g(I).

(ii) Let a € Ay; (a= Ao(a™)) € g71(J). Then g(a= Ao(a™)) € J. We get g(a™) A go(a™) =
(9(a))= ANo(g(a))™) € J and by hypothesis, g(a~
get g(a) € J and hence a € g~ 1(J). O

)A 'yg(a ) € J. Since J is a y-primary, we

Proposition 4.12. If I is a o-primary ideal of A, then M(I) is o-primary.

Proof. Let (x= Ao~(x)) € M(I), then we show that x € M(I). As (z= Ao~ (x)) € M(I),
((x=Ao=(x))~ € I. This means that (x=Vo=(x))~ € I. By Theorem 2.2 (5), (x~ Vo~ (x))~ €
I, s0 (x= No=(x)) € I. Based on hypothesis, x € I and by Remark 2.9, = € I and hence,
x e M(I).

U

Remark 4.13. K(A) is a o-primary ideal of A, if {0} is a o-primary. Indeed, let 2= Ao~ (z) €
K(A), then (2~ Ao=(2))= = 0. This means that 2= Ao=(z) = 0 € {0}. Since {0} is
o-primary ideal, so z € {0} and z = 0 = 0 = 27, therefore, z € K(A).

5. CONCLUSION

The main results of this paper are related to the ideals that depend on a BL-homomorphism.
We note that the notions of ideals and filters in BL-algebras are not dual to each other. At
first, by considering ¢ as a BL-homomorphism, we introduced the notion of o-ideals in BL-

algebras and obtained some new results about them. Also, while introducing the primary
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ideals in BL-algebras, we get some relationship between the primary ideals and obstinate
ideals. Finally, by introducing o-prime, o-primary and o-invariant ideals, we derived some
new results related to them. As a future research, these concepts can be extended to other
algebraic structures such as residuated lattices and pseudo BL-algebras that they are exten-

sions of BL-algebras.
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