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1. INTRODUCTION

By a graph G = (V, E), we mean a finite, undirected connected graph without loops or
multiple edges. A chord of a path P is an edge which connects two non-consecutive vertices
of P. For two vertices u and v, the closed interval J[u,v] consists of all the vertices lying
in a u — v monophonic path including the vertices v and v. For a set M of vertices, let
JIM] = U, ven Ju,v]. Then certainly M C J[M]. A set M C V(G) is called a monophonic
set of G if J[M] =V . In [3], Haynes introduced the concept of domination in graphs.The
secure dominating set was introduced by Cockayne et al in [2]. In 2012. John et al [4]
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introduced the concept of monophonic domination number of a graph. In this sequel, we
introduced the secure monophonic domination number of graphs. For basic graph theoretic
terminolgy, we refer [1].

Definition 1.1. [5] The Subdivision of a graph G, S(G), is obtained from G by inserting a
new vertex in the middle of every edge of G.

Definition 1.2. The Bistar graph B, , is obtained from K by attaching m pendent edges
to one end of K9 and n pendent edges to the other end of K.

Definition 1.3. A Y-tree graph Y,y is obtained from the path P, by appending an edge

to a vertex of the path P, adjacent to an end point.

Definition 1.4. [10] A monophonic dominating set M is said to be a secure monophonic
dominating set Sy, (abbreviated as SMD set) of Gif for each v € V\M there exists v € M
such that v is adjacent to u and S, = {M\(u)} J{v} is a monophonic dominating set. The
minimum cardinality of a secure monophonic dominating set of GG is the secure monophonic

domination number of G and is denoted by Ysm (G).

Observation

e Fach end vertex of a connected graph G belongs to every SMD set of G.

2. MAIN RESULTS

Theorem 2.1. For the Subdivision of Path graph G = S(P,), n > 2,

3 if n=2
(@) = n if 3<n<6 n>"7
Ysm = Gn;rﬂ if n=0,1,3,4,5,6(mod7) =~
1

if n=2(mod7)

Proof: Let f;,1 <i<2n—1 be the vertices of G. If n =2 then G = S(P2),Sm = {f1, f2, f3}
is a minimum SMD set of G. Therefore vsy,(G) = 3. If n = 3 then G = S(Ps3), S; =
{f1, f3, f5} is a minimum SMD set of G. Therefore Y5, (G) = 3. If n = 4 then G = S(Py),
Sm = {f1, f3, f5, fz} is a minimum SMD set of G.Therefore ysy(G) = 4. If n = 5 then
G =S(Ps), S =111, f3, [5, f7, fo} is a minimum SMD set of G. Therefore vyen(G) = 5. If
n =6 then G = S(Ps), Sm = {f1, f3, f5, f7, fo, f11} is a minimum SMD set of G.Therefore
vsm(G) = 6. Hence
3 if n=2

%’”(G):{ n if 3<n<6
Let n > 7. Now we consider the following cases.
case (a) subcase(i): n = 0(modT7)
We take G = S(Py). Choose Sy, = {f1, f3, f5, fs, f10, f12, f13}. Remove any vertex f; € Sy,
and add another vertex f; € V. — Sy, to Sy, such that f; is adjacent to f;. Hence the set
Sm 18 again a secure dominating set of G.Also the monophonic path exists and it contain all

the vertices of G.Therefore Sy, = {f1, f3, [5, fs, f10, f12, f13} is a minimum SMD set of G.In
2k—1
General Sy, = { U frj+1, frj+s, frjes U{foan—1} is @ minimum SMD set of G.Therefore

Jj=0
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|Sm| = [E5F2].
subcase(ii): n = 1(modT)
We take G = S(Ps). Choose Sy, = {f1, fs, [5, fs, f10, f12, f13, fi5}. Then by similar argu-

ment as in subcase(i). Therefore Sy, = { f1, f3, f5, fs, f10, f12, f13, f15} is a minimum SMD set
2k—1

of G.In General Sy, = { U frj+1, frj+3, frj+s} U{fon—1, fon—3} is a minimum SMD set of
=0

G. Therefore | S, | = [222].

subcase(iit): n = 3(modT7)
We take G = S(Pio). Choose Sy = {f1, f3, [5, fs, f10, f12, f15, f17, fi9}. Then by similar

arqument as in subcase(i). Therefore Sy, = {f1, f3, f5, fs, 10, f12, f15, f17, f19} is @ minimum
2k—1

SMD set of G.In General Sm = { U frj+1, frj+s, frjs} U{fon—1, fon—s, fan—s} is a mini-
=0

mum SMD set of G.Therefore |Sp,| = [222].
subcase(iv): n = 4(modT7)
We take G = S(P11). Choose Sy = {f1, f3, f5, f3, f10, fi2, fi5, fi7, f19, fo1}. Then by similar

argument as in subcase(i). Therefore Sy, = {f1, f3, f5, s, f10, f12: f15, f17, f19, f21} s a mini-
2k—1

mum SMD set of G.In General Sy, = { U frj11, frj+3, frjvs} U{fon—1, fon—3, fon—s5, fon—7}
=0

is a minimum SMD set of G.Therefore |S,,| = [#22].

subcase(v): n = 5(modT)

We take G = S(P12). Choose Sy, = { f1, f3, f5, fs, f10, f12, f15, f17, f19, fa1, faz}. Then by sim-

ilar argument as in subcase(i). Therefore Sy, = { f1, f3, f5, [3, f10, 12, f15, f17, f19, fo1, fo3} is
%1

a minimum SMD set of G.In General Sy ={ U frj+1, frj+3, frj+5} U{fon—1, fon—3, fon—s,
§=0

fon—7, fon—o} is a minimum SMD set of G.Therefore |Sy,| = (6”—7“’]

subcase(vi): n = 6(mod7)

We take G = S(P13). Choose Sy, = { f1, f3, f5, fs, f10, f12, [15, f17, f19, fo1, f23, fos}. Then by

similar argument as in subcase(i). Therefore Sy, = { f1, f3, f5, [3, f10, f12, f15, f17, f19, fo1, f23,
%1

fas} is @ minimum SMD set of G.In General Sy, ={ U frj+1, frj+3, frj+5} U{fon—1, fon—3,
=0

fon—5, fon—7, fon—9, fon—11} is a minimum SMD set of G.Therefore |S,,| = f—6n7+51.

case b: n = 2(mod7)

We take G = S(Py). Choose Sy, = {f1, f3, [5, fs; f10, f12, f13, f15, fi7}.  Then by similar

argument as in subcase(i). Therefore Sy, = {f1, f3, f5, fs, f10, [12, 13, f15, f17} is a mini-
2k—1

mum SMD set of G.In General Sy = { U frj+1, frj+3, frj+st U{fon—1, fon—3, fon—s5} is a

=0
minimum SMD set of G.Therefore \Sm|j: [%W + 1. Finally we conclude that Sy, =
( ¢ for r=0
fon—z for r=1
2t fon—s, fon—g  for r=2,3

{jL:JO Jrists frjess Jrjrst U{fen—1} U Fono fon o fona for =4

fon—9, fon—7, fon—5, fon—3 for r =5
 fen—11, fon—9, fon—7, fon—5, fon—3 for r=6
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[5] if n=0,1,3,4,5,6(mod7)
(62551 41 if n = 2(mod?) :
3 if n=2
n if 3<n<6
yn>"7
(62451 if n=0,1,3,4,5,6(mod7)
[O2E5] +1 if n=2(mod?)
Ezample 2.2. The secure monophonic domination number of the Subdivision of Path graph
S(Ps) in Figure 1

Hence vysm(G) = {

Therefore Yom(G) =

i fo fs fa fs fe fr fs fo fio fu

Ysm (S(Fs)) = 6.
Figure 1

Theorem 2.3. For the subdivision of cycle graph G = S(Cy), n > 3,
n if 3<n<6
Yom(G) = < n—k if n=1,2,3,4,5,6(mod7) , n > 7, where k is the quotient when n
6k if n=0(modT)
divided by 7.

Proof: Let f;,1 < i < 2n be the vertices of G. If n = 3 then G = S(C53),Sm = {f1, f3, f5}
is a minimum SMD set of G.Therefore yon(G) = 3. If n = 4 then G = S(Cy),Sm, =
{f1, f3, [5, f7} is a minimum SMD set of G.Therefore Ysm(G) = 4. If n = 5 then G =
S(C5),Sm = {f1, 3, f5, f7, fo} is a minimum SMD set of G.Therefore ysun(G) = 5. If
n =6 then G = S(C¢),Sm = {f1, f3, f5, f7, fo, f11} is a minimum SMD set of G.Therefore
Ysm(G) = 6. Hence vsm(G) ={ n if 3<n <6 }. Let n > 7.Now we consider the follow-
mg cases.

case a: n = 0(modT7)

We take G = S(C7). Choose Sy, = {f1, f3, f5, fs, f10, f12}. Remove any vertex f; € S,, and
add another vertex f; € V. — Sy, to Sy, such that f; is adjacent to f;. Hence the set Sy, is
again a secure dominating set of G.Also the monophonic path exists and it contain all the

vertices of G.Therefore Sy, = { f1, f3, f5, fs, f10, f12} is a minimum SMD set of G.In General
2k—1

Sm ={ U frj+1, frj+s, frj+5} is a minimum SMD set of G.Therefore |Sy,| = 6k, where k
§=0

1s the quotient when n divided by 7.
case (b) subcase(i): n = 1(mod7)
We take G = S(Cs). Choose Sy, = {f1, f3, f5, fs, f10, f12, fua}. Then by similar argument

as in case(a). Therefore Sy, = {f1, f3, [5, [s, f10, f12, f14} is a minimum SMD set of G.In
2k—1

General Sy = { U frj+1, frj+3, frj+s} U{fon—2} is a minimum SMD set of G.Therefore
§=0

|Sm| = n — k, where k is the quotient when n divided by 7.

subcase(ii): n = 2(modT)
We take G = S(Cg) Choose Sm = {fl, f3, f5,f8,f10,f12, f14, flﬁ}. Then by similar arqu-

ment as in case(a). Therefore Sy, = {f1, f3, f5, fs, f10, f12, f14, f16} s a minimum SMD set
2k—1

of G.In General Sy, = { U frj+1, frj+3, frj+5} U{ fon—a, fon—2} is a minimum SMD set of
§=0

G.Therefore |S,,| = n — k, where k is the quotient when n divided by 7.
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subcase(iii): n = 3(modT)
We take G = S(Cho). Choose Sy, = { f1, f3, f5, fs, f10, f12, f1a, f16, f1s}- Then by similar argu-

ment as in case(a). Therefore Sy, = {f1, fs, [5, [s, f10, f12, f14, f16, f18} is a minimum SMD
21

set of G.In General Sy, ={ U frj+1, frj+3, frjvs U{fan—2, fon—1,
§=0
fon—6} is a minimum SMD set of G.Therefore |S,,| = n — k, where k is the quotient when n
divided by 7.
subcase(iv): n = 4(mod7)
We take G = S(CH) Choose Sm = {fl, f3, f5, fg, fl(], f12, f14, f16, flg, f20}. Then by similar

arqgument as in case(a). Therefore Sy, = { f1, f3, f5, fs, f10, f12, 14, f16, [18, f20} s @ minimum
2k—1

SMD set of G.In General Sy, = { U frj+1, frj+3, friest UL fon—2, fon—a, fon—6, fon—s} is a
§=0

minimum SMD set of G.Therefore |S,,| = n — k, where k is the quotient when n divided by

7.

subcase(v): n = 5(modT)

We take G = S(C12). Choose Sy = {f1, f3, f5, fs f10, f12, f14, f16, f18, f20, fa2}. Then by

similar argument as in case(a). Therefore Sy, = {f1, f3, f5, fs, fi0, f12, f14, f16, f18, f20, foo }
%1

is a minimum SMD set of G.In General Sy, = { U fris1, frj+3, frivs F U{ fon—2, fon—a, fon—s,
fon—s8, fan—10} s a minimum SMD set of G. Therefore |Sm| = n — k, where k is the quotient
when n divided by 7.

subcase(vi): n = 6(mod7)

We take G - S(Cl?)) ChOOS@ Sm - {f17 f37 f57 f85 flOu f127 f147 f16) f185 f?Oa f227 f24}' Then by

similar argument as in case(a). Therefore Sy, = { f1, f3, f5, fs, f10, f12, f14, fi6, f18, f20, fo2, foa}
2U%—1

is a minimum SMD set of G.In General Sy, = { U frist, fritss frivs  U{ fon—2, fon—a,

fon—6, fon—8, fan—10, fan—12} s @ minimum SMD set of G.Therefore |Sy,| = n — k, where k
1s the quotient when n divided by 7. Finally we conclude that

¢ for r=20

fon—o for r=1

2%—1 fon—2, fon—a for r=2
Sm=1{ U frj+1, fri+s, frivs} U Jon—2, fon—a, fon—6 for r=3
= fon—2, fon—a, fon—6, fon—g for r=4

fon—2, fon—4, fon—6, fon—8, fon—10 for r =35

Jon—2, fon—a, fon—6, fon—s, fon—10s fon—12 for r =6

n—k if n=1,2,3,4,56(modT7)
6k if n = 0(mod7)

Hence vsm(G) ={ , where k is the quotient when n di-

vided by 7.
n if 3<n<6
Therefore ysm(G) = ¢ n—k if n=1,2,3,4,56(mod7) ,n > 7, where k is the quotient
6k if m = 0(mod7)
when n divided by 7.
Ezxample 2.4. The Secure monophonic domination number of the Subdivision of Cycle graph
S(Cs) in Figure 2

Theorem 2.5. For the Subdivision of Star graph S(Kin—1),Ysm(S(Kin-1)) =n,n > 3.
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Is fr fe
fo fs
f1o fa
h  fo fs
Ysm(S(C5)) =5
Figure 2

Proof: Let {z, fi,1 < i <n—1} be the vertices of K1 pn—1. Subdivide each edge of K ,,—1 by
vertices gi, 1 <1 <n—1. The resultant graph is S(K1 n—1) whose vertex set V(S(K1p—1)) =
{zU{fi/1 <i<n—-1}U{gi/1 <i<n—1}} and edge set E(S(Kin-1)) = {(zgi/1 <i<n—
1)U(gifi/1 <i<n—1)} such that |V (S(K1n-1))| =2n—1 and |E(S(K1pn-1))| = 2n—2.Let
Z ={fi,1 <i<mn—1} be the end vertices of S(K1n—1) . By observation , Z is a subset of
every SMD set of S(K1,—1). Since x is not dominated by any vertex of Z, Z is not a SMD
set of S(K1pn—1). Therefore ysm(S(K1pn-1)) > n.

Let Z' = Z U {x}. Clearly J[Z'] = V(S(Kin-1)) and every element of V(S(K1,-1)) — Z'
is dominated by atleast one element of Z'. Therefore Z' is a SMD set of S(Kin-1), so that
Ysm (S(K1n-1)) =n

Ezxample 2.6. The Secure monophonic domination number of Subdivision of Star graph
S(K1,6-1) in Figure 3

fa f3

Yom (S(Ki1,6-1)) = 6.
Figure 3
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Theorem 2.7. For the subdivision of Bistar graph S(Bmn), Ysm(S(Bmmn)) = m +n +
2, m,n > 2.

Proof: Let {x,y, fi(1 <i<m),g;(1 <j<n)} be the vertices of By, . Subdivide each edge
of By, n with vertices {w, hi(1 < i <m),ki(1 <i<n)} into each edge of By, r,. The resultant
graph S(By, n) whose vertex set is V(S(Bmn)) = {(x,w,y) U{fi, hi/1 <i <m}U{g, ki/1 <
i < n}} and edge set is E(S(Bmn)) = {(zw,wy) U {fihi,xhi/1 < i < m} U {yki, kigi/1 <
i < n}} such that |V(S(Bmp))| = 2m +2n+ 3 and |E(S(Bmy))| = 2m + 2n+ 2 and let
Z={fi,1<i<m,gj,1 <j<n} bethe m+n end vertices of S(By,n). By observation, Z
is a subset of every SMD set of S(Bp, ). Since {z,w,y} is not dominated by any vertex of
Z, Z is not a SMD set of S(Bmn)-Therefore Yem (S(Bm,n)) > m+n+2.

Let Z' = ZU{z,y}. J[Z') = V(S(Bmn)) and every element of V(S(Bymn)) —Z' is dominated
by atleast one element of Z'. Therefore Z' is a SMD set of S(Bp,n), s0 that Yem(S(Bmn)) =
m+n+2

FEzample 2.8. The Secure monophonic domination number of the Bistar graph By 3 in Figure
4

Ysm(S5(Ba3)) =9
Figure 4

Theorem 2.9. For the Subdivision of Y -tree graph G = S(Y,41), n > 3,
nt+1 if 3<n<6
Ysm(G) = [S2ET] if n = 3(mod7) ,n=>T.
[Sn47] 11 if n=0,1,2,4,5,6(mod7)

Proof: Let f;;1 <i<mn+1 be the vertices of the Y -tree graph Y,.1. Subdivide each edge of
Yoi1. The resultant graph is S(Yn41) whose vertex set V(S(Yn41)) = {fi/1 <i < 2n+1}
and edge set E(S(Yn41)) = {fifir1/1 <i <2n—=2}U{fifits, fi+3fi+a/i = 2n— 3} such that
V(S(Yai1)| = 20+ 1 and |E(S(Ya1))| = 20

If n = 3 then G = S(Y3+1),5m = {f1, fo, f3, fr} is a minimum SMD set of G.Therefore
Ysm(G) = 4. If n = 4 then G = S(Y441),Sm = {f1, f3, f5, f7, fo} is a minimum SMD
set of G.Therefore Ysm(G) = 5. If n = 5 then G = S(Y511),5m = {f1, f3, f5, f7, fo, f11}
is a minimum SMD set of G.Therefore vsy(G) = 6. If n = 6 then G = S(Ys+1),5m =
{f1, f3, f5, f75 fo, f11, f13} is a minimum SMD set of G. Therefore v (G) = 7. Hence Yo (G) =
{n+1 if 3<n<6}. Letn>"7. Now we consider the following cases.

case a: n = 3(modT)

We take G = S(Yi041). Choose Sy, = {f1, f3, f5, fs, 10, f12, f15, fi7, f19, fo1}. Remove any
verter f; € Sy, and add another vertex f; € V. — Sy, to Sy, such that f; is adjacent to f;.
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Hence the set S, is again a secure dominating set of G.Also the monophonic path exists and it
contain all the vertices of G. Therefore Sy, = { f1, f3, f5, fs, f10, f12, f15, f17, f19, f21} is a min-

2k—1
imum SMD set of G.In General Sy, = { U frj41, frj+3: frjes} U{fons1s fon—1s fon—3, fon—s}
j=0

is a minimum SMD set of G.Therefore |Sp,| = [#2E7].
case (b) subcase(i): n = 0(mod7)
We take G = S(Y741). Choose Sy, = {f1, f3, f5, fs, f10, f11, f13, f15}. Then by similar ar-

gument as in case(a). Therefore Sy, = {f1, f3, f5, [s, f10, f11, f13, f15} is a minimum SMD
2%k—2

set of G.In General Sy, = { U fritts frivss frjrs} U{fan—6, fon—a, fon—3, fon—1, font1} is a
minimum SMD set of G. Therefore | S| = [82E1] + 1.

subcase(ii): n = 1(mod7)

We take G = S(Ysy1). Choose Sw = {f1, f3, f5, fs, f10, f12, f13, f15, fir}. Then by similar

argument as in case(a). Therefore Sy, = {f1, f3, f5, fs, f10, f12, f13, [15, f17} 1S a minimum
2%k—1

SMD set Of G.In General Sm = { U f7j+1,f7j+3,f7j+5} U{fgn_l,fzn_g, f2n+1} 1S 4 Mini-
j=0

mum SMD set of G.Therefore |Sp,| = #2217 + 1.

subcase(iii): n = 2(mod7)

We take G = S(Yo41). Choose Sy = {f1, f3, f5, f3, f10, f12, f1a, fis, fi7, fio}. Then by simi-

lar argument as in case(a). Therefore 5 {fh I3, f5, fs, f10, 12, f1a, f15, f17, fi9} is a mini-

mum SMD set of G.In General Sy, = { U frjats frjess frjes} U{fon—15 fon—3: fon—a, fons1}

is a minimum SMD set of G.Therefore ]Sm\ = [6nt1] + 1.
subcase(iv): n = 4(mod7)
We take G = S(Y1141). Choose Sm = {f1, f3, f5, fs; f10, fr2, f15, fi7, f19, fo1, faz}. Then by

similar argument as in case(a). Therefore Sy, = { f1, f3, f5, f3, f10, f12, f15, f17, f19, f1, f3} is
2%—1

a minimum SMD set Of G.In General Sm = { U f7j_|_1, f7j+3, f7j+5} U{an—la fgn_g, fgn_5,
=0

fon—17, font+1} is a minimum SMD set of G.Therefore |Sy,| = (Lﬂ] + 1.

subcase(v): n = 5(modT)

We take G = S(Y1241). Choose Sy, = {f1, f3, f5, f3, f10, f12, f15, f17, 19, fo1, fo3, fos}. Then

by similar argument as in case(a). Therefore Sy, = { f1, f3, f5, fs, fi0, fi2, fis, fi7, f19, fo1, fo3,
%1

fas} is a minimum SMD set of G.In General Sy, ={ U frj+1, frj+3, fri+s} U{ fon—1, fon—3,
=0

fon—5, fon—75 fon—9, fon+1} is a minimum SMD set of G.Therefore |Sy,| = [6n+7w +1.

subcase(vi): n = 6(mod7)

We take G = S(Yi341). Choose Sy, = {f1, f3, f5, I3, f10, fi2, f15, fi7, f19, f21, f23, fos5, for }.

Then by similar argument as in case(a). Therefore Sy, = {f1, f3, f5, fs, fi0, f12, fi5, f17,
2k—1

f19, fo1, f23, fos, for} is a minimum SMD set of G.In General Sy, = { U J7i+1, f7j+8: f1j4+5}

U{fan-1, fon—3; fon—5, fon—7, fon—9, fon—11, font1} 4s a minimum SMD set of G.Therefore
|Sm| =[] 4+ 1. Finally we conclude that
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fon—3, fon—1, font1 for r=
Jon—4, fon—3, fon—1, fony1 for r=
S, — {261f7j+1,f7j+37f7j+5}u fon—5, fan—3, fon—1, fony1 for r=
=0 fon—7, fon—s5, fon—3, fon—1, fony1 for r=
Jon—9, fon—7, fon—5, fon—3, fon—1, fony1 for 7=
L fon—115 fon—9, fon—7, fon—5, fon—3, fon—1, fony1 for r=
2h—2

and { 'Uo f7j+17f7j+37f7j+5}U{ fon—6, fon—a, fon—3, fon—1, fons1 for =10 }
=

(2] if = 3(modT)
[CT) 41 if n=0,1,2,4,5,6(mod7)
n+1 if 3<n<6
Therefore ysm(G) = (%} if n=3(mod7) n>T.
[6%5T) 41 if n=0,1,2,4,5,6(mod7)
Ezample 2.10. The secure monophonic domination number of the Subdivision of Y-tree

Hence ysm(G) =

graph S(Yj4+1) in Figure 5

Ysm(S(Yag1)) =5
Figure 5

3. CONCLUSIONS

In this paper, we investigated the secure monophonic domination number of graphs such as
subdivision of Path graph, subdivision of Cycle graph, subdivision of Star graph, subdivision
Bistar graph, subdivision of Y- tree graph.
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