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ABSTRACT

In this paper, we investigate a Finsler space charac-
terized by a cubic changed infinite series metric given

by F (γ, β) = β2

(β−γ) . We derive the fundamental ten-

sors necessary to describe the geometric properties of
this Finsler space. Additionally, we determine the con-
ditions under which this Finsler space with the cubic
modified infinite series metric can be simplified into spe-
cial types of Finsler spaces, including quasi-C-reducible,
semi-C-reducible, C-reducible, and C2-like Finsler
spaces, based on its various forms of the Cartan ten-
sor.
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1. Introduction

The concept of an (α, β)-metric was introduced by M. Matsumoto [5] in 1972. This metric

considers a homogeneous function of degree one with two variables: α, which acts as a

Riemannian metric, and and β, as a one-form metric. The Finsler space equipped with the
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(α, β) structure has since been extensively studied by various researchers [3, 6, 8, 9, 10, 18, 19].

In 2004, Lee and Park [4] extended this concept by introducing an r-th series (α, β)-metric

(1.1) L(α, β) = β
r∑

k=0

(
α

β
)k, α < β

The metric function described above is a homogeneous function of degree one in α and β.

This function is significant because it simplifies to various important forms of an (α, β)-metric

for various value of r. For example:

(1) If we consider r = 1 then r-th series metric reduces in a special and important form

which is known as Randers metric and given by L = α + β which is widely used in

the field of physics.

(2) If we consider r = 2 then r-th series metric reduces in L = α+β+ α2

β which represent

a combination of Randers metric and Kropina metric.

(3) If we consider r = ∞ then r-th series metric can be expressed as L(α, β) = β2

β−α

which is an remarkable form of an (α, β) that represent the difference of Randers and

Matsumoto metric and later on it is known as infinite series metric.

Furthermore, they determined the conditions under which a Finsler space with an infi-

nite series metric becomes a Berwald space, Douglas space, or projectively flat. They also

explored the conditions required for a two-dimensional Finsler space F 2 with an infinite

series metric to be a Landsberg space. Additionally, the differential equations governing

the geodesics of F 2 were discussed. Recently, other researchers [17, 18] have examined the

significance of the infinite series metric in various contexts.

Shimada’s pioneering work on m-th root metrics [15] has been applied in biology as an

ecological metric [1]. This theory represents a direct extension of Riemannian metrics, with

the second root metric corresponding to a conventional Riemannian metric. The third and

fourth root metrics are termed the cubic metric and quartic metric, respectively. Recent

advancements underscore the profound impact of m-th root Finsler metrics in fields such as

physics, spacetime theory, gravitation, general relativity, and seismic ray theory. Further in

1979, M. Matsumoto [7] introduced the concept of a cubic metric on a differentiable manifold

with local coordinates xi, defined by

L(x, y) = (aijk(x)y
iyjyk)

1
3

where aijk(x) are components of a symmetric tensor field of (0, 3)-type depending on the

position co-ordinate x alone, yi represents direction co-ordinates and a Finsler space with

a cubic metric is called the cubic Finsler space. Several authors [1, 2, 11] have extensively

examined the mth-root metric and cubic metric, highlighting their significance in the realm

of Finsler geometry. In 2011, Pandey and Chaubey [13] introduced the concept of a (γ, β)-

metric, where γ = (aijk(x)y
iyjyk)

1
3 represents a cubic metric and β = bi(x)y

i denotes a

one-form. Pandey and Chaubey [12, 14] conducted a detailed study on the (γ, β)-metric,

exploring significant geometric properties of Finsler spaces equipped with this metric. Con-

currently in the same year, Shukla and Mishra [16] investigated the reducibility of the Cartan

torsion tensor and curvature in various forms such as quasi C-reducible, semi C-reducible,

C-reducible, C2-like, and S3-like properties for Finsler spaces endowed with the (γ, β)-metric.
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In this paper, we introduce a Finsler metric by substituting the Riemannian

α = (aij(x)y
iyj)

1
2 metric with a cubic Finsler metric γ = (aijk(x)y

iyjyk)
1
3 in the infinite

series metric, which is expressed as follows:

(1.2) F (γ, β) =
β2

(β − γ)

and refer to it as the cubic changed Infinite series metric. Furthermore, we derive the

fundamental tensors required to describe the geometric properties of this Finsler space in

Propositions 2.1, 2.5, 2.6 and 2.8. respectively. We also identify the conditions under which

the Finsler space with the cubic changed infinite series metric can be reduced to specific

types of Finsler spaces, such as quasi-C-reducible, semi-C-reducible, C-reducible, and C2-

like Finsler spaces, based on different forms of the Cartan tensor in Theorems 3.3, 3.6, 3.8,

and 3.10 respectively.

2. Fundamental tensors for Finsler space with the cubic changed Infinite

series metric

In this section, we derive the fundamental metric tensors for the Finsler space with

the cubic changed infinite series metric.

Differentiating equation (1.2) partially with respect to yi we have

(2.1) li = ∂̇iF =
β2

γ2(β − γ)2
ai +

β2 − 2γβ

(β − γ)2
bi

where aijky
jyk = ai(x, y).

Equation (2.1) can also be written as

(2.2) yi = Fli = F ∂̇iF = p−1ai + FFβbi

where

p−1 =
β4

γ2(β − γ)3
, FFβ =

β2(β2 − 2γβ)

(β − γ)3

Again, differentiating (2.2) with respect to yj , we get the angular metric tensor hij = F ∂̇i∂̇jF

as

(2.3) hij = p−1aij + q0bibj + q−2(aibj + ajbi) + q−4aiaj

where 2aijky
k = aij(x, y), q0 = FFββ = 2β2γ2

(β−γ)4
, q−2 =

FFβγ

γ2 = −2β3

γ(β−γ)4
and q−4 =

F
γ4 (Fγγ − 2Fγ

γ ) = 4γβ4−2β5

γ5(β−γ)4

Owing to the homogeneity or hijy
j = 0, we have two identities,

(2.4)

p−1 + q−2β + q−4γ
3 = 0

q0β + q−2γ
3 = 0

Remark: In equation (2.3) the subscripts of coefficients p−1, q0, q−2, q−4 are used to indicate

respective degrees of homogeneity of the scalars.

Now, the fundamental metric tensor gij(x, y) for a Finsler metric is given by
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gij =
1
2

∂2F 2

∂yi∂yj
= hij + lilj

therefore,

(2.5) gij = hij + lilj = p−1aij + p0bibj + p−2(aibj + ajbi) + p−4aiaj

where p0 = q0 + F 2
β = β4−4γβ3+6γ2β2

(β−γ)4
, p−2 = q−2 +

FγFβ

γ2 = β4−4γβ3

γ2(β−γ)4
and p−4 = q−4 +

F 2
γ

γ4 =

5γβ4−2β5

γ5(β−γ)4
.

Now using above values of p0, p−2, p−4 and (2.4), we get

(2.6)

p0β + p−2γ
3 = FFβ

p−2β + p−4γ
3 = 0

Proposition 2.1. The normalized supporting element li, angular metric tensor hij, and

fundamental metric tensor gij for the Finsler space with cubic changed infinite series metric

are given by equations (2.1), (2.3) and (2.5) respectively.

Proposition 2.2. The coefficients q0, q−2, q−4 of the angular metric tensor hij in the Finsler

space with a cubic changed infinite series metric adhere the relation given by equation (2.4).

Proposition 2.3. The coefficients p0, p−2, p−4 of the fundamental metric tensor gij in the

Finsler space with a cubic changed infinite series metric adhere the relation given by equation

(2.6).

Since we know that

Proposition 2.4. Let a non-singular symmetric n-matrix (Aij) and n quantities ci be given

and put Bij = Aij + cicj. The inverse matrix (Bij) of (Bij) and the det(Bij) are given by,

Bij = Aij − 1

1 + c2
cicj , det(Bij) = A(1 + c2)

where (Aij) is the inverse matrix of (Aij), A = det(Aij), ci = Aijcj and c2 = cici

Now from (2.5), the component gij can be written as

gij = p−1aij + cicj + didj

where we considered

ci = πbi, di = π0bi + π−2ai, π2 + π2
0 = p0, π0π−2 = p−2, π

2
−2 = p−4

Then putting, Bij = p−1aij + cicj , we have, gij = Bij + didj

Using the properties of the Kronecker-delta and tensor algebra, we have BijB
jk = δki

Then,

Bij =
1

p−1
aij − cicj

p−1(p−1 + c2)

where aij is the reciprocal of aij , c
i = aijcj

Now by using proposition 2.1, we have

(2.7) gij = Bij − didj

1 + d2
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where di = Bijd
j , d2 = did

i

|gij | = |Bij |(1 + d2) = |p−1aij | (p−1+c2)
p−1

(1 + d2) = pn−1
−1 a(p−1 + c2)(1 + d2)

where a is the determinant of aij .

gij =
1

p−1
aij − cicj

p−1(p−1 + c2)
− didj

1 + d2

Now,

di =
1

p−1

[(
π0p−1 − π2π−2ā

p−1 + c2

)
Bi + π−2a

i

]
where

aijbj = Bi, aijaj = ai, Bibi = b2 = aimbmbi, aiB
i = aimaibm = aibi = ā, π2b2 = cic

i = c2,

aia
i = a2 and aij(x, y) is the inverse matrix of aij(x, y).

Again,

didj = 1
p2−1

[
(π0p−1−π2π−2ā)2

(p−1+c2)2
BiBj + (p−1p−2−π2p−4ā)

(p−1+c2)
(Biaj +Bjai) + p−4a

iaj
]

Now,

d2 = didi =
1

p−1(p−1 + c2)

[
π2
0b

2p−1 + 2p−1p−2ā− π2p−4ā
2 + p−4p−1a

2 + p−4c
2a2
]

Again,

|gij | = pn−1
−1 a(p−1 + c2)(1 + d2) = pn−2

−1 aτ−2

where, τ−2 = p−1(p−1 + p0b
2 + p−2ā) + (p−2p−1ā− π2p−4ā) + p−4p−1a

2 + p−4c
2a2

Thus the reciprocal of gij of gij is given by

(2.8) gij =
1

p−1
aij − S2B

iBj − S0(B
iaj +Bjai)− S−2a

iaj

where S0 =
β4γ−4γ2β3−π2ā(11γβ3−21β2γ2+17βγ3−5γ4−2β4)

τ−2γ3(β−γ)4

S−2 =
5γβ4+11γ3β3c2−21β2γ4c2+17βγ5c2−5γ6c2−2β5−2β4γ2c2

τ−2γ5(β−γ)4

S2 =
π2
0(β

9γ−β8γ2)+π2τ−2γ5(β−γ)7+π4ā2(5γβ4−2β5)(β−γ)3−π2āγ(2β8−8γβ7)

τ−2(β−γ)(γβ8+c2γ3β4(β−γ)3)
.

Proposition 2.5. The reciprocal gij of the fundamental metric tensor gij for the cubic

changed infinite series metric is given by equation (2.8).

Now differentiating (2.5) with respect to yk, we get

2Cijk = 2p−1aijk + p0βbibjbk +
p−4γ

γ2
aiajak +(2.9)

Π(ijk)

(
Piajk + p−2βaibjbk +

p−2γ

γ2
aiajbk

)
where Π(ijk) represents the sum of cyclic permutations of i, j, k and

(2.10) Pi = p−4ai + p−2bi
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or,

(2.11) 2p−1Cijk = 2p2−1aijk + r−2bibjbk +Π(ijk)(Pihjk + r−4aibjbk + r−6aiajbk) + r−8aiajak

where r−2 = 12γ3β5−6γ2β6

γ2(β−γ)8
, r−4 = −15γ4β6+10γ2β8−2γ3β7−2γβ9

γ6(β−γ)8
r−6 = −6γβ8−40γ2β7−4β9

γ7(β−γ)8
and

r−8 =
34γ2β8−2γβ9−2β10

γ10(β−γ)8
.

Thus

Proposition 2.6. The Cartan torsion tensor Cijk for the Finsler space with cubic changed

infinite series metric are given by equation (2.11).

Proposition 2.7. The coefficients r−8, r−6, r−4, r−2 of the Cartan torsion tensor in the

Finsler space with a cubic changed infinite series metric adhere to the following relation:

(2.12) r−µβ + r−µ−2γ
3 = 0, µ = 2, 4, 6.

Using (2.4), (2.6) and (2.12), we have

(2.13) p−4 = ϕp−2, r−µ−2 = ϕ
µ
2 r−2, µ = 2, 4, 6.

where, ϕ = − β
γ3

Using (2.13) in (2.11), we easily get

(2.14) 2p−1Cijk = 2p2−1aijk +Π(ijk)(HjkPi)

where

Hjk = hjk +
r−2

3p3−2

PjPk

Further, by direct computation from Cijk and gij , we have,

(2.15) Ci = p−1Ai +Aai +Bbi

where A and B are certain scalar.

Proposition 2.8. The Mean Cartan tensor Ci for the Finsler space with cubic changed

infinite series metric are given by (2.15).

3. Reducibility of Cartan Tensor for the Finsler space with cubic changed

infinite series metric

In this section, we will explore the conditions under which the Finsler space with

a cubic changed infinite series metric can be classified as a C-reducible Finsler space, Semi

C-reducible Finsler space, quasi C-reducible Finsler space, and C2-like Finsler space.

Definition 3.1. A Finsler space (Mn, F ) with dimension n ≥ 3 is said to be quasi C-

reducible if the Cartan tensor Cijk can be written in the form

(3.1) Cijk = QijCk +QjkCi +QkiCj

where Qij is a symmetric indicatory tensor and Ci = Cijkg
jk is the torsion vector.

Now, from (2.10) and (2.15)

2p−1Cijk = 2p2−1aijk +Π(ijk) (HjkPi)

2p−1Cijk = 2p2−1aijk +Π(ijk) {Hjk (p−4ai + p−2bi)}
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Using (2.15) we have,

2p−1Cijk = 2p2−1aijk +Π(ijk)

{
Hjk

(p−4

A
(Ci − p−1ai −Bbi) + p−2bi

)}
2p−1Cijk = 2p2−1aijk +Π(ijk)

{
p−4

A
HjkCi −

p−1p−4

A
HjkAi −

(
p−4B

A
− p−2

)
Hjkbi

}
Cijk = p−1aijk −Π(ijk)

{(
p−4Ai

2A
+

(
p−4B

2p−1A
− p−2

2p−1

)
bi

)
Hjk

}
+

p−4

2p−1A
Π(ijk) (HjkCi)

Thus we have,

Lemma 3.2. In a Finsler space with cubic changed infinite series metric, the Cartan tensor

can be written in the form

(3.2) Cijk = Vijk +Π(ijk)(QjkCi)

where Qjk = p−4

2p−1A
Hjk is a symmetric tensor of order two and

Vijk = p−1aijk −Π(ijk)

{(
p−4Ai

2A
+

(
p−4B

2p−1A
− p−2

2p−1

)
bi

)
Hjk

}
.

Thus by the above lemma and definition (3.1), we have

Theorem 3.3. A Finsler space with cubic changed infinite series metric is quasi C-reducible

if and only if the tensor Vijk of equation (3.2) vanishes identically and p−4

2p−1A
→ 1.

Definition 3.4. A Finsler space (Mn, F ) with dimension n ≥ 3 is said to be semi C-reducible

if the Cartan tensor Cijk is written in the form

(3.3) Cijk =
r

(n+ 1)
(hijCk + hkiCj + hjkCi) +

t

C2
CiCjCk

where r and t are scalar function such that r + t = 1

From equation (2.14) we have,

Cijk = p−1aijk +
1

2p−1
Π(ijk) {hjkPi}+ r−2

2p−1p3−2
PiPjPk.

Using (2.15), we have

r−2

2p−1p3−2

PiPjPk =
r−2p

3
−4

2p−1p3−2A
3
CiCjCk +

r−2

2p−1p3−2

Π(ijk)

[
−
p3−4p−1

A3
(CiCjAk)

−
p2−4

A2

(
p−4β

A
− p−2

)
(CiCjbk) +

p3−4p
2
−1

A3
(CiAjAk)

+
p2−4p−1

A2

(
p−4β

A
− p−2

)
(CiAjbk)

+
p−4

A

(
p−4β

A
− p−2

)2

(Cibjbk)

−
p2−4p

2
−1

A2

(
p−4β

A
− p−2

)
AiAjbk

−p−4p−1

A

(
p−4β

A
− p−2

)2

Aibjbk

]

−

(
p3−4p

3
−1

A3
AiAjAk +

(
p−4β

A
− p−2

)3

bibjbk

)
r−2

2p−1p3−2

.
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Now,

(3.4) Cijk =
p−4

2p−1A
Π(ijk)(hjkCi) +

r−2p
3
−4

2p−1p3−2A
3
CiCjCk + Uijk

where,

Uijk = p−1aijk −Π(ijk)
p−4

2p−1A

{
p−1Ai +

(
B − p−2A

p−4

)
bi

}
hjk+

r−2

2p−1p3−2

Π(ijk)

[
−
p3−4p−1

A3
CiCjAk

−
p2−4

A2

(
p−4β

A
− p−2

)
CiCjbk +

p3−4p
2
−1

A3
CiAjAk

+
p2−4p−1

A2

(
p−4β

A
− p−2

)
CiAjbk +

p−4

A

(
p−4β

A
− p−2

)2

Cibjbk

−
p2−4p

2
−1

A2

(
p−4β

A
− p−2

)
AiAjbk −p−4p−1

A

(
p−4β

A
− p−2

)2

Aibjbk

]

−

(
p3−4p

3
−1

A3
AiAjAk +

(
p−4β

A
− p−2

)3

bibjbk

)
r−2

2p−1p3−2

.

Therefore, if r = (n+1)p−4

2p−1A
, t =

C2r−2p3−4

2p−1p3−2A
3 and CiC

i = C2 then above equation can be

rewritten as

(3.5) Cijk =
r

(n+ 1)
Π(ijk)(hjkCi) +

t

C2
CiCjCk + Uijk

Thus we have,

Lemma 3.5. In a Finsler space with cubic changed infinite series metric, the Cartan tensor

can be rewritten in the form (3.5).

By the above lemma and equation (3.3) we can conclude

Theorem 3.6. A Finsler space with cubic changed infinite series metric is semi C-reducible

Finsler space if and only if the tensor Uijk vanishes identically and r + t = 1.

Definition 3.7. A Finsler space (Mn, F ) with dimension n ≥ 3 is said to be C-reducible if

the Cartan tensor Cijk is written in the form

(3.6) Cijk =
1

n+ 1
(hijCk + hkiCj + hjkCi)

From (2.14) and (3.6) it follows that

2p−1Cijk = 2p2−1aijk +Π(ijk)(HjkPi)

= 2p2−1aijk +Π(ijk)(hjkPi) +
r−2

p3−2

PiPjPk

2p−1

(
1

n+ 1

)
Π(ijk)(hjkCk) = 2p2−1aijk +Π(ijk)(hjkPi) +

r−2

p3−2

PiPjPk

2p2−1aijk +
r−2

p3−2

PiPjPk = 2p−1

(
1

n+ 1

)
Π(ijk)(hjkCk)−Π(ijk)(hjkPi)

= Π(ijk)

(
2p−1

(n+ 1)
Ck − Pk

)
hij
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(3.7) 2p2−1aijk +
r−2

p3−2

PiPjPk = Π(ijk)(hijNk)

where Nk = 2p−1

(n+1)Ck − Pk. Conversely, if (3.7) is satisfied for certain covariant vector Nk,

then from (2.14) we have

2p−1Cijk = Π(ijk)(hijNk) + Π(ijk)(hijPk)

(3.8) 2p−1Cijk = Π(ijk) {hij(Nk + Pk)}

which gives (3.6)

Theorem 3.8. A Finsler space with cubic changed infinite series metric is C-reducible

Finsler space if and only if (3.7) holds good.

Definition 3.9. A Finsler space (Mn, F ) with dimension n ≥ 2 is called C2-like if the

Cartan tensor Cijk is written in the form

(3.9) C2Cijk = CiCjCk

From equation (3.5) we have

Cijk =
r

(n+ 1)
Π(ijk)(hjkCi) +

t

C2
CiCjCk + Uijk

=
1

C2

(
rC2

(n+ 1)
Π(ijk)(hjkCi) + tCiCjCk + C2Uijk

)
C2Cijk = t

[
1

t

(
rC2

(n+ 1)
Π(ijk)(hjkCi) + C2Uijk

)
+ CiCjCk

]
(3.10) C2Cijk = t(U ′

ijk + CiCjCk)

where

U ′
ijk =

1

t

(
rC2

(n+ 1)
Π(ijk)(hjkCi) + C2Uijk

)
Theorem 3.10. A Finsler space endowed with a cubic changed infinite series metric is

considered a C2-like Finsler space if the tensor U ′
ijk from equation (3.10) vanishes completely

and t → 1.

4. Conclusions

In the present paper, we investigated the Finsler space with cubic changed infinite series

metric and derived its fundamental tensors: the supporting line element, angular metric

tensor, fundamental metric tensor and its reciprocal, Cartan torsion tensor and mean Cartan

tensor in Proposition 2.1, 2.5, 2.6 and 2.8. Furthermore, we identified conditions under

which the Finsler space with cubic changed infinite series metric can be classified as quasi

C-reducible, semi C-reducible, C-reducible, and C2-like Finsler spaces in Theorems 3.3, 3.6,

3.8, and 3.10 respectively..
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