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This paper addresses the control of a category of continuous-time
linear systems that switch between different modes, where the
switching signals are driven by random time-iteration. The sys-
tem under consideration is subject to uncertainties in the system
dynamics and observation noise in the output measurements. We
propose a robust control strategy that Accounting for the ran-
dom nature of the switching signals and the system uncertain-
ties. The learning performance is examined using the Lebesgue-
p norm, leading to the derivation of a sufficient condition for
convergence. The findings demonstrate that the proposed con-
trol law effectively addresses the tracking problem in switched
systems, Especially when the switching rules are expanded to
the time-iteration domain using a stochastic framework, we in-
troduce a groundbreaking control approach that guarantees the
system’s performance despite uncertainties and noise. Through
rigorous theoretical analysis, we prove the effectiveness of our
suggested approach in achieving robust control and estimation
performance.The results of this research contribute to the ad-
vancement of control theories and have potential applications in
various fields, including power systems, robotics, and process con-
trol.
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1. INTRODUCTION

ILC is a control strategy that utilizes repetitive iterations to learn and refine a system’s
performance, making it particularly effective for systems that perform repetitive tasks like
robotic arms, machine tools, and chemical processing plants. By leveraging the insights
gained from previous iterations, ILC adapts and optimizes control inputs to achieve enhanced
performance in subsequent cycles. ILC can significantly improve the accuracy of tracking
outputs, reduce errors, and optimize performance in systems with repetitive dynamics. ILC
uses data from previous iterations to learn and improve control performance. ILC is suited
for systems with repetitive dynamics, such as robotic arms or machine tools. ILC can adapt
to changes in system dynamics or operating conditions. ILC has applications in various
fields, including Robotics, Process control, Motion control, Mechatronics, Automation etc.
(See [1]-[17]).

Randomly switched systems are a type of dynamic system that transitions between differ-
ent modes or subsystems based on a stochastic switching signal. This signal is generated by
random time-iteration, resulting in unpredictable switching times that may vary with each
iteration. The randomness can be modeled using various stochastic processes like Markov
chains or random pulse trains. These systems have applications in control systems with
random faults, communication networks with packet losses, biological systems with random
mutations, and economic systems with market fluctuations. Due to the unpredictability of
switching times, analyzing and controlling these systems is challenging. Researchers employ
techniques like stochastic stability analysis, robust control, and adaptive control to design
controllers that can handle random switching and achieve stable and optimal performance
(See [15]-[26]).

The paradigm of ILC for improving robot performance was proposed by Arimoto et al.[1]
in 1984 through the ”"betterment process.” This method enhances robot operation by us-
ing data from previous iterations to generate better control inputs for subsequent trials,
without requiring precise knowledge of system dynamics. The approach involves adding an
error-based increment to the previous input, ensuring convergence to the desired trajectory
under certain conditions. Miyazaki et al.[2] in 1986 extended this concept to robots with
elastic transmissions, proposing a two-stage betterment process. Kawamura et al.[3] in 1988
further demonstrated the practical application of this learning control scheme on a three-
degree-of-freedom manipulator, showing its effectiveness in both joint-angle and task-oriented
coordinates. The key advantage of this method is its ability to form input torque patterns
for desired motions, leveraging the repeatability of robot motion, we bypass the need for
dynamic parameter identification and iterative improvement through trials. The field has
seen advancements in stability analysis, performance optimization, robustness, and learning
transient behavior (Bristow et al.,[4] 2006). Various design techniques have emerged, includ-
ing frequency-domain-based ILC, 2-D theory-based ILC, and optimization-based ILC (Han
Zheng-zhi [5] 2005). ILC has been applied to diverse areas such as robotics, batch processes,
and semiconductor manufacturing (Ahn and Bristow[7], 2011). Recent research has focused
on relaxing traditional ILC assumptions and exploring more generalized conditions. De-
spite entering its third decade, the field continues to evolve, with ongoing investigations into

theoretical aspects like monotonic convergence, optimality, and hard nonlinearities ([6]-[7]).
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In 2012, X Ruan et al. [10] explored the convergence characteristics of PD-type iterative
learning control schemes for linear time-invariant systems with partial knowledge in the sense
of the Lebesgue-p norm. The studies demonstrate that convergence is influenced by both
derivative and proportional learning gains, as well as system matrices. First-order schemes
exhibit strictly monotone convergence, while second-order schemes achieve monotonicity
after a finite number of iterations. The papers compare convergence speeds between first-
order and second-order rules, noting that second-order processes can be Qp-slower, Qp-
equivalent or Qp-faster depending on learning gain selection. Additionally, the inclusion of
feedback information in PD-type ILC can potentially accelerate convergence when gains are
properly chosen ([11]-[12]).

In 2013, X Bu et al. [15] studied arbitrary switching rules, assuming repetitive operation
over finite time intervals (See [15, 19]). Under specific conditions, D-type ILC laws can en-
sure asymptotic convergence of output errors(see [14]). In 2015, Yang Ruan [19] implemented
ILC in linear discrete-time switched systems with dynamic switching rules, assessing conver-
gence and robustness features using the super vector technique. These studies collectively
demonstrate the effectiveness of ILC for various linear switched systems, offering theoretical
analysis and practical applications. Analysis of convergence has been conducted through the
super vector approach in noise-free systems and robustness in systems with bounded noise.
Stability analysis and stabilization of these systems have been explored using average dwell
time and linear matrix inequalities, with connections to 2D repetitive systems [18]. ILC has
also been extended to non-linear switched systems, demonstrating asymptotic convergence
of tracking errors under certain conditions (see [14, 16, 18, 19]).

In 2018, Yang and Ruan|[24] investigated ILC for switched r epetitive systems with random
time-iteration driven switching signals, deriving convergence conditions using the Lebesgue-p
norm. In 2015, Shen et al.[25] inspected the convergence properties of ILC for linear sys-
tems with randomly changing iteration durations, confirming almost sure and mean square
convergence via a switching system methodology. In 2018, Shao and Duarr [28] put forward
a high-order ILC technique for discrete-time linear switched systems with iteration-varying
parameters, addressing resetting errors and deriving stability conditions using linear ma-
trix inequalities. In 2019, Yang and Ruan [30] examined proportional-derivative ILC for
continuous-time switched systems with observation noise, revealing that convergence relies
on learning gains and subsystem dynamics. That same year, Sahu and Singh investigated
second-order ILC for discrete-time-switched systems with uncertainties, noises, and time-
delays, providing convergence conditions and robustness analysis. In 2021, Sahu and Singh
[32] introduced Mann-ILC and normal S-ILC methods for discrete-time switched systems,
establishing convergence theorems. Earlier, in 2009, Van de Wijdeven et al. [33] presented
a robust monotonic convergence analysis approach for ILC in uncertain systems using u-
analysis, applicable to MIMO systems with additive and multiplicative uncertainties. Col-
lectively, these studies highlight the crucial role of proper gain selection and system dy-
namics in ensuring the convergence and robustness of ILC algorithms for switched systems
under various conditions, including noise, uncertainties, and time-delays. Later, in 2023,
Dewangan[37] expanded on this work by incorporating time delay, system uncertainty, and
bounded noise. In 2024, O. dewangan [38] studied A novel FOILC approach is proposed to
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mitigate time delays in fractional-order linear systems, ensuring convergence and robustness
against external disturbances.

We consider a class of linear systems that switch between different states in continuous
time, driven by a random iteration-based timing mechanism, and featuring system uncer-
tainties and observation noise and used PD-type ILC strategy ensures accurate trajectory
tracking in switched systems, even when switching rules are expanded in the time-iteration
domain, thereby ensuring precise control and reliability.

The paper is formatted in the following manner: The problem formulation is presented in
Section 2, followed by an in-depth analysis of the main results in Section 3. Section 5 offers

a succinct conclusion that encapsulates the essential insights derived from the paper.

2. Problem discriptions

Examine a class of linear systems that switch between different states in continuous time,
driven by a random iteration-based timing mechanism, and featuring with system uncertain-

ties and observation noise described as follow dynamic models:

Te(t) = Aro@)k)Tr(t) + Brio)mur(t) + & (t),

(2.1)
Uk(t) = Clro) k) Thi1 + Woy k(t), t€Q=10,T],

with initial state x;(0) = 0, where

e The iteration index is denoted by k, and the time duration is given by Q = [0, 7.

e The system’s state is described by the vector x(t) € R™.

e The input vector of the system is given by u(t) € R™.

e The vector y(t) € RP denotes the system’s output.

e The system matrices, A7 (1)k)s Br(o(t),k)» and Cr(o(1),k), have appropriate dimensions
and are defined as A, k) I8 an n X n matrix, By, k) 18 an n X m matrix, and
Cro(t),k) 18 @ p X n matrix.

e The switching signal, denoted by the subscript (7(o(t),k)), is a sequence of random
constant functions that switch according to both operational time and iteration.

e Consider a random division of the time duration into n segments, such that Q =

QMU U---UQ,.

§e(t) € R™ and wg(y) 1, are system uncertinities and observation noise with bounds

I66(0)ly < Be and (il < wogeyo.

The switching signals exhibit iteration-to-iteration independence at the same time as subin-

terval. That is, during a specific time period, the switching rules randomly pick subsystems
(e.g., ;) in a manner that is independent across different iterations. For simplicity, we
denote this as

(2.2) T(o(t), k) = Ui, k], (i=1,2,...,n),
where ¢ is define as )

1, tte = [O,tl),

2, tEQQZ[tl,tQ),

n, te, = [tn—laT]-
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which arbitrarily divided the time duration €2 into n subintervals Q;(i = 1,2,--- ,n). Here

I[i, k] represents a sequence of random numbers at the k" trial.

Remark 2.1. In contrast to previous research, This paper presents an ILC approach for
switched systems with switching signals that vary randomly across time and iterations.
By segmenting the operation time interval into subintervals, we achieve independence in
switching signals, enhancing system adaptability. The switching signals enable a versatile
operational framework, where subsystems can be assigned to arbitrary time segments across
iterations. The notation [2,5] = 3 illustrates this, denoting that the 3" subsystem will be
operational in the 5" iteration, within the 2"¢ time segment s, showcasing the adaptive

and dynamic nature of the switching mechanism.
Using equation (2.2), we can reformulate the original system given in equation (2.1) as

ir(t) = Aymer(t) + Bipgu(t) + (1),

(2.3)
yp(t) = Cl[i,k]karl(t) +wip, te€Q= [0, T].

Consider an ILC strategy based on PD-type control

(2.4) g1 = Pypi yur(t) + Tpupimer(®) + Taypinér(t),

whereas I', j; 1 represents the proportional learning rate, I'g; x) represents the derivative
learning rate, which controls the adaptation speed of the proportional and derivative terms in
the learning algorithm, and ®;; () € R™*™ is an invertible matrix, denoted as the learning
matrix.

Suppose we have a targeted trajectory yq(t) defined on Q. Using the equation (2.4), we
can produce a control signal sequence recursively, meaning that control signals are produced
in a chain, with each signal relying on the previous one, creating a sequential and iterative
control process, that enables the system (2.3) to track y4(t) as accurately as possible, either
precisely or within a neighborhood, as the iteration index approaches infinity. Alternatively
stated,

(2.5) lim suplleisalp < 7.
k—o00

Choose a sufficiently small positive value 7. The tracking error, e (t), is the error between
the desired output, y4(t), and the actual output, yx (), expressed mathematically as:

er(t) = ya(t) — yu(?).
The superior limit of a sequence is denoted by limg_,~, sup{-}, and the Lesbesgue-p norm

of a vector-valued function is represented by |-||,, which can be expressed as following:

Definition 2.2. Consider a vector-valued function g : I C RT — R™, where g(t) =
[91(t), 92(%), ..., gm(t)]T for t € Q. The p-norm of g in the Lebesgue sense is defined as:

o = | (e o) ] 1252

Convolution integers are used in System Response, Fourier Analysis and Solve Differential
Equations. Convolution integrals are crucial in signal processing techniques such as filtering,

convolution, and deconvolution. They help in extracting valuable information from signals
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and removing noise. Control theory is a specialized area of engineering that addresses the
design and analysis of control systems. Convolution integrals play a crucial role in control
theory, particularly in the design and analysis of control systems. Convolution integrals are
used in control theory because they provide a powerful tool for analyzing and designing
control systems. Convolution integrals are capable of simulating the dynamics of intricate
systems, including those with non-linear dynamics. Convolution integrals can be used to
design controllers that achieve specific performance criteria, such as stability, tracking, and

disturbance rejection.

Definition 2.3. Let h;(¢) and ha(t) be functions in R™. The convolution integral of h; and
ho is defined as the integral transform:

(hy * ho)(t) = /]hl(t — s)ha(s)ds,

which combines hy and ho through a continuous sum of scaled and shifted versions of their
product.

Generalized Young inequality is used to estimate the norm of convolution integrals and
Fourier analysis to estimate the norm of Fourier. Generalized Young inequality is used to
analyze the stability of control systems, particularly those with nonlinear dynamics, trans-
forms, design controllers that guarantee stability and performance criteria, the robustness of
control systems against uncertainties and disturbances, 4. estimate the norm of convolution
integrals that arise in control systems, construct Lyapunov functions that prove stability and
convergence of control systems etc.

Building upon the foundational definitions (2.2) and (2.3), We are able to obtain the

generalized Young inequality (GYI) for the convolution integral, which can be succinctly

stated as:
(2.6) [(h1 % h2) () llr <[[R1()lgllh2 ()],
for all 1 < p,q,r < oo satisfying
1 1 1
e
p q T

Notably, the inequality (2.6) undergoes a transformation, yielding
[P hallp <[lhafl1llhz]lp,

when p =r.

The basic prerequisites for the system represented by equation (2.3) are as follows:
A1: The precursor state of each iterative evolution, denoted by x(0), is close to the reference
initial state x4(0), satisfying the inequality ||z (0) —x4(0)|| < § for all iterations k = 1,2, ...,
where ¢ is a small positive real number.
A2:Given any realizable reference trajectory y4(t) on the domain 2, there is a correspond-
ingtarget control vector u(t) and a suitable state trajectory x(t) such that the performance

of the controlled system u4(t), can track the reference ygq(t).

3. Main result
Lemma 3.1. [10] Consider a sequence {ay} of non-negative real numbers satisfying

a < orag_1 +0o2ag_o2+ - +onap-y+e, k=N+1L,N+2.--.
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having an initial value of a;(l = 1,2,--- N) together with a specified sequence {ey}. If the
coefficient 0j(j = 1,2,--- ,n) satisfy 0; > 0 and

N
o= Z,Uj <1,
j=1

then limy_,oo e < € implies that

lim supai < .
k—oo -0
Especially, limg_, o, supa =0 if e = 0.

Proof. First, we can rewrite the inequality as

ap < olag_1+ag—o+ - +ar_n)+e.

Then, we can use induction to show that

k 1-— O'k
ar, < o”max{ag, a1, -+ ,an—1}+ o E.
Taking the supremum of both sides, we get
k 1—o"
sup ay < o” max{ag,a1, - ,an—1} + ] E.
-0
As k — oo, we have ¢ — 0 and thus
lim supai < .
k—oo -0
If e =0, then limy_,o supar = 0. O

Now, we present main result as follows:

Theorem 3.2. Consider the control system characterized by Equation ((2.3)), which is mod-
ulated by the varying switching rules with time-iteration ((2.2)). Suppose the learning gains
Uik and Ly x) satisfy the following criteria:
max{||[1 = Cyji 11 Bipi iy ® " ()T i iy lloo
+|Clpi.pg exp(Aggi g (DA Ay oy Briisg @ ()
(3.1) - Bl[i,k]q’l—[i{kﬂ “Lauin + Buis Poip-1 (O paim it =p < 1.

Then, the output trajectory yi(t) generated by the PD-type ILC ( (2.4)) converges to the
targeted trajectory yq(t) as the iteration index k tends to oo, ¥t € Q, and the tracking error

1s ultimately bounded within a certain neighborhood.

Proof. Presume the [[i, k]'* subsystem is enabled during the k-th iterative cycle, spanning
the temporal domain [t;_1,¢;). The resultant state trajectory of the system (2.3) can be
mathematically characterized as

Lh+1 = eXp(Al[i,k] (t = tim1))zpsa (tio1)

t;
+ / exp(Ayi k) (t — 8)) Bigs,kyuk+1(s)ds
7—1

t;
+/ exp(Ayji k) (t — ) Bii i &rr1(s)ds,  (i=1,2,---,n),

ti—1
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Based on the definition of the tracking error, we can deduce that

Ya(t) — Yr+1(t)

Ya(t) = ye(t) — [Yr+1 — yr(?)]

er(t) — [Copi i exp (A ) (t — ti1))Try1(tio1)

— Ciip exp(Agi g (t — tiz1))zr(t:)]

ept1(t) =

t;
- / [Citi k1) ©XP(Agfi o411 (F — 8)) Bifi g1 Uk 1(8)
1—1

— Oy i exp(Aypi gy (t — ) Bypi gur(s)]ds

t;
- / exp( Ay g (t — 8)) Bifi i) (§e+1(5) — &k (8))ds + Aw; k(1).

Associated with each [[i, k] are non-singular matrices ©y; 4 (t) and @1 (t), which satisfy:

1[i,k]

Cii k1) €XP(Afi 1) (= tim1)) = Clpi g exp (A ) (8 — ti-1))Oyjip) (1)

and

Cui k1 €XP (A k117 ( — 8)) Biji k41
= Cupi i exp(Aypip (t — 3>)Bl[i,k]q)l_[ik] (s)-

Therefore, the above expression simplifies to
er+1(t) = ex(t) — Cip g exp( Ay gy (8 — tio1)) O py () Tr+1(Lim1) — 2 (ti-1)]

t;
— / Cii k1) €xXP(Afi ] (t — ) Biji i [(I)l_[‘l,k}(s)ukJrl(s) — ug(s)]ds
ti—1

(3.2) - /:il exp( Ay (t — ) Byji i (Skr1(8) — &k(8))ds + Aw; k(2).
By substituting the updating law (2.4) into equation (3.2), we obtain
er+1(t) = ex(t) — Oy ) exp(Agip (t — tim1))Azg(ti-1)
- /ttll [Clpi g exP(Aji gy (8 — ) Biji i

{q’f[il,k] ()T gikier(s) + Laypinér(s)]pds

(3.3) - / i exp( Ay, k) (t — 8)) Bii k) (Ekr1(8) — Ek(8))ds + Aw; (1),
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where Awg(ti—1) = Oy k) (t)Try1(ti-1) — x(ti—1).Applying partial integration to the last
term of equation (3.3) yields

t
[Cl[i,k] exp(Al[i,k] (t— 3))Bl[i,k}{q)l_¢lk (s)I d,l[i,k}ék(t)}ds
[3,k]

ti—1

= Cljip exp(Ayin (t — S))Bl[i,k}q)l_[il’k] ()T aagimger(s) |s:ti

s=t;_1
+ /t;_l Chii i) exP (A i) (t = 8)) [Augi ) Buji o) Pagi g1 (5) — Bl[z‘,k]‘i)f[i{k](S)]
(3.4) T kjen(s)ds.
Substituting (3.4) into (3.3) yields
ert1(t) = ex(t) = Cuji) exp(Aygi gy (f = tim1)) Az (ti-1)
— Oy exp(Aypi g (t — 3))31[2'7“@,_[:,6] (8)T g 15k €x(5) \s:ti

s=ti—1

t

* / Cuti ) exp(Augi k) (£ = 5)) [Ay i) Bl[i,k}q)l_[;k](S)
ti—1

- Bl[i7k]¢’z_[¢1,k} (8)IT a3,k ex(5)ds

(3.5) - / " exp(Ay (t — 8)A&(H)ds + Aw ().

ti—1
Step 1: Let ¢ belong to first subinterval, i.e., t €
During the k-th iteration, within the subinterval [t;_1,t;), the [[1, k]-th subsystem is trig-
gered. Starting from typ = 0, the recursive relation for the tracking error at iteration & can

be expressed as
e2(t) = (I — Cl[l,l}Bl[l,l}(I);[ll,l]rd,l[l,l])el(t)
¢
— Ol /0 exp (A1 (t — S)){[Al[l,l]Bl[l,l}(I)l_[il](3)

- Bl[l,l}(i);[lljl](5)]Fd,l[1,1} + Bl[l,l]q)f[l{l](S)Fp,l[m]}el(s)ds
— Gy exp(Ayp,y (1) Az (0)
— Oy exp (A (t))Bl[l,l](I)l_[llJ] (0)Lg(1,17€1(0)

t
— /0 eXp(Al[l,l] (t —s))A&(s)ds + A’LULl(t),
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es(t) = (I — Cl[l,Q]Bl[l,Z}q)l_[llg]rd,l[l,Q])e?(t)
—Cij g /Ot exp( Ay 2)(t — 5)){[Al[1,2]Bl[1,2}¢lff,2](8)
- Bl[l,z]d’l_[llg](3)]Fd,l[1,2] + Bl[1,2](I)l_[ll’g(s)rp,l[l,Q]}eQ(S)dS

— Cij1,2 exp(Ayp1 21 (1)) Az2(0)
— Cipp 21 exp( A 91 (8)) Bipp 2)® 111 o (0) a1 212(0)

t
- /0 exp( A1 2 (t — 5))A&a(s)ds + Awy (1),

ex1(t) = (I — 05[1,k}31[1,k]@lff,k}rd,lu,k])el(t)
t
= O 4 /0 exp(Aj1 k) (t = $){[Aix Bzu,mq’l—[ik}(s)

_ Bl[l,k]fi)l_[llyk](S)]Fd,l[l,k] + Bl[lvkl‘I’f[f,k] ()T pun iy Fer (s)ds
— O,k exp( Ak (1)) Ak (0)
_ Cl[l,k] eXp(Al[l,k] (t))Bl[lvk]q)lff,k] (O)Fd,l[l,k]ek(o)

(3.6) - /0 exp( A (t — 8)) Abe(s)ds + Awy 4(8).

By applying the Lebesgue-p norm to both sides of (3.6) and utilizing the GYI, we derive the
following estimate

le2()llp < (I — Cl[l,l]31[1,1]@1_[1171]1151,1[1,1}Hoo
+{|Cip11) exp( Ay g (')){[A1[1,1]BZ[1,1]‘I’1_[11,1} ()
- 31[1,1@1—[1{1}(‘)]Fd,z[l,u + Bl[l,l]q)l_[ll’l}(')Fp,l[l,l]}Hl)Hel(‘)Hp
HCip1 1y exp(Agpr, 1) Ol Az (0) I
+1Cor.17 exp(Aj g ('))35[1,1#1),_[1171} (O)C g1, llplle(0)[|p
1 Cpr 1y exp (A 1) () Ip 1 A& )l p+ | Awr 1 (2) |,
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le2O)llp < (I = Cipp 1 Bin 2@yt o D 21l
+[|Cip1,2) exp( Ay 2 (')){[Al[l,Z}Bl[l,Q}(I)l_[llg] ()
- Bl[l,z}(i)l_[llg](')]Pd,l[1,2] + Bl[l,z}q’l_[llg](')Fp,l[l,z]}Hl)Hel(')Hp
HICia,21 exp(Agpr,2) Ol p 1Az (0) I
H[Cip1,21 exp(Ayp,2)(+)) B, 2]‘1’1_[112] (0) L1121 llplle1 (0) [l
+1Cir,2) exp (A 2 ()llpl[ A& () [[p+ | Awr 2 ()],

lex+1 ()l < (I - Cl[l,k]Bl[l,k](I);[llk]Fdl[1 k)l oo
1 Cupa ik exp (A g () TAu 8 Bapa e By, k]( )
- By, k]q)l[l kO g + Bl[l,k]¢1[171}(') Lo i) lex (Ol
H1Cipr kg exp(Agg 1) O llp | Az (0)]
HICip gy exp (A () Bipa, k]@l[l k] (O)C 11,1 1pllex(0) ||
(3.7) 1 Copa g exp(Agg k) O)p | AL () p+ | Awr e ()]

Notating

pu k) =1 = Cip i Bip g @i
HICopr. 1 exp (A (DA Bupa g i1 9 ()
— By, k]q) 11, k]( NCap + Bl[lv’ﬂq)l_[ll,ll(')FP’Z[”"’]}Hl)'

Now, we observe that

lex+1()llp < pupmllen()llp
HCrp1g exp( Ay i) () llpl| Az (0)]],
HCip1, exp(Aipx (1) By, k]‘I’l[I 1 O a1,k llpllex (0) I
1 Cu1 iy exp(Agg g () llpll A&k (llp -l Aw i (8) -

From Al, it follows that the expressions equal

kli_{goHCl[Lk] exp( Ay k) () llpllAz(0) |,
and
kﬁ_)IEOHCl[l,k] exp( Ay 4] ('))Bl[l,k]q);[ll,k] (O)L g 11,4 I pll€x (0) |-

are finite. To simplify the notation, denote
Jinn Gy g exp( A ) )l [ A2(0)]p = <o,
and
k1L1£10||Cl[1,k] exp(Ay,x) (1) B, k]q)l[l 1 (O qp1,xllpllex (0) [l = wo.
Also, we observe that

1Chpa) €xP (A (D) o1 A ) [p+ [ Aws k]
<[C1exp(Ar1 () [lpllbg +wr0 = Fo
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Hence, by amalgamating the assumption (3.1) and the Lemma, we derive py; 1 < p <1
and
g0 + wo + So
l—p1
Step 2: Now t beloge to second subinterval, i.e., t € (s.
Within the subinterval [t;_1,¢;), during the k-th iteration, the [[2, k]-th subsystem is trig-

gered and the tracking error (3.5) becomes
e2(t) = (I — 01[2,1}31[2,1}‘I)f[;,l]rd,z[z,u)el(t)
t
— Ci21] /o exp(Aypp,1)(t — S)){[Al[Z,l]Bl[Z,l}(I)l_[QIJ](3)

- Bl[2,1}(i);[2171](5)]Fd,l[2,1} + BZ[Q,I]CI);[Q{H(S)Fp,l[Q,l]}el(S)ds
— Cipg,1p exp(Ayp,1(8)) Az (1)
— Cypp,1) exp(Ayp2,1) (t))Bl[z,u(I’l_[zl,l] (t1) L2, e1(t1)

(3.8) lim sup|lepr1(-)|[p <
k—o0

t
_ / exp( Aoy (t — ) A& ()ds + Awny (£),
0
es(t) = (I — Cl[Q,Z}Bl[Z,Z}q)l_[gl’Q]Fd,l[Q,Q])QQ(t)
t
- Ciaa [ esp(Apat = ) {(Aipa Biaa®ily ()

- Bl[Q,Q}Ci)l_[gl,g](3)]Fd,l[2,2} + 31[2,2]‘131_[21,2(3)Fp,l[2,2]}62(3)d3
— Clj2,2 exp(Ayp2,9) (1)) Az2(t1)
— Ci2,21€xp(Ay2,2] (t))Bl[Q,Z}(I)l_[Q{Q] (t1)Ta2,21€2(t1)

t
— /0 eXp(Al[2,2} (t — 5))A§2(3)d8 + Awlg(t),

er+1(t) = (I — CZ[z,k}Bl[z,k]‘I’f[ik}rd,l[zk])62(t)
t
— Cla /0 exp(Aypo,x)(t — 5)){[Aif2,1) 31[2,1@}‘1’1_[21,@(3)

- BZ[Q,k]‘i)f[gl,k](S)]Fd,zp,k] + Bz[Q,k]q)f[;k] (8)Tp.12,k Fe2(s)ds
— Cyp,k) exp( Az 1) (1)) Ak (t1)
— Cyp,1 exp( A2,k (t))Bl[Zk](I)l_[Ql’k] (t1) L2, k€k (1)

(3.9) — [ expliaat = s)Ag (s + Aua (o)

Operating with the Lebesgue-p norm on both sides of (3.9) and leveraging the Generalized
Young’s Inequality (GYT), we have
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lle2()llp < (I — Cl[2,1}31[2,1]¢’f211]rd1 2,1 [l
+[|Cryz,17 exp(Agpz,1) () [Au2,1 Bipe, 1]‘191[2 1]( )
— By, 1]‘1%[2 O qap2, + 31[2,1]‘1)1[271}(‘) Loz Hioller()llp
+|Clj2,1 exp(Ayz,1)) () lp [ Az (1) ||
+HC1[2,1} eXp(Al[z,l]('))31[2,1]‘131_[2171} (tl)rd,l[zl]”pHel(tl)Hp
+1Cor1y exp(Agpr, 1 (Op [ AL C)[[p [ Awr,1 ()],

le2()llp < (I — 01[2,2]31[2,2]q)f212]rdl 2,2] [l 00
+1|Cip2,2) exp(Ay2,2) () {[Aug2,2) Bip, 2]‘1)1[2 2]( )
— By, 2]‘51[2 2}( a2, + Bl[2,2]¢l[272](') CpizzHioller()llp
+|Cipz,2187p(Agj2,2) ()l pll Az (t1) [l
+Hcl[2,2} eXP(Al[2,2] ('))31[2,2]‘1)1_[21,2} (tl)rd,l[2,2] ||p‘|61(t1) Hp
1 Cipr 21 exp(Air 2 () lIp | A&2 () p+ | Awz 2 (2) [l

lers1 () llp < (I = Crizg Bug i) ® a1y Ta,
+[|Cri2, exp (A, 1) ()L [As, k]Bl[2 K, k]( )
— By, k](I)l[Q 1O da2,0 + Biz g Py, 1}(') Lot lex()llp
+Crpz,i exp(Ayga,i)) () llpll Az (t1) (|
+Criz1 exp(Aigo, 1) () Bigz k) 21 (1) Taapo m lp len(t) 1
(3.10) HCriz,i exp (A, () p | AL C) [ p+ 1| Awz g () |-

Evidently, the limit limy_, sup||zq(t1) — 2k+1(t1)||p is infinitesimally small at time ¢; owing
to the proof on 2;. This leads to
limy,_, o0 sup|| Az (t1)||, being sufficiently small. Hence,

lim. supl|Clpz g exp(Aa(t — 12))llp| Az (1)l
k—o0
is a finite positive quantity. Furthermore, (3.8) implies that
lim suplleg(t1) |
k—o0

is finite.
Denoting that

kli_{go”czp,k] exp(Ayg)) (t — t)lpllAx(ts)|lp = €1,

kh_{go”Cl[z,k} eXp(Al[2,k]('))Bl[Q,k](I)l_[gl’k] ()L a2,k llpllex(t)]lp = wi,
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Also observe that
1C2,1 €xP(Asgo i ()| ALK () llp+| Awz il
< Cipz, 1y exp(Aypz,h () llpbe + w10 = B1

and synthesizing the condition (3.1) and utilizing Lemma 3.1, we derive

£1+ w1+ b
L—py
The preceding analysis extends to the interval 29, and by iteratively applying the same proof

I M. <
Jim sup|ler+1(-)[[p <

methodology across the successive intervals €); for [ = 2,3, ..., n, we deduce

€j—1twj—1+ 651

i ML <
k;n;osupllekﬂ( Mp <

)

L—=pj
The derived inequality holds true on the interval €;_; for j = 1,2,3,--- ,n, encompassing
the intervals Qy,Qo, -+, Q.
Let
M = max{gj_l R },(j =1,2,---,n).
L—=pj

Consequently, we can assert that
limsup|[ex41(-)[lp < M,

holds true for all time ¢t € Q = [0,7], where Q = Q; U Qo U ... U, satisfying the criterion
(2.5). Thus, the proof is complete O

Remark 3.3. If w; ;(t) = 0 and ,§;(t) = OVEk € N, Consequently, the outcome coincides with
the findings reported in [24].

Remark 3.4. ILC is adept at addressing system uncertainty, a vital consideration in linear
switched systems. By iteratively refining its knowledge, ILC compensates for uncertainties
in system dynamics. Furthermore, ILC can skillfully accommodate random time-iteration
driven switching, a hallmark of the specified system. Its iterative nature enables ILC to adjust
to evolving switching patterns. ILC also excels at rejecting noise and disturbances, ensuring
accurate tracking performance in the presence of noise. Ultimately, ILC showcases robustness

against system uncertainty, noise, and disturbances, ensuring consistent reliability.

This theorem establishes the convergence and ultimate boundedness of the tracking error
for a PD-type ILC system with time-iteration varying switching rules. The result shows
that the output trajectory approaches the desired trajectory with increasing iteration index,
ensuring convergence, and the tracking error remains within a certain bound. This theorem
has significant implications for applications in control systems, robotics, and automation,

where precise tracking and convergence are crucial.

4. APPLICATIONS:

(1) Simulation of power grid behavior with switching between various generation and
consumption profiles, considering random iteration-based timing and system uncer-
tainties.

(2) Robotic arm or autonomous vehicle control with task switching, accounting for sys-

tem dynamics uncertainties and observation noise.
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(3) Packet switching management in communication networks with random iteration-
based timing and system uncertainties.

(4) Modeling of population dynamics or gene regulatory networks with state switching,
subject to random iteration-based timing and system uncertainties.

(5) Macroeconomic dynamics modeling with regime switching, considering random iteration-
based timing and system uncertainties.

(6) Mechanical system control with gear or mode switching, accounting for system dy-
namics uncertainties and observation noise.

(7) Aircraft or spacecraft dynamics modeling and control with flight mode switching,
subject to random iteration-based timing and system uncertainties.

(8) Smart grid energy distribution and consumption management with switching between
generation and consumption patterns, considering random iteration-based timing and
system uncertainties.

(9) Traffic flow modeling and control with traffic light phase switching, subject to random

iteration-based timing and system uncertainties.

5. CONCLUSION

This study conclusively demonstrated the effectiveness of a conventional PD-type ILC
approach in addressing system uncertainties and bounded observation noise in switched
repetitive systems. By leveraging the Lebesgue-2 norm and GYI, a rigorous analysis estab-
lished a sufficient condition for convergence. The results unequivocally showed that The
proposed PD-type ILC strategy ensures accurate trajectory tracking in switched systems,
even with expanded switching rules in the time-iteration domain, resulting in reliable and
precise control. These findings have significant implications for the control of complex sys-
tems, highlighting the potential of PD-type ILC as a robust and reliable control strategy.
Future research can build upon these results to explore further applications and extensions
of this control approach.
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