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In mathematics, different mathematical problems like the system of equations, image
recovery problem, signal processing, etc., can be solved by using fixed point theory. In
solving non-linear equations, the ”Banach contraction principle” was proved by Banach [5]
in 1922. This principle is very useful for the solution of existence and uniqueness. In
functional analysis, one of the most important theorems is the contraction principle, and
this contraction principle is widely considered as the source of the fixed point theory in MS.
This principle is as follows:

Theorem 1.1. [5] Let (S,0) be a CMS and Q : S — S a contraction, i.e., a mapping
satisfying

(11) Q(Q&Qp) < U/Q(gv p)?

Vi6peSand 0 < o < 1. Then Q has a unique fized point v € S, and the Picard iteration

converges to v for any {y € S.

Definition 1.2. Let K be a non-empty subset of a CMS (S,0). Let Q : K — 2% be a
multi-valued mapping. An element ¢ € K is said to be fixed point of multi-valued mapping
Q,if e Q. .

Nadler [18] obtained multi-valued version of the "Banach contraction principle” in CMS-

Theorem 1.3. [18] Let (S, ) be a CMS. If Q : S — CB(S) is a multi-valued contraction
mapping, then Q has a fixed point.

One drawback of this principle is that it requires the contraction condition €2 to be contin-
uous on S. This raises the question: Are there contractive conditions that do not imply the
continuity of Q7 To overcome these conditions, Kannan [13] proved a fixed point theorem
that extend the Banach contraction principle to the mappings that need not be continuous
by considering the condition instead of contractive condition (1.1) in 1968. This condition
is, there exists a constant 7 € (0, 1) such that for all £,p € S

(1.2) (0, Qp) < 7' [o(L, QL) + o(p, Q)]

Theorem 1.4. [13] Let (S,0) be a CMS and let Q : S — S be a mapping such that there
exists a constant T € (0, %) such that for all £, € S

(0, Qp) < 7' [o(L, QL) + o(p, Q).

Then ) has a unique fixed point v € Q , and for any ¢ € S the sequence of iterates {Q"(}

converges to v and
/
-

o(Q 0, v) < 7 ( (0, v),n=0,1,2,...

1—7
Ezample 1.5. [13] Let S = R with usual norm and © : R — R given by

0, £ € (—o0,2];
50> 2.

U =

Then Q is not continuous in R and satisfies condition (1.2) with 7 = %
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Based on condition (1.2), Chatterjea [7] obtained a similar condition that there exists a
constant ¥ € (0, 1) such that for all £, € S,

(1.3) 0(Q, Qp) < 9'[o(t, Qp) + olp, Q0)].
Theorem 1.6. [7] If (S, 0) is a CMS and Q : S — S satisfies
o, Qp) < 9 [o(L, Qp) + (0, Q)] for all £,p €.

Then 2 has a unique fized point.

In 1972, Zamfirescu [22] combined conditions (1.1), (1.2) and (1.3) and obtained a very

nice and interesting fixed point theorem:

Theorem 1.7. [22] Let (S, 0) be a CMS and Q2 :' S — S be a mapping for which there are real
numbers 0 <o <1,0< 7,9 < % such that for oll £, € S, at-least one of the following is

true:

(1) o(Q, Qp)

(22) 0(Q,Qp) < 7 [0(¢, ) + o(p, 2p)];

(23) 0(Q,Qp) < I'[0(€,Qp) + o(p, 20)].
Then Q has a fixed point.

< ool p);
<

An operator that satisfies conditions (z1) to (z3) is called the Zamfirescu operator or

condition Z. Zamfirescu obtained the following result.

Theorem 1.8. An operator satisfying condition Z has a unique fized point that can be

approrimated using the Picard iteration scheme.

To obtain a fixed point of a mapping, graph theory is widely used. Echenique [9] started
the study of fixed point with the use of graph theory in 2005. After that, some fixed point
results in graph theory were established by Kirk and Espinola [10].

The fixed point theorems of Zamfirescu operators have been primarily developed mostly
in CMS as well as Banach space. Ali and Ali [3] obtained some convergence results in the
Banach space and the approximate fixed point of the Zamfirescu operator by using their
proposed iterative scheme. Babu and Prasad [4] proved that the Mann iteration converges
faster than the Ishikawa iteration scheme for the class of Zamfirescu operator in Banach
spaces. Later, Rhodes [20] proved that the claim obtained by Babu and Prasad is not al-
ways true. Berinde [6] extended the result of Rhodes from a uniformly convex Banach space
to an arbitrary Banach space and proved convergence of the Mann iteration for the Zam-
firescu operator class. In addition, George and Shaini [11] proved some convergence results
in normed space by using the generalized Mann iteration scheme for the Zamfirescu operator
and claimed that their results were generalized and improve the results obtained by Berinde
et al.

Kritsana and Kaewkhao [12] studied the fixed point results of multi-valued Zamfirescu
operator in CMS. Pathak et al. [2] obtained a common fixed point of Kannan-type mappings
on MMS endowed with graph. Since, in the field of fixed point theory by combining graph

theory, not lots of results are derived for Zamfirescu operator, so the motivation to write this
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article is to obtain convergence results for multi-valued Zamfirescu operator in MMS and
CMMS endowed with a graph.

2. PRELIMINARIES

This section contains some useful concepts and results to get desire results.

Definition 2.1. A graph Gis a combination of two non-empty sets- set of vertices and set
of edges and mathematically it is written as G = (V(G), E(G)). If ¢ and p are vertices in
G, then a path in G from / to p of length n € NU {0} is a sequence {¢;}}"_, of n+ 1 vertices
such that ¢y = £,¢, = @, (i—1,¢;) € E(G) for i = 1,2,...,n. A graph is called a connected
graph, if there is an edge(path) between any two vertices of G. A directed graph, also called
a digraph, is a graph in which the edges have a direction. A digraph is weakly connected
if when considering it as an undirected graph, it is connected, i.e., for every pair of distinct

vertices v and v, there exists an undirected path from u to v.

Definition 2.2. [21] Let G = (V(G), E(G)) be a directed graph. A graph G is called
transitive if for any ¢, p, v € V(G) such that (¢,p) € E(G) and (p,v) € E(G), then (¢,v) €
E(G).

Markin [17] introduced the concept of Hausdorff metric to approximate fixed points of
multi-valued mappings. Let
CB(K) = Collection of all non — empty closed bounded subsets of IC,
P(K) = Collection of all non — empty prozximal bounded closed subsets of I,
H(A, B) = max{supd({, B),supd(p, A)},
where A, B € CB(K), d(xz,A) = infacad(?, a).

The notion of modular spaces was introduced by Nakano [19] as a generalization of metric
spaces in 2008. Later, the notion of modular metric space was introduced in 2010 by Chit-
syakov [8], generated by F'—modular and developed the theory of modular metric spaces
called the modular metric space.

Later Kowzslowski [15] introduced the formulation of a modular, which is given as follows:

Definition 2.3. [15] Let S be a vector space in R (or C). A function m' : S — [0,00] is
called modular if, it satisfies the following conditions: for ¢, p € S-
(i) m'(0) =0 or m' (£) =0 < £ =0;
(i) m' (') =m'(0) ¥V o' € R with |o| = 1;
(iii) m' (6 47 p) =m' () +m' (p) if o ,7 >0,0 +7 =1.

Definition 2.4. [15] A modular m’ is called convex, if

m. 0, z) +
X+ v x(6:2) X+ v

mlx—&—u(g’ p) < ml/(’z? p)v
for all x,v > 0 and ¢, p,9 € S.

Definition 2.5. [8] Let S # ). A metric modular on S is a function w : (0,00) XSxS — [0, o0]
written as (x, 4, p) — wy (¢, p) that satisfies the following axioms:
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(i) wy(l,p)=0L=pVYLpesS, x>0;
(il) wy(l, p) = wy(p,€) V £, p €S, x > 0;
(ili) wytu (4, p) < Wy (€, 2) +wi(z,0) VL €S, x,v > 0;

Definition 2.6. [1] Modular w is said to be regular if the following weaker version of (i) is
satisfied:

t=p = wy(l,p)=0,
for some x > 0.

Remark 2.7. [8] A convex modular satisfies
v
wX(£7 @) < = (67 @) < wl,(ﬂ, p)v
Wy
for all £,p € S and 0 < v < x. In condition (iii) of the definition 2.5, a modular w satisfies
Wyo (Ev p) S Wy, (£7 p)7
for x1 < x2 and £, p € S.

Definition 2.8. [8] If w is a metric modular on a non-empty set S, then the modular space

Sy can be equipped with a metric generated by w and given by
ow(l; p) = inf{x > 0:w\({,p) < x}
for all £, p € S,,. The pair (Sy, 0y) is called a modular metric space.

Definition 2.9. [8] Modular w is said to be strict if for given ¢, p € S with £ # p, w, (¢, p) > 0
v x > 0.

Definition 2.10. [16] Let S,, be a MMS, {/,,} be a sequence in S,, and K be a subset of S,,.
Then

(i) {4k} is called a modular convergent sequence such that ¢ — ¢, £ € S, if for y > 0,
Wy (b, £) = 0, n — oo.
(ii) {¢x} is called a modular Cauchy sequence, if for x > 0,
wy (lk, bm) = 0, k,m — oo.
(iii) K is called w—bounded, if
duw(K) = sup{wy (4, p) : £,p € K, x > 0} < o0.

e A subset K of S, is said to be w—compact if for any {¢;} in K there exists a
subsequence {¢j, } and ¢ € IC such that w, (¢, ,¢) — 0.
e w is said to satisfy the Fatou property iff for any sequence {/;} in K modular con-

n )

verges to £,

wy (¢, p) < liminf wy (Cg, p),
for any p € K.

Definition 2.11. [2] Let S, be a MMS. Then w satisfies the As-type condition iff for any
a > 0, there exists a constant C > 0 such that

wé(ﬂ, p) < wa(ﬂ, @)7

for any x > 0, £, p € S,, with £ # p.
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Definition 2.12. [2] Property (P). For any sequence {{;} in K C Sy, if ¢y — £ as k — oo
and (Ux, lg+1) € E(Gy), then (U, 0) € E(Gy), for all k.

Definition 2.13. [2] Let £ be a non-empty convex subset of a MMS S,. Let Gy =
(V(Gyw), E(Gy)) be a directed graph such that V(G,) = K and E(G,) contain all loops,
ie., (4,0) € E(Gy) for any ¢ € V(Gy). A mapping Q : £ — K is called an edge-preserving
mapping (or G, —edge-preserving mapping) if for all £, p € K,

(4, p) € E(Guw) = (2(0),Q(p)) € E(Guw).
Following is the definition of the Zamfirescu operator in the setting of MMS.

Definition 2.14. Let S,, be a MMS under a metric modular w, where S # ) and Q : S,, — S,,
be a mapping. Then 2 is called Zamfirescu operator if for all £, € S, and x > 0, there
exists real numbers 0/,7",19/ such that 0 <o < 1,0 < 7'/,19/ < % such that at-least one the
following is true:
(i) wy (2, 82p) < U/wx(fv ©);
(i) wy (R, Qp) < 7 [way (£,Q0) + way (p, p)];
(ziii) wy (U, Qp) < O [way (£, Qp) + way (9, Q).

Consider S,;, be a MMS under a metric modular w. The Hausdorfl modular metric is
defined by
Hw(A7 B) = max{sup wx(& B)7 sup wX(pv A)}a

where A, B € CB(K), wy (¢, A) = inf,cq wy (£, p).

Definition 2.15. [12] Let S be a MS under a metric o, where S # () and Q : S — C'B(S) be
a multi-valued mapping. Then 2 is called multi-valued Zamfirescu operator if for all £, p € S
and y > 0, there exists real numbers o 7,9 such that 0< o’ <1,0< 7,9 < % such that
at-least one the following is true:
(z:) H(2.Qp) <0 o(l, p);
(zi) H(QLQp) <7 [0(6,26) + op, 2)];
(zi) H(Q,9Qp) <9 [0o(L,Qp) + o(p, 0)].

Following is the definition of the multi-valued Zamfirescu operator in the setting of MMS.

Definition 2.16. Let S,, be a MMS under a metric modular w, where S # () and Q : S, —
CB(Sy) be a multi-valued mapping. Then € is called multi-valued Zamfirescu operator
if for all £, € S, and x > 0, there exists real numbers o , 7,9 such that 0 < ¢ < 1,
0<7,0 < % such that at-least one the following is true:

(z1) Hu(SW,Qp) <o wx(ﬁ, ©);

(i) Hu(QU Qp) <7 [way (€, 20) + w2y (p, Qp)];

(ziis) Huw(,Qp) < 0 [way (£, Qp) + way (9, 20)].

Definition 2.17. [14] Let K be a non-empty subset of a MMS space S. A sequence {{x} in
S is said to be Fejer monotone with respect to subset K, if

Wy (lk+1,p) < wy(l,p), forallpek, k> 1.

Proposition 2.18. [14] Let K be a non-empty subset of MMS space S. Suppose that {{y} is

a Fejer monotone sequence with respect to K. Then the followings are hold:
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(a) Sequence {{x} is bounded.
(b) For every { € K, {wy (€, £)} converges.

Lemma 2.19. [1] Let Sy, be a MMS under a metric modular w, where S # () and K be a
non-empty subset of Sy,. Let A,B € CB(K), then for each ¢ > 0 and ¢ € A, there exists
p € B such that
wy (¢, p) < Hy(A, B) + ¢,
Moreover, if B is w—compact and w satisfies the Fatou property, then for any £ € A, there
exists o € B such that
wy (€, p) < Hy(A, B).

Lemma 2.20. [1] Let Sy, be a MMS under a metric modular w. Assume that w is a convex
regular modular which satisfies the Ay-type condition. Let {{y} be a sequence in S, such that

wx(gkafk-i-l) < Kak,/{t = 1,2, ceey

where K is an arbitrary non-zero constant and o € (0,1). Then {{;} is Cauchy for w.

3. MAIN RESULTS

This section contains some convergence results and fixed point theorems related to multi-
valued Zamfirescu operator in a complete modular metric space endowed with a directed

graph.

Lemma 3.1. Let Sy, # () be a MMS under a metric modular w, where w is a convex reqular
modular which satisfies Ao-type condition and K be a non-empty w—bounded, w—complete
subset of Sy,. Suppose that Sy, is associated with a directed transitive graph G, such that
K = V(Gy) and E(Gy) contain all loops. Suppose that Q : K — CB(K) is an edge-
preserving Zamfirescu operator with y € K such that (Lo, W) € E(Gy,). Then

(a) (fk‘?gk:—‘rl) € E(Gw), fork=0,1,2...

(b) (Lr, ) € E(Gy) for k> 1.

Proof. (1) By assumption ({y,24y) € E(Gy), and Q is multi-valued, there exists ¢ €
Qpie., (bo,01) € E(Gy). Since 2 is an edge-preserving, (2, 201) € E(Gy), i.e.,
there exists ¢35 € Q¢ such that (¢1,¢3) € E(Gy). Continuing the process, (¢, lx11) €
E(Gy) for k=0,1,2....

(2) By assumption (¢p, ) € E(Gy), and Q is multi-valued, there exists {1 €
such that (¢y,¢1) € E(Gy). Since Q is edge-preserving, (Q4y,1) € E(Gy). By
transitivity of 2, (£1, 26) € E(Guw). Now (fo, Q) € E(Gu), (2o, 201) € E(Gu), by
transitivity of Q, (o, 1) € E(Gy). Again (f1,Q) € E(Gy), (2, Q) € E(Gy),
by transitivity of Q, (¢1,Q¢;) € E(Gy). Continuing the process, (€x, ) € E(Gw)
for k£ > 1.

(]

Lemma 3.2. Let Sy, # () be a MMS under a metric modular w, where w is a convex reqular
modular which satisfies Ao-type condition and K be a non-empty w—bounded, w—complete
subset of S,,. Suppose that Sy, is associated with a directed transitive graph G, such that
K =V (Gy) and E(Gy) contain all loops. Suppose that Q2 : K — CB(K) is an edge-preserving
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multi-valued Zamfirescu operator with £y € K such that (bo, W) € E(Gy,). Suppose that {¢y}
be any sequence in KK and F(Q2) # 0 with r € F(Q) such that (bo,7), (r,40) € E(Gy), then

(a) (bg,r) and (r,l) are in E(Gy) for k> 1,

(b) lim wy (€, ) exists.
k—ro0

Proof. (a) By assumption (¢y,7) € E(Gy), and € is edge-preserving mapping, (2y, Qr) €
E(Gy), ie., ({1,7) € E(Gy). Again Q is an edge-preserving mapping, (Q41,Qr) €
E(Gy), ie., (f2,7) € E(Gy). Continuing the process, (¢, r) and (r, {x) are in E(Gy)
for k > 1.

(b) From part (a), (¢k+1,7) € E(Gy) and From Lemma 2.19,

(3.1) Wy ((Crt1,7) < Hu (U, Q) + €.
If (z;) is satisfied then, from (3.1)
Wy (Lpy1,7) < Hyp (U, Q) + €
< J/wx(fk,r) +e
< wy(ly, ).

This implies that {{;} is Fejer monotone with respect to F'(€2). Hence from Propo-

sition 2.18, {{} is bounded and klim wy (U, ) exists.
—00

If (z;) is satisfied then, from (3.1) and From Lemma 2.19,
Wy (bpy1,7) <7 [wor (G, Qi) + way (7, )] + €
< T,w2x(£k,€k+1) +€
<7 [wy (U 7) + wy (1, brs1)] + €

(1- T/)wx(ek—&-lar) < T/wx(ek,?“) +e

/

-
Wy (lp41,7) < ﬁwx(fkﬂ")-

Put g = 11— then

’
T )

wx(€k+1, r) < 5wx(€k:a T).

Doing the same procedure as above, klim wy (O, 1) exists.
— 00

If (z;;) is satisfied then, from (3.1) and From Lemma 2.19,
Wy ((Lhg1,7) < Hyp(QWp, Q) + €
0 [way (L, ) + way (r, Q)] + €
(1 =9 Ywr (b1, ) < 0wy (b, r) + €

!

wX((£k+17T) < 1 wx(gkﬂ“)-

fﬁ’

Put v = %, then
wX((gk—l—l? T) < wa(gka T)'

Doing the same procedure as above, klim wy (O, 1) exists.
— 00
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O

Theorem 3.3. Let S,, # 0 be a MMS under a metric modular w, where w is a convex
reqular modular which satisfies the Ao-type condition and K be a mon-empty w—bounded,
w—complete subset of S,,. Suppose that S, is associated with a directed transitive graph
Gy such that K = V(Gy) and E(Gy) contain all loops. Suppose that 2 : K — CB(K) is
an edge-preserving multi-valued Zamfirescu operator and the triplet (S, wy, Gy) has property
(P). Then Q has unique fixed point in S,,. Moreover for any £ € S, the sequence {{}}

converges to a fixed point of €.

Proof. Let {{x} be a sequence in K. To prove that {/;} is a Cauchy sequence in I, for this,
consider the following cases:
Case I: when (z;) is satisfied, then form Lemma 2.19,

12n
Wy (Cet1, Ok) < Hop(WUg, Q1) + 0

’ 12
<o wy(l, lk—1) + 0 "

= 0wy (W1, Wppz) + 0"

12 2n
<o wy(lg—1,lp—2) +0

’ ’2
<o nwx(ﬁl,&)) +o "

<o " wy (01, 00) + o).
Put w, (€1, 4) + o = ¢, then
wy by, ) < o

From Lemma 2.20, {/;} is a Cauchy sequence in K. By completeness of K, there exists a
point ¢ € K such that £, — ¢ as k — co. Now

Wy (O, ) < wy (R4, Q0) + wx (U, )
< Ulwg(& le) + wx (bpt1, ).

Hence w, (Q¢,0) = 0 as k — oo, i.e. £ € Q. For the uniqueness, suppose that v is another
fixed point of €, i.e. v € Qu. If () is satisfied, then from Lemma 2.19,
wx(p,, v) < Hw(Qpl, Q) + e
< alwx(P/, v)+e
<awyp,v)

(1 - Yun(p,v) <.

Since o' < 1, wy(p',v) = 0.
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When (z;;) is satisfied, from Lemma 2.19,
Wy (lr1, O) < Hop(Q, Q1) + 67"
< 7 [way (€, i) + Wiy Gy, p_1)] + B~
< 7 [way (€k, Lrsr) + war (Ce—1, £x)] + 87"
(1= 7wy (Crgr, br) < 7wy (b, k) + 87

/

.
< 7 Wxle-1, be) +

2n

Suppose that 8" =

wy (s, 0e) < B wy(Cer, O) + g

/2 2n
< B wy(lk—2,lk—1) + B ’

< B wy(lo, 01) + 87"
< B " wy(lo, 01) + 8]

Doing the same procedure as above, {{;} is a Cauchy sequence in K. By completeness of K,

there exists a point ¢ € IC such that ¢, — ¢ as k — co. Now
wy (L, 0) < wx (W, Uy) + wx(QKk,é)
(6, 0) + wy (U, )] + wx (g, £)
<7 [wy (2, 0) + wx (U, £) + %( )]—i—w%(Qﬁk,E)

= 7 [wy (0, ) + wy (G 11, 6) + wx (b, O)] + wx (11, £).

7 [w

N

Taking limy_, o,
(1 =7 )wy (U, £) <0
=w, (W, () = 0.
For the uniqueness, suppose that v is another fixed point of €2, i.e. v € Qu. Since
wx(p,, V) < Hy(Qp , W) + €
< 7 [wan (', p ) + way (Qw,v)] + €
<7 [wy(Qp, ) + wy (Qw, v)].

Taking klim , wX(p/, v)=0.
— 00
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When (z;;;) is satisfied, Then from Lemma 2.19

n

12
Wy (Cpt1, lk) < Hup (g, Q1) +y

n

’ 12
< [way (Cr—1, Up) + way (b, Ur—1)] +

’ 12n
< 9 [wy(le—1, bir1) + wy (Ce, €)] +

/ 2n
< 9 [wx (lg—1, k) + w§(€k,€k+1)] + 7y

2
(1= 9 Ywy (Cpr1, €x) < 0wy (bp—r, O) ++

!

wa(ek—ly ) + 'Y/

2n

2n
Wy (Cpy1, 0r) <

!/

9
5 Then

Suppose that ’yl =

12n

Wy (Lr1, 0) <4 wy (o1, 1) +

12 12n
<y wy (=2, lp—1) +

n

m 12
<75 wy(lo, 1)+~
<y " Twy (b0, 61) + "]

Doing the same procedure as above, {{}} is a Cauchy sequence in K. By completeness of IC,
there exists a point £ € K such that £ — ¢ as k — co. Now

< wy (06, Q) + wy (U, 1)
< [wy (W, L) + wy (U, £)] + wg(ka,ﬁ)
< I [y (Q, ) + wx (Ceyr, £) + wy (b, )] + wx (Cey, )
_—y
LAl

|

w

[N

wy (2, 0) <w
[wy (2, 0) + wy (6 ) + wy (b1, O) + wy (b, )] + wy (G, )
(1 — 9w, (20, 0) < 9 [wx (

[N

ea gk) + w% (ekJrl’ g) + ’U)% (éka g) + ’U)% (£k+17 E)]
Taking klim ,
—00
(1 — 9w, (Q2,0) <0
=w, (2, 0) = 0.

For the uniqueness, suppose that z is another fixed point of €2, i.e. v € Quv. From Lemma
2.19,

wy(p',v) < Ho(Qp, ) + ¢
< [way (', ) + way (Qw,p)] +e.
Taking klim , wX(p/, v) = 0. H
—00

Theorem 3.4. Let S,, # 0 be a MMS under a metric modular w, where w is a convex

reqular modular which satisfies the Ao-type condition and K be a non-empty w—bounded,
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w—complete subset of S,,. Suppose that S, is associated with a directed transitive graph
Gy such that K = V(Gy) and E(Gy,) contain all loops. Suppose that Q : K — CB(K) is
an edge-preserving multi-valued Zamfirescu operator with (£y, Qy) € E(Gy) and the triplet
(S,wy, Gw) has property (P). Let So = {{i, € Sy : (by, Uy) € E(Gy)}, for all k > 0. Then
the following statements hold:

(a) For any {y € Sq, for k > 0, Q.. has a fived point, where Q. = {p € Sy :
there is path between £ and p};

(b) If G is weakly connected, then Q2 has a fized point in G;

(c) If F(?) C E(Gy), then Q has a fized point;

(d) F(Q) # 0 iff Sq # 0.

Proof. (a) Let ¢} € Sq, for k > 0. From Lemma 3.1, (¢, U)) € E(Gy,) for k > 0. Since
U, € Sq, there exists z, € F(€) such that z; € Qf. Since {¢;} is Cauchy sequence in
S, there exists z € S such that ¢, — z as k — oo. By property (P), (lk, 2) € E(Gy),
hence there is a path between {; and z. Therefore z € Q1 .

(b) From Lemma 3.1, (¢, Q) € E(Gy) for k > 1, with the assumption that (¢o, 24p) €
E(Gy), therefore Sq # (0. Also G is weakly connected, [¢x]c, = S. By part (a), Q
has a fixed point in G.

(c) Let F(Q) C E(Gy). This implies that for any z € F(Q), (2,4,) € E(Gy) (refer
Lemma 3.2). So Sq =S, so by part (b), 2 has a fixed point.

(d) Let Sq # 0. Let £ € S with (¢, ) € E(Gy) for k > 1 (Refer Lemma 3.1). Also
form Lemma 3.1, (¢, lk+1) € E(Gy) and from Lemma 3.2, { — z for z € F(2),
this implies that F/(Q2) # (. Conversely, suppose that F(Q) # () with 2z € F(Q), then
from Lemma 3.2, (¢4, z) € E(Gy). This implies that Sq # 0.

U

Theorem 3.5. Let Sy, # 0 be a CMMS under a metric modular w, where w is a convex
reqular modular which satisfies the Aq-type condition. Suppose that Sy, is associated with a
directed transitive graph G, such that K = V(Gy,) and E(Gy) contain all loops. Suppose
that Q : Sy, — CB(Sy) is an edge-preserving multi-valued Zamfirescu operator such that Q4
is compact and w satisfies the Fatou property. Suppose triplet (S,wy,Gy) has property (P).
Then

(a) If {€x} is any sequence in Sy, then {{;} — ¢* € F(Q);
(b) F(£2) # 0.

Proof. (a) Let {f;} be a sequence in S,, with ¢y € S,,. Then there exists ¢; € S,, such
that ¢1 € Qfy. Similarly, there exists ¢35 € Sy, such that o € Q. If Q satisfies (z;),
then

wy (01, 42) < Hy(2o, 27)

< U/wwa, €1).
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If Q satisfies (z;;), then
wy (01, 42) < Hy(2o, 27)
<7 [way (Lo, Qo) + way (L1, Q1))
<7 [wy(lo, &1) + wy (b, )]

/

wy (b, 65) < I%T,wx(éo,ﬁl).
If Q satisfies (z;3;), then

wy (1, £y) < Ho (6o, Q1)
<9 [way (Lo, 1) + way (€1, Q2Up)]
< 9 fwy (b, 2) + wy (41, 41)]

!

9
U)X(gl,gg) S ﬂwx(ﬁo, 51)

’

_ 4 9
Let a = maX{O' y 1_77_,7 ﬁ}’ then
wx(él, 62) S awx(ﬁo, 61)

wy (L2, 03) < aPw, (£1, 02)

Wy (g, Ler1) < Fwy (Lo, b1).
Since @ < 1 = o < 1, hence
Wy (U, Lpg1) < wy (Lo, £1).

This implies that {¢;} is a Cauchy sequence in S,,, which is complete, therefore there
exists £* € S,, such that ¢, — £* as k — oo.

Next, to prove that £* € Q¢*, for this
Wy (6,90) < wy (6 lar) +wy (G, )
< Wy (7, lyg1) + wy (Crgr, Q)
<y (0, i) + Hop (U, Q7).
If Q satisfies (z;), then
Wy (5, Q) < wy (0, bpir) + 0wy (g, £).
If Q satisfies (z;;), then

Wy (05, Q0°) < w, (0, Li1) + 7 [wy (U, Qi) + wy (€5, Q0]
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If Q satisfies (zi;), then
Wy (5, Q0°) < w, (0, Lp1) + 0 [wy (£, UF) + wy (€5, Q)]
< Wy (0, by 1) 4+ 0 [wy (L, Q) + wy (€, ) + wy (G, Q)]
< wy (€ L) + 0 [ by Q) + wy (€, br) + wy (U, )]

Taking k — oo, w, (£*,Q20*) — 0. Since 20* is compact, it is closed, hence £* € Q¢*.
(b) From (a), F(Q2) # 0.
U

4. NUMERICAL EXAMPLE

Example 4.1. Let S =[0,1] C R and w, be a modular on S defined by

wy (4, ) = o(l, p)

and o is usual metric defined on R. Suppose that S is associated with a directed graph G,
such that v(Gy) =S and (¢, p) € E(Gy,) with wy (¢, p) < 1. Define a mapping  : S — S by

First, to show that  is edge-preserving mapping, for this, consider the following cases:
Case I: when ¢ = p = 1, then w, (2, Qp) = 0 < 1, hence (U, Qp) € E(G).

Case II: when £, p € [0, 1), then H,, (0, Qp) = Tw, (¢, p) < wy (¢, p), hence (U, Qp) € E(G).
Case III: when ¢ = 1, and p € [0,1), then H,,(2,Qp) = % < 1, hence (Q,Qp) € E(G).
Similar result can be obtained by considering o = 1, and ¢ € [0,1).

Now, to prove that  is multi-valued Zamfirescu operator, again consider the following

cases:

Case I: when ¢, p € [0,1). Then

Ho, (U, Qp) = H, ([0, g], [0, g])

1
= — E —
yld
1
Hence (2 satisfies (z;) for o = i. Suppose that

(4.1) HL(2, ) < 1(1] + ),

Wy (U, 0) + wy (Qp, o) = 0(U, £) + 0(Qp, p)

= (161 + o).
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Suppose that
3
(4.2) wy(Q,0) + (Qp, ) = (4] +1el),
By using (4.1) and (4.2)
1
Ho(Q, Qp) < glux(Q,0) + (Qp, p)]-
Hence Q satisfies (z;;) for 7 = 1, and
wy (U, p) + (Qp, £) = 0o(U, p) + 0(Qp, {)
D
=—(|¢ .
2061+ I
Suppose that
)
(4.3) wx (U, ) +wy (Qp, €) = - (€] + [pl),
By using (4.1) and (4.3)
1

Hence (2 satisfies (z;;;) for - %

Therefore €2 is a Zamfirescu operator.

Case II: when £ = 1 = p, then wy (¢, p) = 0, and w, (U, Qp) = 0 < U/wx(ﬁ, p) for any
o' € (0,1). Hence Q satisfies (z;).

Now 7 [wy (2, 0) + (p, )] = T/wx(ﬁ, ©), hence w, (L, Qp) < 7 [wy (2, 0) + (p, p)] for
any 7 € (0, 1). Hence ( satisfies (z;;).

Also 9 [wy (Q, o) + (Qp, £)] = 9wy (¢, p), therefore w, (Q, Qp) < 9 [wy (W, p) + (L, £)]
for any ¥ € (0, %). Hence ( satisfies (2;;).
Case III: when ¢ =1, and p € [0,1). Then H,,(Q¢, Qp) = %. Suppose that

Ho(0,Qp) < 0wy (£, p)

~

<o (1+|pl),

which is always true for o € (0,1) and p € [0, 1).
Also suppose that
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which is always true for ¢ € (0, %) Hence 2 is a Zamfirescu operator.
Similar results can be obtained by considering o = 1, and ¢ € [0, 1).

5. APPLICATION

Now consider a system of equations as follows:

Let S = R™ and define g : S x S — R such that for £, p € S,
(5.1) o1 (t, ) = max|; — ;]
Let Q :S — S be defined by
(5.2) W =Cl+0b,

where C' = [cji] be a n x n matrix, b is the fixed vector of S. Equation (5.2) can be written
in component form as

n

(5.3) U = Z ciklix + By,
k=1

b=(8;), j =1,2,...,n. Finding solution of system of equations (5.3) is equivalent to finding
fixed points of €.

Theorem 5.1. Let S = R"™ and define o : S X S — R such that for £,p € S,
(5.4) or(, p) = max [ — p;

It is clear that (S, pp) is a complete metric space. Let Q : S — CB(S) be a multi-valued
mapping defined by (5.2) with the assumption that |C| < % Let w be a modular on' S defined
by
wy (€, 9) = en(l, ).

Then S is modular space under the modular w. Suppose that S is associated with a directed
transitive graph G, such that V(Gy) = S and E(Gy) contains all the loops, i.e for £, €
V(Guw), (4, p) € E(Gy) with wy(¢,p) < 1. Suppose that w is convex reqular modular which
satisfies Aqo—type condition and triplet (S,wy,Gy) has property (P). Then 2 has a fized
point in S.

Proof. First, ) is an edge-preserving mapping, since
wy (2, Qp) = on (U, Qp)
1
S §wX(€7 KJ)

< wX(£7 p)
<1

Next, to prove that €2 is Zamfirescu operator, for this

(5.5) Hy (U, Qp) = [Clwy (¢4, p).
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Now
7 [way (R0, €) + way (R, 0)] = 7 [|€ = Q| + |p — Qo]
=71 -C[|t gl
< (1 +[CNwy(l ).
Suppose that
(5.6) 7 [way (6, 6) + w2 (. 9)] < (1 + [Clwoy(t, ).
Also
9 [wy (24, 9) +wy (Qp, 0)] = 9 [[£ = Qp| + o — 2
91 - C||e - gl
<9'(1+Cwy(L, p).
Let
(5.7) 9 [way (U, 9) + way (Qp, £)] < 0 (1+ |Cwy (€, ).
U
Choose 1 = max{|C|,7 (1 + |C]),9 (1 + |C|)}, then n € (0, 3) and from equations (5.5),
(5.6) and (5.7),
Hy (U, Qp) < nuy (4, p),

Hy, (U, Qp) < n[wzy (U, £) + w2, (Qp, p)],

H,(Q,Qp) < nfway (U, p) + way (Qp, £)]

Hence Q2 is Zamfirescu operator. Hence from Theorem 3.3, € has a unique fixed point in S,

which is solution of a system of equations defined by (5.3).
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6. CONCLUSIONS

Here some convergence results are obtained for multi-valued Zamfirescu operator and these
results are justified by taking an example. Also an application of multi-valued Zamfirescu

operator is discussed here.
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