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1. INTRODUCTION

In this paper, a graph I' = (V, E) is assumed to be finite, undirected, and simple, where
V = V/(I') denotes the vertex set and E' = E(I') denotes the edge set. The degree of a vertex
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v € V(I') is the number of neighbors of v in I', and is denoted by deg(v). A graph I is called
k-regular (or regular graph with degree k), if deg(v) = k for every v € V(I).

Let u,v be two vertices in (connected) graph I". The length of the shortest path from u
to v is called the distance between u and v, and is denoted by dr(u,v) (When there is no
risk of confusion, we write d(u,v) instead of dr(u,v)). The diameter of a connected graph T’

is the greatest distance between any pair of vertices in I'. Formally:

diam(T") = d(u,v).
iam(I") uﬂI)Iel?}(cr) (u,v)

For any terminology or notation not defined here, we follow the conventions in [3, 5, 10, 13].

Definition 1.1. Let [n] = {1,...,n} be a set of size n, and let m be an integer such that
2m < n. Then the Johnson graph J(n,m) is defined as the graph whose vertex set consists
of all m-subsets (subsets of size m) of [n]. Two vertices u,v are adjacent if and only if

luNnvl=m—1.

The number of vertices of J(n,m) is (). Furthermore, the Johnson graph J(n,m) is
a regular graph of degree m(n — m) (see [3] or [5]). For more information about Johnson
graphs you can see [1, 7].
The Kneser graph K (n, k) is defined as the graph whose vertex set consists of all k-subsets
of [n]. Two vertices are adjacent if and only if the corresponding k-sets are disjoint..

Definition 1.2. For a positive integer n > 1, let [n] = {1,2,...,n}, and let V be the set
of all k-subsets and (n — k)-subsets of [n]. The bipartite Kneser graph H(n, k) is defined to
have V' as its vertex-set, where two vertices A, B are adjacent if and only if A C B or B C A.
Equivalently, A is adjacent to B if and only if A and B¢ are disjoint, where B¢ denotes the

complement of B in [n].

The bipartite Kneser graph H (n, k) exhibits a fundamental symmetry between its partite
sets V1 and V5, given by the complementation map v +— v¢. This map is an automorphism of
the graph that swaps V4 and V5. Consequently, any structural property (such as diameter or
distance-transitivity) proven for vertices in one partite set holds analogously for the other.

The bipartite Kneser graph H(n, k) is a regular bipartite graph of degree (";k) For more
information about bipartite Kneser graphs, see [10, 11, 12].

Mirafzal and Zafari [11] proved that the bipartite graph H(n, k) is distance-transitive when
k=1, and H(n,k) is a symmetric graph.

Ya-Chen Chen [4] showed that the Kneser graph K(n, k) is Hamiltonian for n > 3 when
(3:) is odd. It is also stated in [4] that Savage and Shields showed H (2k+1, k) is Hamiltonian
for k < 15. The bipartite Kneser graph H(2n—1,n—1) is known as the middle cube M Q2,,—1
[3, 6] or regular hyper-star graph HS(2n,n) [9] which are known to be distance-transitive.
Hence, the classification of distance-transitive bipartite Kneser graphs is already established:
such graphs occur precisely when &k = 1 or n = 2k + 1. The main contribution of this paper
is to provide new structural proofs of these facts directly within the bipartite Kneser graph
setting, avoiding reliance on external isomorphisms. In addition, we determine the diameter
of H(n, k) in different parameter regimes, complementing the existing literature.

Let I' = (V,E) be a graph. A mapping f : V — V is called an automorphism of
I if and only if f is a bijection that preserves adjacency; that is, {u,v} € FE if and only
if {f(u),f(v)} € E. The set of all automorphisms of I" equipped with the operation of
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composition of functions forms a group called the automorphism group of I', denoted by
Aut(T"). Determining the automorphism group of a graph is often a challenging problem.
Various results on this topic can be found in the literature. Some recent contributions include
in [7, 10, 14].

A graph T is said to be vertex-transitive if Aut(I") acts transitively on V(I'); that is, for
any two vertices u,v € V(I'), there exists an automorphism a € Aut(I") such that a(u) = v.
For a vertex v € V(') and G = Aut(T"), the stabilizer subgroup G, is the subgroup of G
consisting of all automorphisms that fix v. The graph I' is called symmetric (or arc-transitive)
if, for any two adjacent vertices u,v and any two adjacent vertices x,y in ', there exists an
automorphism « in Aut(I') such that a(u) = = and «a(v) = y. Similarly, I" is said to be
distance-transitive if, for any vertices u,v,z,y of I' such that d(u,v) = d(x,y), there exists
an automorphism S € Aut(I') such that f(u) = z and S(v) = y.

In this paper, we study the distance-transitivity of bipartite Kneser graphs. It is known
(see [3]) that both Kneser graphs and Johnson graphs are distance-transitive. There are
other families of distance-transitive graphs defined in a way similar to Johnson graphs and
bipartite Kneser graphs. However, instead of considering subsets of a set, these graphs are
based on subspaces of a vector space. These graphs are known as the Grassmann graphs
and the doubled Grassmann graphs.

Let ¢ = p", where p is a prime. We denote the finite field with ¢ elements, by F,. In
this paper, the n-dimensional vector space over Fy is denoted by V;,(¢q). Let k < n, and let
Vi be the set of all k-dimensional subspaces (called k-subspace) of V,,(¢). The Grassmann
graph G(q,n,k) is defined as the graph with vertex set Vi, where two vertices u,w are
adjacent if and only if dim(u Nw) =k — 1. According to [3], the Grassmann graph G(g,n, k)

has [ Z ] vertices, where Z is the Gaussian binomial coefficient (also called the g-
q L g
binomial coefficient), defined by
n| _(¢"=1)...(¢"*" -1
k] T @G

Moreover, the Grassmann graph G(q,n, k) is an r-regular graph, where

<o L

Let n = 2k 4+ 1 be an integer, and let V,,(¢) be a vector space of dimension n over F,. Let
V1 and V5 be the set of all k-dimensional and the set of all £ + 1-dimensional subspaces
of V,,(q), respectively. The doubled Grassmann graph G, (k,k + 1) is the graph with the
vertex set V = V; U Vo and two vertices u, v are adjacent if and only if u < v or v < u. By
definition, the doubled Grassmann graph G, (k,k + 1) is clearly a regular bipartite graph

. .. +1 . .
with vertex set partition V' = V; U V5 and degree ) . For more information about

q
doubled Grassmann graphs, you can see [3, 8, 14].

2. MAIN RESULTS

In this section, we study the diameter and distance-transitivity of bipartite Kneser graphs.
It follows from [10, Lemma 3.2.] that the bipartite Kneser graph H(n,k) is a symmetric
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graph. Furthermore, by [10, Theorem 3.9] we know that the automorphism group of the
bipartite Kneser graph H(n, k) is isomorphic to Sym([n]) x Zs.

Let I' = (V, E) be a graph and let v € V(I') = V be a vertex of I'. If diam(I") = d, then
for each i = 0,...,d, we denote by I';(v) the set of all vertices at distance ¢ from v. In other

words,

i(v) ={ueV|du,v) =i}

Lemma 2.1. [2] A connected graph T' with the diameter d and automorphism group G =
Aut(T") is distance-transitive if and only if it is vertex-transitive and the vertex-stabilizer G,
acts transitively on the set I'y(v) for alli € {0,...,d} and for each v € V(I').

Proposition 2.2. Let k be an integer and let n = 2k + 1. Let ' = (V, E) = H(n, k) be the
bipartite Kneser graph with vertex set partition V = V3 U Vs, where Vi NV = (),
Vi={vCn]||v|=k} and Vo ={v C[n]||v|=k+1}.

Let u,v € V' be two vertices such that |lu N v| =1i. Then the distance d(u,v) is given by the
following cases:

(1) If u,v € Vi, then d(u,v) = 2(k —1i);

(2) If u e Vi and v € Vo, then d(u,v) = 2(k — i)+ 1;

(3) If u,v € Vi, then d(u,v) =2(k+1—1).

Proof. (1) Let u = {z1,...,x;}. Without loss of generality, we may assume that

V= {$17"'7xiay1)"'7yk—i}7

where y; € u® for each j = 1,...,k —i. We now construct a path from u to v as follows.

Consider the following sequence of vertices in I':

up = {x1,..., Tk, Y1}

uz = {x1,...,Tp—1,Y1},

uz = {x1,...,Tp_1,91, Y2},

ug = {x1,..., Th—2, Y1, Y2},

Us = {901, e ;xk727y17y2>y3}7

ug = {T1,. .., TK—3,Y1, Y2, Y3},

Uo(k—i) = AT1, -+ Tis Y1y -+ Yhi} = 0.
This gives a path

U, UL, U2y - .« 7“2(1471‘) =V

from u to v, so d(u,v) < 2(k—1). Now, we prove by induction on [ that if d(u,v) = 2(k—i) =
21, then |uNwv| = 1.
e Base case:
(I) If 1 =0, then u = v, so [uNv| = k.
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(IT) Let I = 1, consider a path P : w,uj,us = v of length 2. Let u = {x1,...,zx}.
Since u; is adjacent to u, it must be in V5, so w C uy. Thus, u; = {x1,..., Tk, y1}-
Since v # u and v is adjacent to uq, it must be that v = {z1,...,25_1,y1}. Then
lunv|=k—1, and d(u,v) = 2(k — (k — 1)), as desired.
e Inductive step: Assume the statement holds for all s < [. Suppose d(u,v) = 2,
and let
P:u,uq,.. -y U1y, Ugl—1, U2l =V
be a path of length 2I. Let v = {x1,...,2}. Then, since d(u, usq_1)) = 2(l — 1), by

induction, |u M ugq_1)| =4 + 1. Thus, without loss of generality,

U2(1—-1) = {T1, @i, Y1, Yk )

Since uy(;_1) is adjacent to ug—1, we must have

Ugi—1 = {T1, o T 1, Y1y s Ykie 1, Yk}
Since ug;_1 is adjacent to ug;, and ug € Vi, we must have ug; C ug—1 with |ug| = k.
If ug; = ug—1 —{y;} for some j € {1,...,k—i}, then by induction, d(u,v) < 2(I—-1),
contradicting our assumption that d(u,v) = 2l. Hence, without loss of generality, we
must have
gy = v =1{T1,..., T, Y1, Yh—i}s

and so |u Nv| = ¢, completing the proof.

(2) Let w = {x1,...,z,}. Without loss of generality, let

V=T, T YLy kit 1)

where y; € u¢ for each j = 1,...,k — ¢+ 1. We construct a path from u to v as follows.
Consider the vertices:

up = {r1,..., T, Y1},

up = {z1,..., Th-1,Y1},

uz = {T1,. .., Th_1,Y1,Y2},

ug = {21,...,Tr_2,Y1, %2},

us = {T1, ..., Tx_2,Y1,Y2, Y3},

ug = {1,...,Tk_3,Y1,Y2, Y3},

U(h—i) 41 = AT1s s Tiy YLy o+, Ykmih 1) = V-

Then d(u,v) < 2(k —1i) + 1. As in case (1), one can use induction on I, where d(u,v) =
204+ 1=2(k —1i)+ 1 to show that |uNv| = 1.
(3) In this case, the same reasoning as in (1) and (2) applies here, with symmetric steps,

and is omitted for brevity.



6 M. Ziaee

Thus, in each case, the graph distance d(u,v) depends solely on the intersection size |[uNv|,

as claimed. O

Although H(2k+1, k) is known to be distance-transitive via its isomorphism to the doubled

odd graph [3], we give a direct proof based on the intersection properties in Proposition 2.2.

Theorem 2.3. Let n = 2k + 1. Then the bipartite Kneser graph H(n,k) is distance-
transitive.

Proof. Let I' = H(n,k), let d = diam(I'), and let G = Aut(I'), where n = 2k + 1. By
Lemma 3.1 in [10], we know that H(n,k) is vertex-transitive. Hence, by Lemma 2.1, it
suffices to show that the stabilizer G, of a vertex v acts transitively on the set I'j(v) for all
j€{0,...,d} and every v € V(I).
Let v = {x1,...,2r} € V1. We consider the following cases for j:
(a) j = 2(k —1i). By Proposition 2.2, for each v € I'j(v), we have |u N v| = i and
u € Vi. Let v = {x1,22,...,2%} and consider a permutation o € Sym([n]). The map
fo : V(I') = V(I') defined by

fo{an, . o}) = {o(ar), .. o(er)}

is an automorphism of I'.
Now let u,w € I'j(v). We may assume:

U = {mr‘lw")xnayla"'7yk—i}7 w = {xsp'"amsiazla"'azk‘—i}v

where z,,,zs, € v for t =1,... 7 and ym, 2m € [n] \ v for m = 1,...,k —i. Define a
permutation S € Sym([n]) such that:
— Blay,) = x5, forallt =1,...,1,
— B(Yym) = zm forallm=1,... k — 1,
— p fixes the remaining elements of v.
Then fz € G, and fz(u) = w, which shows that G, acts transitively on I'j(v).
(b) j =2(k—1i)+1. Again by Proposition 2.2, for each u € I'j(v), we have [unv| =1i+1
and u € V5. Assume

U = {x'r‘la"'wrrmylu" . 7yk—i+1}7 w = {ISN' vy Ly RLy e e - 7Zk—i+1}7

where z,,, x5, € v for t =1,...,7, and ym,2m € [n]\vfor m=1,...;k —i+ 1. As
before, we can construct a permutation § € Sym([n]) such that:
(i) B(xy,) = x5, forallt =1,...,i
(i1) B(Ym) = zm forallm=1,... k —i+1,
(iii) S fixes the remaining elements of v.
Then fz € G, and fz(u) = w, so G, acts transitively on I'j(v) in this case as well.

Finally, consider the case where v € V5. Let v = {z1,...,2,41}. The complementation
map ¢ : V(I') — V(T') defined by ¢(u) = u® is an automorphism of I' (see [10]). This
map sends the vertex v € V5 to ¢(v) = v € V1, and it preserves distances and intersection
sizes. Since we have already shown that for any vertex in Vj (like ¢(v)), its stabilizer
acts transitively on each distance layer (I'j(¢(v)), the same holds for the stabilizer of v =
¢~ (¢(v)) acting on T'j(v). Therefore, the proof is complete. O
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Proposition 2.4. Let k > 2 be an integer and n > 3k. Then the diameter of the bipartite
Kneser graph H(n, k) is equal to 3.

Proof. Let I' = H(n, k) and V(') = V1 U Vi, where
Vi={vCn]|lw=k} and Vo={vC|[n]|[|v]=n—Ek}.

We consider the following cases.
(a) Let v = {x1,...,2;} and u = {y1,...,yx} be two vertices in V; such that uNv = 0.
Define
v ={T1,. ., Tk, Y1, - s Yn—2k) € Va.
Then v is adjacent to v, and since n — 2k > k, we have u C vy, implying v is adjacent to
v1. Hence d(u,v) = 2. Since u,v € V} and are not adjacent, d(u,v) > 1.
(b) Let v = {z1,..., 2} € Vi and w = {z1, ..., %, Y1, .., Yp—i} € V1 with 1 < J[uno| <
k — 1. Define
v ={T1,. ., Tk, Y1, -y Yn—2k) € Va.
Then v is adjacent to v1, and since n — 2k > k — 4, we have u C v1, so u is adjacent to v;.
Hence d(u,v) = 2.
(c) Let v ={z1,...,zx} € Vi and u = v = {y1,...,Yn—k} € Vo. Define

uy = {xla"'a'xk,yla'-')yn—Qk} S ‘/27

so v is adjacent to uy. Also, let

ug = {y1,...,yx} C uy,

so ug is adjacent to uj. Since uy C v¢, we have ug adjacent to u. Hence d(u,v) < 3. Asu
and v lie in different partite sets, d(u,v) must be odd, so d(u,v) = 3.
(d) Let v ={z1,...,2x} € Vi, and let w = {x1,..., 25, y1,. -, Yn—k—i} € Vo with 0 < i <
k. Define
up = {1, ., Ty Y1, Yn—2kf € V2,

so v is adjacent to w1, and let

u2 :{xlv"'axhyla"wyk—i} € VYla

which is adjacent to both u; and u. Thus, we have the path v — u; — ugs — u, so d(u,v) < 3.
As u,v lie in different partite sets, d(u,v) is odd, and thus d(u,v) = 3.

(e) Let v ={z1,..., 2y} € Vo and u € Vo with 1 < |[unNv| <n —k — 1. Without loss of
generality, write

u=A{T1, . T, Y1y Yn—k—i}-
Then
luNv| >n—2k,

and since n > 3k we have n — 2k > k. Therefore v N v contains a k-subset s € V4. Thus
u — s — v is a path of length 2, so d(u,v) = 2. (In particular the previous argument in the
original proof that produced a contradiction here was based on an incorrect inequality.)

Combining the above cases we obtain:

e any two vertices in the same part are at distance at most 2,

e any two vertices in different parts are at distance at most 3, and
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e there exist opposite-part vertices at distance exactly 3 (take a k-set and its comple-

ment).

Therefore the diameter of T" is 3.
O

Proposition 2.5. Let k # 1 be an integer and 2k +1 < n < 3k. Then the diameter of
bipartite Kneser graph H(n, k) is equal to 5 or 7.

Proof. Let I' = H(n,k) = (V, E) be a bipartite Kneser graph with the vertex set partition
V=ViUVs, ViNVa =0, where Vi = {v C [n] | |v| =k} and Vo = {v C [n] | |[v] =n — k}.
Let 2k +1 < n < 3k, then we continue the proof by the following cases.

(i) In this case let [n] = {x1,..., %k, Y1, -, Yks 21, -+ Zn—2k}. Let u,v € V§ and un
v =~>0. Ifv={x,...,2,} then, without loss of generality, we can assume that
u={y1,...,yr}. Note that, we know that for every two vertices u,v € V1, d(u,v) is

an even number. Let u, v be two vertices in Vj, such that uNv = and d(u,v) = 2.
Then there is a vertex w = {aq,...,a,—} € Vo, which is adjacent to both vertices
u,v. Since |v| = |u| = k, |[uNv| = 0, then we must have n—k > k+k = 2k = n > 3k,
which is contradiction to our assumption. Then in this case d(u,v) > 4.

Now we construct a path from v to u as follows.
Let wy = {x1..., %k, Y1, .-, Yn—2k} € Vo, then v is adjacent to wy (Note that, since
we have n < 3k then n — 2k < k and so w; is well defined). Now, we consider the

vertex

wo =A{x1,...,T5, Y1, Yn—2k} € V1,
such that j + (n — 2k) = k (note that, since n < 3k then n — 2k < k and therefor,
there is a j > 0 such that j +n — 2k = k). Now, we see that we and w; are adjacent
vertices.
In this situation, we have two cases:
(1) If j < n — 2k then j+ k < n — k, so we have the vertex
w3z ={x1,...,T5, Y1, Yky 215 -+, 2r ) € Vo,
then wy is adjacent to ws and u = {y1,...,yr}. Now, we have a path
V~Ywp YWy w3~ u
from v to u, and so d(u,v) = 4.
(2) If j > n — 2k then j + k > n — k, so we have the vertex
ws ={x1,...,25,y1,...,Yr} € V2,
such that j +r = n — k. Then wy is adjacent to ws. Let
wyg =A{x1,.. ., Ty, Y1, Yt EVI
such that 1 +r = k. Then ws is adajacent to wy. Note that n —r —r; =n —k
and 71 = k — 7, so we have vertex ws = {T1,...,Try, Yy Yks 21, - -, 25} € V1,
where 71 + k +s = n — k. Then ws is adjacent to both w4 and u. So we have
the path
VYW~ Wy~ W3~ Wy~ Wy ~U
from u to v. Then d(u,v) < 6. But we see that we must have a vertex such w3
that it is not adjacent to w. Then d(u,v) = 6.
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(ii) Let u,v € Vi, v ={z1..., 2} and |vNu| = i. Without loss of generality, we can as-

sume that v = {x1, ..., 25 Y1, ..., Yp—i}, where {y1,...,yk—i} Cv°={21,..., 2n_k}
Let

w1 = {xlw'kauyl)'"ayk—iazl)"'7zj}7

where j+2k —i=n—kand {y1,...,ys—i} N{z1,...,2;} = 0. Then v is adjacent to
wi. Note that 2k —i <2k — (k—1) < k+1 < n—k, then there is a set {21,...,2;}
such that j + 2k — ¢ = n — k and wy € V5. On the other hand, it is obvious that
u is adjacent to wi, and so we have a path P : v,wi,u from v to u. Subsequently,
d(u,v) = 2.

(iii) In this cas let [n] = {x1,..., 2k, vy1,. .. Yn—r}. Let v = {x1,..., 21} € V; and let
w=v"={y1,...,Yn—k} € Va. Clearly v € u, so v is not adjacent to u. Distances
between Vi and V3 are odd. We claim d(u,v) > 5.

Formal bound ruling out distance 3. Suppose there were a path v ~ wy ~ wa ~ u
with w; € V4 and we € V7. By adjacency, v C w; and we C w; Nu. Because u = v°

and w; contains v, we have
wr Nu Cwp \ v, lwi \v| =|wi| — |v|=(n—k) —k=n—2k.

Thus any k-subset wy C wi Nu would require k£ < |wy Nu| < n — 2k, i.e. n > 3k,
which contradicts n < 3k. Hence no path of length 3 exists, and d(u,v) > 5.
To finish, we exhibit paths between v and v. Let

w1 = {xl,...,xk,yl,.. .,yn,Qk} S Vg, wo = {xl,. . .,.%'j,yl,...,yn,Qk} S Vl,

where j +n —2k =k (so 1 < j <k —1). Then there is a path v ~ w; ~ wy. Now
we have two cases:
(1) If j < n — 2k, then put

w3 = {xla' "7$j7y17"° y Yn—2kr Yn—2k+1, - "ayr} S ‘/2

with 7 > k chosen so that » + j = n — k; thus wy C w3. So

{yla"'vyk} - {3/17-~-73/r}-
Let wy = {y1,...,yk} € V4. Then w3 ~ wy ~ u, and we obtain the path

U, W1, W2, W3, W4, U

of length 5. Therefore d(u,v) = 5.
(2) If j > n — 2k, then put

w3 = {l’l,---,l‘j,yl,--- 7yn—2k7yn—2k+17"'ay7‘} € ‘/2

with r» < k chosen so that r + j =n — k; thus wy C ws. So
{yi, ot Sy ok
Let wy = {x1,...,2r,,y1,...,yr} € V1, where 1 +r = k. Then w3 ~ wy. Let
ws ={x1,.. ., Tp, Y1, .-, Yst € Vo,
where 71 +s = n—k. Choose a k-subset wg € V; of the set {y1,...,ys}. Then we
have ws ~ wg ~ u. So we have a path v ~ wy ~ wy ~ W3 ~ Wyg ~ W5 ~ Wg ~ U
from u to v. On the othere hand we see that there is no path of length 5 between

uw and v and so d(u,v) = 7.



10 M. Ziaee

(iv) Let v € V; and w € Va. If [vNu| = k, then d(u,v) = 1. If 1 < |[vNu| <k —1, then
by part (iii), we have d(u,v) = 3.
(v) u,v € Vo, u#v: If lunov| =n—k — 1, then pick w =unNwv € Vy; then u ~ w ~ v so
d(u,v) = 2.
If lunv| < n—k—2, then a path of length 4 or 6 is impossible under 2k+1 < n < 3k,
so the maximum distance among V5 vertices is 4.
From the above cases, the largest distance occurs between a vertex in V; and its

complementary vertex in Vs, giving
diam(I') =5 or 7.
O

Corollary 2.6. Let k > 2 and suppose 2k +1 < n < 3k. Then the diameter of the bipartite
Kneser graph H(n, k) is

5, if 2n > bk,
diam(H (n,k)) =
7. if 2n < 5k.

Proposition 2.7. Let n > 3 be an integer. Then the diameter of the bipartite Kneser graph
H(n,1) is equal to 3.

Proof. Let I' = H(n,1) = (V, E) be the bipartite Kneser graph with bipartition V' = V; U V5,
where
Vi={{zi} [z enl}, Va={uC[n]||u|=n—-1}.
A vertex v € V7 is adjacent to u € V5 if and only if v C u.
Consider all pairs of vertices:
(1) u,v € Vi, uw = {z;},v = {x;} with z; # z;: Pick any w € V5 such that z;,z; € w.
Then v ~ w and v ~ w, so d(u,v) = 2.
(2) ue Vi, veVy with uw C v: Then u ~ v, so d(u,v) = 1.
(3) ue Vi, v=[n]\{z;} € Va: Then u £ v. Pick any z; € v and define w; = [n]\ {z;} €
Vo, so that z; € wy. Then u ~ wy. Let wy = {x;} € Vi, which is adjacent to both
wy and v. Hence, d(u,v) < 3. Since u and v are in opposite parts and not adjacent,
d(u,v) is odd. Therefore, d(u,v) = 3.
(4) u,v € Vo, uw # v: Then [uNv| =n—2. Pick x € unNwv and let w = {z} € V4. Then
w ~ u and w ~ v, so d(u,v) = 2.
Hence, the maximum distance in H(n,1) is 3, which occurs between a vertex in V; and

its complementary vertex in V5. O

Let I' = H(n,k) = (V, E) be the bipartite Kneser graph with vertex set partition V =

ViU Vs, where Vi NV, = 0,
Vi={vC[n]||v]=k}and Vo ={v C[n]||v]|=k+1}.

Let G = Aut(I"), and let v € V(I') be a vertex of I". If u € V(I") is another vertex such that
|u Nv| =4, then for every automorphism g € G, we have, |g(u) Nv| = 7.

Now, Let k > 2 be an integer and assume n # 2k + 1. By Propositions 2.4 and 2.5, for
the bipartite Kneser graph H(n, k), if u € V; then the vertices at distance 2 of u, may have
different intersection sizes with u. In other words, there exist vertices v, w € I'y(u) such that
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|luNv| # |uNwl|. Therefore, there is no automorphism g € G,, such that g(v) = w. By
Lemma 2.1, we conclude the following;:

Corollary 2.8. Let k > 2 be an integer and n # 2k + 1. Then the bipartite Kneser graph

H(n, k) is not distance-transitive.

The following theorem was originally proved in [11], but for completeness, we provide a

proof here.

Theorem 2.9. Let n > 3 be an integer. Then the bipartite Kneser graph I' = H(n,1) is a

distance-transitive graph.
Proof. Let u = {z1} and define T';(u) = {v € V(') | d(u,v) = i}. By proposition 2.7, we
know that ¢ € {0,1,2, 3}.

e For ¢ = 1: By Theorem 3.2. in [10], for every w € V(I'), the stabilizer G,, acts

transitively on I'y (w).
e For i = 2: We have

Pa(v) = {{z;} | zj € [n] — {@i}}
. Given two vertices v; = {z;},v, = {x,} € I'2(u), the transposition o = (z; x,) €
G, maps v; to v,, showing that G,, acts transitively on I'p(u).

e For i = 3: By proposition 2.7, we have

I3(u) = {[n] —{21}},
which consists of a single vertex. Therefore, G, acts transitively on I's(u).
Now consider the case where u = {z1,...,2,-1} € Vo. Then
Fo(u) ={w C [n] | |lw|=n—-1,luNnw| =n—2}.
Let
w; = {xl ey Li—1, Tj41y - - - ,l‘n}, wj = {1‘1 . ,a;j_l,xj+1, . ,l'n}
be two vertices in I'y(u). Define a permutation o € G,, such that:
o(xy) =a, forallr #{i —1,i+1,j —1,j + 1}, o(zi—1) = xj-1,0(zi41) = Tj41.

Then o(w;) = o(w;), implying that G, acts transitively on I's(u).
Finally, let v = {z,,,...,2,,_,}, and conside

P3(u) = {{z} |z € [n] —u}.

Given any two such vertices {z},{y} € I's(u), the transposition 8 = (z y) € G, maps one
to the other. Thus, G,, acts transitively on I's(u).
Combining all these cases, we conclude that H(n,1) is distance-transitive. O

3. CONCLUSIONS

In this paper, we studied the distance-transitivity and diameter of bipartite Kneser graphs
H(n,k). It is known from the literature that these graphs are distance-transitive precisely
when £k = 1 or n = 2k + 1. Our contribution has been to provide new, direct proofs of
these facts within the bipartite Kneser graph framework, without relying on isomorphisms
with other graph families such as Odd graphs or middle cube graphs. This approach offers a
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constructive perspective that may be more accessible for researchers interested in bipartite
Kneser graphs themselves.

In addition, we determined the diameter of H(n, k) in different parameter regimes: it is
3when k =1andn > 3,3 whenn >3k and £ > 2, and 5 or 7 when 2k +1 < n < 3k
and k # 1. These results yield a complete description of the distance structure of bipartite
Kneser graphs.

Overall, this work provides both alternative structural proofs of known distance-transitivity
results and new contributions regarding diameter, thereby complementing the existing lit-
erature on bipartite Kneser graphs. Future directions could include investigating distance-
regularity in these graphs or extending similar techniques to other generalized Kneser-type

constructions.
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