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1. INTRODUCTION AND PRELIMINARIES

When a non-self mapping S has no fixed points, best approximation results provide an
approximate solution to the fixed-point equation Sa = a (see [6, 9]). Furthermore, the
concept of a best proximity point evolves as a generalization of best approximation. Best
proximity point theorems are instrumental in finding an optimal approximate solutions.
Let S : A — B be a non-self mapping, where A and B are nonempty subsets of a metric
space (X, d). If S has no fixed point, we seek an element a € A that minimizes the distance

d(a, Sa). The best proximity point theory ensures the existence of an element a € A satisfies:
d(a,Sa) = d(A, B) = inf{d(a,b) : a € A,b € B}.

Here, a is called the best proximity point of S. Notably, best proximity theorems also serve
as a natural generalization of fixed point theorems since, in the case of a self-mapping, a best
proximity point reduces to a fixed point. Many researchers have investigated best proximity
point theory in various spaces under different contraction conditions (see [10, 11, 12, 17]).
Recently, best proximity point theorems have been studied using the concept of simulation
functions introduced by Khojasteh et al. [7](see [13, 14]).

In this work, we extend certain definitions of Tchier et al.[19] for two non-self mappings
to establish new common best proximity point theorems in complete metric spaces. In the
following, some of the basic theorems of [19] are derived from our main theorems. We
explain our main results with several examples. In the end, as applications of the obtained
conclusions, we investigate the existence of sufficient conditions for the unique common
solutions to variational inequality problems in Hilbert space.

Given two nonempty subsets A and B of a metric space (X, d), the following notions and

notations are used in the sequel:

d(A,B) =inf{d(a,b) : a € A,b € B},
Ao ={a€ A:d(a,b) =d(A,B), for some b € B},
By ={be€ B:d(a,b) =d(A, B), for some a € A}.

Kirk et al. gave sufficient conditions to ensure that Ag and By are nonempty sets (see [9]).
Raj [18] presented a different aspect in the best proximity point theory by introducing the
concept of the P-property.

Definition 1.1. If Ay # &, then the pair (A, B) is said to have the P-property if and only
if for any a1, a2 € Ag and by, by € By,

{ d(a1, b)) = d(A, B)

d(az,b2) = d(A, B) = d(a1, az) = d(by, ba)

Using the P-property, Sankar Raj [18] proved an extended version of the Banach contrac-
tion principle [2]. We know that for every nonempty subset A of X, the pair (A4, A) has the
P-property.

Definition 1.2. An element a € A is said to be a common best proximity point of the

non-self mappings S1, So, ..., S : A — B if it satisfies the condition:

d(a, S1a) = d(a, S2a) = ... = d(a, Spa) = d(A, B).
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Definition 1.3. A simulation function is a function ¢ : [0, 00[x[0,00[— R satisfying the

following conditions:

G) ¢p.q) <qg—p,Yp,q¢>0
(o) if p, and g, are sequences in (0, 00) such that p, < ¢, for all n € N and lim p, =

n—oo

lim ¢, =1 > 0, then
n—oo

lim sup ¢ (pn, ¢n) < 0.

n—oo

We denote the set of all simulation functions by Z.

Remark 1.4. Originally, simulation function was defined by Khojasteh et al. [7] as mapping
¢ : [0, 00[x[0,00[— R satisfying ((0,0) = 0 alongside conditions ({;) and ((2) of Definition
1.3. In this paper, a modified definition by Argoubi et al. [1] is used.

Ezample 1.5. Let () : [0, 00[x[0,00[— R be the function defined by (x(p,q) = A\g — p, where
A € [0,1[. Then ¢, is a simulation function.

Theorem 1.6. [7] Let (X,d) be a complete metric space and f: X — X be a Z-contraction
with respect to ¢, that s,

C(d(fx,fy),d(x,y)) 207 \V/.ZE,yEX.

Then f has a unique fized point. Moreover, for every xo € X, the Picard sequence {f™xz¢}

converges to this fixed point.

2. MAIN RESULTS

We begin our study with the following definition.

Definition 2.1. Let (X, d) be a metric space, and let S,T7 : A — B be non-self mappings.
We say that {S,T} is a generalized Z-contraction pair if there exists a simulation function
¢ € Z such that

C(d(Sx,Ty),d(z,y)) >0, for all z,y € A.

Definition 2.2. Let (X, d) be a metric space, and let S,T7 : A — B be non-self mappings.
Suppose that d(u, Sx) = d(v,Ty) = d(A, B) for some u,v,z,y € A. Then, we define the

following concepts:

i) {S,T} is said to be a generalized proximal contraction pair if there exists o € [0,1]
such that
d(u,v) < ad(z,y).
ii) {S,T} is said to be a generalized Z-proximal contraction pair if there exists a simu-
lation function ¢ € Z such that

¢(d(u, v),d(z,y)) = 0.

Remark 2.3. In the preceding definitions, if S = 7', the notions of generalized Z-contraction,
generalized proximal contraction and generalized Z- proximal contraction pair reduce to
Z-contraction with respect to ¢ (as defined by Khojasteh et al. [7]), proximal contraction
and Z-proximal contraction pair of the first kind ( as introduced by Tchier et al. [19]),

respectively.
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Ezxample 2.4. Let X = R? be equipped with the Euclidean metric. Consider the sets:

A= {(0,a):a e, %]} and B:={(1,a):ac[0,1]}.
It is easy to see that d(A, B) = 1. We define the mappings S,7 : A — B by

S(0,2) =T(0,2) = (1, ), forall xze€A,

T
14+
and the simulation function ¢ : [0, c0[% [0, co[— R by

— 15 ifpel0,1],

(p,q) = P ,
q—2p, otherwise.

We can show that {S,T'} is a generalized Z-proximal contraction pair but not a generalized
proximal contraction pair.

Suppose d((0,u), S(0,2)) = d((0,v),T(0,y)) = 1 = d(A, B) for some u,v,z,y € [0, 3]. Then
(z,9) = (1%, 1%), with u,v € [0, 3], and hence

€ a((0,), (0,0)), (0., 0, )
= ¢ (a0, 0,000, ), 0.2 )

u v lu — v

since u + v > |u — v| + wv. Therefore, {S,T} is a generalized Z-proximal contraction pair.
On the other hand, there does not exist a € [0, 1] such that

- >0
1—|u—v| =7

l—u 1—vw

U v
l—u'1—w

(0.0, (0.0)) = hu o] < g = —aa

) = ad((0, ), (0,y)),

for all u,v € |0, %], and hence {S,T'} is not a generalized proximal contraction pair, it suffices
to choose u and v close enough to 0 so that (1 — u — v 4+ wwv) approaches 1 and surpasses
a, and we conclude that there is no a € [0, 1[ for which the original inequality holds for all

pairs (u,v) in that interval.

Remark 2.5. If {S,T} is a generalized Z-contraction pair and (A, B) has the P-property,
then {S,T} is a generalized Z-proximal contraction pair.

Let A be a nonempty subset of a metric space (X,d). We explain
Hy ={h: A — Ais continuous : d(z,y) < d(hz, hy), Vz,y € A}.

In the following, we prove the existence and uniqueness of a common best proximity point

for two non-self mappings without requiring continuity.

Theorem 2.6. Let A and B be nonempty subsets of a complete metric space (X,d). More-
over, assume that Ag is nonempty and closed. Let the non-self mappings S, T : A — B and
self-mapping h : A — A satisfy the following conditions:

i) heHy,

i) {S, T} is a generalized Z-prozimal contraction pair;

111) T(A()),S(Ao) - BO and AO - h(A())
Then, there exists a unique point a € A such that d(ha, Sa) = d(ha,Ta) = d(A, B).
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Proof. Fix ap in Ag. Since S(Ag) C By and Ay C h(Ap), there exists an element a; in Ay
such that d(hay, Sag) = d(A, B). Similarly, since T(Ap) C By and Ag C h(Ap), we can
choose ay € Ap such that d(hag,Ta;) = d(A, B). Continuing this process, we achieve a
sequence {a,} C Ap such that

d(hagp+1, Sas,) = d(A, B),
d(ha2n+2, Tagn_H) = d(A, B)

If there exists m € N such that d(am,am+1) = 0, then a, = a,, for all n > m, and thus
d(hap, Sam) = d(ham, Tay) = d(A, B) (see [19]).

Now, suppose that 0 < d(an,an+1) < d(hay, hayy1) for all n € N.

First, we prove that

lim d(ap—1,a,) =0.

n—oo
Since h € Hy and {S,T} is a generalized Z-proximal contraction pair, we have
(2.1) 0 < ((d(hazny1, hazny2),d(az,, a2n11))

d(agn, aznt1) — d(hagn+1, hazpt2)

<
< d(agn,azn+1) — d(agn+1, a2n+2),

and hence

(2.2) d(agn+1,a2n+2) < d(agn, a2nt1)-
Similarly,

(2.3) d(azn, azn+1) < d(azn—1,azn).

From (2.2) and (2.3), it follows that d(an, an+1) < d(an—1,a,). This implies that the sequence
d(an—1,ay) is decreasing and so there is a d > 0 such that d(a,—1,a,) — d.
Using the property (1) of a simulation function and (2.1), we conclude that

d(haon1, hagni2) < d(az,, azni1), Vn € N.
From the above inequality and h € H4, we have

d(azn 11, a2nt2) < d(hagny1, hagny2) < d(azn, azni1), Vn e N.

Therefore, lim d(hagnt1, hag,to) = d.
Suppose tﬁﬁ“& > 0. Using the property ((2) of the simulation function, with p, =
d(hagn+1, hasni2) and g, = d(agy, azn+1), we obtain

0 < limsup {(d(hagn+1, hazn+2), d(a2n, aznt+1)) < 0,

n—oo

which is a contradiction. Thus, we conclude that d = 0.
Next, we show that {a,} is a Cauchy sequence. Since nli}rgo d(an—1,an) = 0, it suffices to
prove that the subsequence {ag,} of {ay} is Cauchy in Ap.
Assume, for contradiction, that there exists an € > 0 for which the subsequences {agm(k)}

and {agy)} satisfy n(k) > m(k) > k and

(24) d(a2m(/€)v a?n(k)) > €,
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where n(k) is the smallest integer with this property. Consequently,
(2.5) d(@om (k) Qon(k)—2) < €
Using (2.4),(2.5), and the triangle inequality, we derive
€ < d(agm(k)s Gon(k)) < d(@2m(k)> Q2n(k)—2) + A(Q2n(k)—25 Qoan(k)—1) + A(A2n(k)-15 C2n(k))
< e+ d(agnk)—2, Q2n(k)—1) T A(Q2n(k)—15 Qon(k))-

Taking the limit as k& — oo in the above inequality and using d(ay,—1,a,) — 0, we obtain

(2.6) lim d(agm(k), a2n(k))

k—o0

On the other hand,
d(a2m(k)> Q2n(k)) < A(A2m(k)s Qon(k)+1) + A(A2n(k)+15 2n(k));
which implies
2. < li .
( 7) € klﬁIgo d(a2m(k)a a2n(k)+1)
Similarly,
d(azm(k)> 2n(k)+1) < A(2m(k)> G2n(k)) + A(a2n(k)> G2n(k)+1)-
Taking the limit as k& — oo in the above inequality and applying (2.6), we get
. li <e.
(2.8) kglolo d(a2m(k)a a2n(k)+1) =€
From (2.7) and (2.8), we conclude

(2.9) lim d(agm(r), Gon(k)+1) = €

k—o0

Analogously, we can show

(2.10) im d(agm(k)+1> Gan(k)+2) = €

k—00

We may assume d(agm(x), @2n(k)+1) > 0 and d(agm(k)+1, G2n(k)+2) > 0 for all k& € N. Since
(S,T) is a generalized Z-proximal contraction pair and

(2.11) d(hagm(ky+1> Saam(k) = d(A, B),
d(hagn k)2, Tazn(k)+1) = d(A, B),

we obtain
0 < (d(hagmk)+1, haon(k)+2)s A(@2m k), Qon(k)+1))
< d(a2mk)s @2n(k)+1) — A(ha2m(k)1 1 Pa2n(k)12)-
By the above inequality and h € H4, we have
A(A2m (k) +1> Gan(k)+2) < A(ha2m k)41, Pagn(r)+2) < d(@2m(k), Gan(k)+1)-
Letting k — oo in the above inequality and using (2.9) and (2.10), we obtain

(2.12) Hm d(hagm )11, haon(k)+2) = €
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By wusing the property ({2) of simulation function, (2.9) and (2.12), with
Pk = d(hQZm(k)+la ha?n(k)—l—Q) and g = d(a2m(k)a a2n(/€)+1)7 we obtain

0 < limsup C(d(hGQm(k‘)-i-l? ha?n(k)+2)7 d(a2m(k)> a2n(k)+1)) <0,

k—o0
which is a contradiction. Thus, {a,} is a Cauchy sequence.
Since (X, d) is complete and Ay is closed, then Ay is complete and hence there exists a € Ay
such that a, — a. Moreover, by the continuity of h, we have ha, — ha, and thus ha € Ay,
since ha, € Ag for all n € N and Ay is closed.
On the other hand, since a € Ag and T(Ag) C By, there exists u € Ay such that
(2.13) d(u,Ta) = d(A, B).

Now, if u = ha,, for infinitely many n € N, then u = ha. Otherwise, assume u # ha,, for all

n € N. Additionally, there exists a subsequence {ag, )} of {a,} such that ag,;) # a, for all

keN.

By (2.11), (2.13), and since {S,T'} is a generalized Z-proximal contraction pair, we have
0< C(d(ua ha2n(k)+1)7 d(a7 a?n(k))) < d(aa a2n(k)) - d(u7 ha?n(k)+1)7

therefore
d(u, hagn(ry+1) < d(a, agnr)), Yk € N.

If & — oo, we obtain d(u, hag,x)+1) — 0, and hence ha = u. Thus, we have proved that
d(ha,Ta) = d(A, B). Similarly, we can prove d(ha, Sa) = d(A, B).
Therefore,

d(ha,Ta) = d(ha,Sa) = d(A, B).
To prove the uniqueness, let b # a be another point in Ay such that

d(hb, Sb) = d(hb, Tb) = d(A, B).
Since h € Hy and {S,T} is a generalized Z-proximal contraction pair, we have

0 < ¢(d(ha,hb),d(a,b))
< d(a,b) — d(ha, hd)

< d(a7 b) - d<a7 b) =0,

which is a contradiction.
Let us illustrate the above theorem with the following examples.

Ezample 2.7. Consider X = R with the usual metric d(z,y) = |x — y|. Let A = {-6,0,6} ,
B ={-4,-1,4} and ¢ = () be as in Example 1.5. Then, A and B are nonempty subsets of
X with d(A,B) =1, Ap = {0} and By = {—1}.
We define the mappings 5,7 : A — B by:

S(—6) =—-4, S0)=-1, S(6)=4, and T(a)=-1 Vaec A
It is immediate to see that S(Ap),T(Ao) C By. Also, if

d(u,Sx) =d(A,B) =1
d(v,Ty) =d(A,B) =1,



8 P. Lo’lo’, M. Shamsizadeh, M. R Heidari Tavani

then w = v =2 =0 and y € A. Therefore, {S,T} is a generalized Z-proximal contraction
pair. Let h: A — A be defined as h(a) = a. Then, it can be observed that Ay C h(Ap) and
h € Hu. Hence, all the conditions of Theorem 2.6 hold for this example, and clearly, 0 is the
common best proximity point of .S and T’

The following example shows that the condition Ay C h(Ap) is necessary and important,
and without it, the results of Theorem 2.6 may not hold.

Ezample 2.8. Let X = R be equipped with the Euclidean metric d(z,y) = |z — y| for all
xz,y € X, and let A ={1,2} and B = {3,4}. Define the operators S,T7: A — B as

S(1)=4, S(2)=3, T(1)=4, T(2)=3

It is obvious that d(A, B) =1, Ag = {2} and By = {3}. Also,

S(Ao) = S({2}) = {3} € Bo = {3} and T(Ag) = T({2}) = {3} C By.

It is easy to show that {.S,T'} is a generalized Z-proximal contraction pair, where the function
¢ = () is given in Example 1.5. If

d(u, Sz) =d(A,B) =1,
d(v,Ty) =d(A,B) =1,

we get u =v =x =y = 2, and thus {)(d(u,v),d(z,y)) > 0.

Now, suppose h(1) =2 and h(2) = 1. Then h € Hy but Ay € h(Ap).

Next, we show that the non-self mappings S and 7" do not have a common best proximity
point. Since

If a =1, then d(h(1),S(1)) = d(2,4) = 2 # d(A, B).

If a = 2, then d(h(2),5(2)) = d(1,3) =2 # d(A, B).

Therefore, all the conditions of Theorem 2.6 except Ay C h(Ap) hold, and thus S and T" do

not have a common best proximity point.

The following corollary is immediate consequence of above theorem by setting h as the
identity mapping on A.

Corollary 2.9. Let A and B be nonempty subsets of a complete metric space (X,d). More-
over, assume that Ag is nonempty and closed. Let also the non-self mappings S, T : A — B
satisfy the following conditions:

i) {S,T} is a generalized Z-prozimal contraction pair;
ii) T(Ao), S(Ap) C By.

Then the functions S and T have a unique common best proximity point.

From Theorem 2.6 with S = T, we obtain the following corollary, which is proved in the
Theorem 3.1 of [19].

Corollary 2.10. Let A and B be nonempty subsets of a complete metric space (X,d).
Moreover, assume that Ag is nonempty and closed. Let also that the mappings S : A — B
and h : A — A satisfy the following conditions:
i) h € Hy;
ii) S is a Z-prozimal contraction of the first kind;
iii) S(Ap) € By and Ao C h(Ap).



An optimal method for finding common solutions to variational inequality problems 9

Then there exists a unique point a € A such that d(ha,Sa) = d(A,B). Moreover, for
every ag € Ay there exists a sequence {a,} C A such that d(hany1,Sa,) = d(A, B), for all
n € NU{0} and a, — a.

We propose two common best proximity point theorems for generalized proximal con-
tractions and generalized Z-contractions, which can be considered as extensions of Theorem
2.6.

Theorem 2.11. Let A and B be nonempty subsets of a complete metric space (X, d). More-
over, assume that Agy is nonempty and closed. Let also that the mappings S, T : A — B, and
h: A — A satisfy the following conditions:
i) h e Hy,
ii) {S,T} is a generalized proxzimal contraction pair;
111) S(Ao),T(Ao) g Bo and AO Q h(A())
Then there exists a unique point a € A such that d(ha, Sa) = d(ha,Ta) = d(A, B).

Proof. If {S, T} is a generalized proximal contraction pair, then {S,T} is a generalized Z-
proximal contraction pair concerning the simulation function ¢ : [0, 00[x [0, co[— R defined
by C(p,q) = Aq —p, for all p,q € [0,00[ and A € [0, 1.

Theorem 2.12. Let A and B be nonempty subsets of a complete metric space (X, d). More-
over, assume that Agy is nonempty and closed. Let also that the mappings S, T : A — B, and
h: A — A satisfy the following conditions:

i) h e Hy,

ii) pair (A, B) has the P-property;

iii) {S,T} is a generalized Z-contraction pair;

iv) S(Ao),T(Aop) C By and Ay C h(Ap).
Then there exists a unique point a € A such that d(ha, Sa) = d(ha,Ta) = d(A, B).

Proof. If {S,T} is a generalized Z-contraction pair and (A, B) has the P-property then
{S,T} is a generalized Z-proximal contraction pair.

Let us illustrate the above theorem with the following examples.

Ezample 2.13. Consider X = R with the usual metric d(z,y) = |xr —y|. Let A ={0}U[1,2]
, B={3}UI4,5] and ((p,q) = %q — p. Then, A and B are nonempty subsets of X with
d(A,B) =1, Ap = {2} and By = {3}. Define the mappings 5,7 : A — B by S(z) = 3 and
T(x) = 3. Then, {S,T} is a generalized Z-contraction pair such that S(Ap),T(Ag) C By.
Let h : A — A be defined as h(a) = a. Then, it can be observed that Ay C h(Ap) and
h € Hy. Clearly, (A, B) has the P-property and then all the conditions of Theorem 2.12
hold for this example, and clearly, 2 is the common best proximity point of S and T.

The following example shows that the condition P-property in Theorem 2.12 can not
be relaxed to ensure the existence of a best proximity point for a non-self generalized Z-

contraction mapping.

Example 2.14. Fix R > 0 and r = %. Consider X = C with the Euclidean metric, A =
{Re:0< ¢p<2r}and B = {re””:0< ¢ <2n}. Then A, B are nonempty closed subsets
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of X with Ag = A, Bp = B and d(A, B) = %R. Clearly, (A, B) does not have a P-property,
because

d(R,7) = d(Re'2,re'?) = d(A, B) % d(R,Re'2) = d(r,re'?).
Consider the operators S,T : A — B by S(Re'?) = T(Re™®) = re'®t7) for all ¢ € [0, 27]
and h(a) = a, for all a € A. Then {S,T'} is a generalized Z-contraction pair with respect to
the simulation function ¢ : [0, 0o[x [0, co[— R defined by ((p, q) = Ag — p, for all p,q € [0, 00|
and A € [%,1[ with T((Ag), S(Ap) C By. Clearly, the pair {S,T} does not have a common

best proximity point.

3. VARIATIONAL INEQUALITY PROBLEMS

Let H be a real Hilbert space with inner product (.,.) and induced norm || . ||. Let
{Mj}JK:l be nonempty, closed and convex subsets of H with M = ﬂszl M; # 0. We discuss
a CSVIP (common solutions to variational inequality problem) as follows; see [3, 4, 5, 15].

problem 3.1. Find a* € M = ﬂj(:l M; # () such that
(3.1) (Fj(a*),a—a*) >0 forall ae€ M;,j=1,2,., K,

where {Fj}jK:1 : M; — M are given monotone operators (i.e., (Fj(a) — Fj(b),a — b) > 0 for
all a,b € M;,j=1,2,..., K).

If K =1, the CSVIP (3.1) reduces to the VIP ( classical variational inequality problem)[8].
In this part of the research, we assume K = 2. Denoting F} = f, F5 = g and the nonempty,

closed and convex subsets M7 and My by C' and @, respectively, we obtain the following
two-set CSVIP:

problem 3.2. Find a* € M; (| Ma # () such that
(f(a*),a—a*) >0 for all a € Mj,

and
(9(a*),a—a") >0 for all a € M.

A wide class of equilibrium problems arising in pure and applied sciences can be solved
using variational inequality theory [16]. We recall the metric projection Py; : H — M, a
crucial tool for analyzing VIP. It is known that for every a € H, there exists a unique nearest
point Pys(a) € M satisfying the condition

| a—Pua) <] a—0], for all b € M.

Next, we state the basic lemmas that play an essential role in establishing the existence of a
common solution for a variational inequality problem and the existence of a common fixed

point for certain mappings.

Lemma 3.3. Let c € H. Then, a € M satisfies the inequality
(a—c,d—a)y>0 forall de M

if and only if a = Pys(c).

Lemma 3.4. Let f:H — H be monotone. Then, a € M 1is a solution of

(f(a),b—a)>0 forall beM
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if and only if a = Pyr(a — afa), where o > 0.

Theorem 3.5. Let M be nonempty, closed and convex subsets of a real Hilbert space H, and
let monotone operators f,g : H — H be such that Py(I — af ), Py(I —ag) : M — M for
some o > 0. In addition, suppose that {Py(I —af), Py (I—ag)} is a generalized Z-proximal
contraction pair. Then, there exists a unique point a € M such that

(f(a),b—a)>0 and (g(a),b—a)>0 forall be M.
Proof. We define the operators S,7 : M — M by
Sz =Py(zr—af(x)) and Tz =Py(zr— ag(x)).
By lemma 3.4, a € M is a common solution of
(fla),b—a) >0 and (g(a),b—a)>0 forall be M,

or equivalently, a solution of problem 3.2 with My = Ms = M, if and only if « = Sa = Ta.
The pair {5, T} satisfies all the conditions of the Theorem 2.6 by putting A = B = M and

h = I. Therefore, Theorem 3.5 follows as a direct consequence of Theorem 2.6.

Example 3.6. Let our Hilbert space be H = R2, equipped with the standard inner product
defined by (z,y) = 2191 + T2y2 and the corresponding norm ||z| = \/(z, z).

Consider the set M = {x = (x1,22) € R? | ||z|| < 1}, which is the closed unit disk. This set
is closed, convex, bounded, and non-empty.

We define two monotone operators f,g: H — H by f(z) = x and g(x) = z. Note that these
are monotone because (f(z) — f(y),z —y) = ||z — y||> > 0, and similarly for g.

Next, we define the mappings S, T : H — M as follows:

S(x) = Pu(z — af(z)) = Pu((l - a)x)
T(x) = Pu(z —ag(z)) = Pu((1 - a)z)

where Py is the metric projection onto the set M, and « € (0, 1) is a constant.
For any € M, since M is convex and contains the origin, the point (1 — «)z also belongs
to M. Therefore, the projection onto M is the identity, yielding:

S)=(1—-a)r and T(z)=(1—- o)z

We now verify whether the pair {S,T'} is a generalized Z-proximal contraction pair with
respect to the simulation function (y : [0, 00) x [0,00) — R defined by:

Gp,q) =Ag—p, for A€ (0,1).
For any z,y € H, we have:
QUSE) =TWl Mz —yl) = Mz -yl =11 - a)z— 1 -a)yl
= Mz —yll-Q=a)llz -yl = llz—yll[(A-(1-a)).

If A\ >1—a, then A — (1 —«) > 0, and the value of () is non-negative. Hence, the condition
for a generalized Z-proximal contraction pair is satisfied.

Therefore, all assumptions of Theorem 3.5 are satisfied. We conclude that there exists a
unique point a € M such that:

(f(a),b—a)>0 and (g(a),b—a)>0 forallbe M.
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This point is the projection of the origin onto M. Given that M is the unit disk and the
origin is already inside M, the projection is a = 0. Substituting a = 0 into the inequalities
confirms the result, as (f(0),b) = (0,b) =0 > 0.

4. CONCLUSIONS

Fixed point theorems provide solutions to equations of the form Sa = a, where S is
self mapping. However, if S is a non-self mapping, there is no guarantee for the existence
of a solution. In such cases, best proximity point theorems offer approximate solutions to
nonlinear problems. The literature contains numerous works addressing the existence of best
proximity points for various types of non-self mappings. A more general extension of these
theorems, involving multiple non-self mappings, is known as common best proximity point
theorems which have been extensively investigated by researchers. In this work, we introduce
new concepts, including generalized Z-contraction pairs, generalized proximal contraction
pairs, and generalized Z- proximal contraction pairs for non-self mappings, using the notion
of a simulation function. We establish existence and uniqueness theorems for a common best
proximity point in a complete metric space. Additionally, we provide several illustrative
examples to validate our main result. Finally, we discuss the solvability of common solutions
to variational inequality problems in Hilbert spaces, further supporting our key findings.
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