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ABSTRACT

Let G be a connected graph with a distance matrix D.
The eigenvalues of D forms the distance spectrum or
D− spectrum of G. The transmission of a vertex v in
G is the sum of the distances from v to all other ver-
tices of G and T (G) is the diagonal matrix with trans-
mission of the vertices as diagonal entries. The dis-
tance Laplacian matrix is defined as DL(G) = T (G) −
D(G) and the normalized distance Laplacian matrix as

DL(G) = T (G)−1/2DL(G)T (G)−1/2. If ρL1 , ρ
L
2 , · · · , ρLn

are DL eigenvalues of a graph G, then the normal-
ized distance Laplacian energy is defined as DLE(G) =∑n

i=1 |ρLi − 1|. Let DLE(G− e) be the normalized dis-
tance Laplacian energy when an edge e from a graph G
is removed. In this paper we are analyzing the normal-
ized distance Laplacian energy change due to an edge
deletion.
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1. Introduction

The spectral analysis of graphs, an essential area of research in algebraic graph theory,

investigates the various spectra associated with graphs. A central problem in this field is

determining which graphs can be uniquely identified by their spectra.
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The normalized Laplacian matrix, introduced by Chung [1], plays a crucial role in various

applications, including random walks on graphs. The eigenvalues of the normalized Lapla-

cian matrix exhibit significant correlations with numerous graph invariants, surpassing the

capabilities of eigenvalues derived from other matrices, such as the adjacency matrix. Con-

sequently, computing the normalized Laplacian spectrum and formulating the normalized

characteristic polynomial for a given graph are fundamental tasks in spectral graph theory.

In a similar vein, Reinhart [23] introduced the normalized distance Laplacian matrix, ex-

ploring its properties and extending the framework of normalized Laplacian matrices. Given

the inherent difficulty in finding all the zeros of the characteristic polynomial for matrices of

order greater than four, the investigation of spectral properties of matrices associated with

graphs presents a challenging yet fascinating endeavor.

All the graphs G considering are simple and connected. Denote by D(G) the diag-

onal matrix of the vertex degrees of G called the degree matrix of G. The adjacency matrix

A(G) = [aij ], 1 ≤ i, j ≤ n is defined by aij = 1 if vi adjacent to vj and aij = 0 otherwise.

The normalized Laplacian matrix of a graph G is introduced in [1] as the square matrix with

rows and columns indexed by 1 ≤ i, j ≤ n of G, denoted as L(G). For any two vertices vi

and vj of G, the (i, j)th entry of L(G)

Lij(G) =


1 if vi = vj and dvi ̸= 0

−1√
dvidvj

if vi and vj are adjacent

0 otherwise

where dvi and dvj are the degrees of the vertices vi and vj respectively.

We can also write L(G) = D−1/2(G)L(G)D−1/2(G) = I−D−1/2(G)A(G)D−1/2(G)

where A(G), L(G) and D(G) are the adjacency matrix, Laplacian matrix and degree matrix

respectively of the graph G with the convention that D(G)−1(u, u) = 0 if du = 0. The eigen-

values of L(G) are called normalized Laplacian eigenvalues of G and forms the L- spectrum
of G. Two graphs are said to be L- co-spectral if they have the same L- spectrum. In [1]

Chung showed that L(G) is a positive definite symmetric matrix and all its eigenvalues lie

within the interval [0, 2] and 0 is always a normalized Laplacian eigenvalue of any graph G.

Some recent results on normalized Laplacian eigenvalues can be seen in [15],[16], [17], [18],

[19], [8].

The distance matrix D(G) of a graph G is defined so that its (i, j)th entry is

equal to d(vi, vj), the distance between the vertices vi and vj of G. The eigenvalues of D(G)

are said to be the D-eigenvalues of G. Transmission of a vertex v of G, Tr(v) is the sum

of the distances from v to all other vertices of G and the transmission matrix T (G) is the

diagonal matrix defined as T (G) = diag(Tr(v1), T r(v2)...., T r(vn)). The distance Laplacian

matrix is defined as DL(G) = T (G) − D(G). The normalized distance Laplacian matrix is

defined as in [23],

DL
ij(G) =

 1 if i = j
−d(vi,vj)√
Tr(vi)Tr(vj)

if i ̸= j

We can see that DL(G) = T (G)−1/2DL(G)T (G)−1/2. The eigenvalues of DL(G) are called

normalized distance Laplacian eigenvalues of G and form the DL-spectrum of G. Two graphs
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are said to be DL- cospectral if they have the same DL- spectrum. A graph G is said to be

a r-transmission regular if Tr(v) = r for all vertices v of G. If G is r-transmission regular,

then DL(G) = rI − D(G), DL(G) = T (G)−1/2(T (G) − D(G))T (G)−1/2 = I − D(G)
r . Some

recent results on normalized distance Laplacian eigenvalues are given in [13], [14], [12], [8].

If ρL1 , ρ
L
2 , · · · , ρLn are DL eigenvalues of a graph G, then the normalized distance Laplacian

energy is defined as

DLE(G) =
n∑

i=1

|ρLi − 1|

The singular values of a rectangular matrix M with complex entries, are defined to be the

square roots of the eigenvalues of the positive semi-definite matrix M∗M , where M∗ is the

conjugate transpose of M . From here on, we denote singular values of M by σi(M) for

i = 1, 2, ..., n.

Observation: The singular values of a real symmetric matrix M are the absolute values of

the eigenvalues of M .

Thus,

DLE(G) =
n∑

i=1

σi(DL − I)

Lemma 1.1. [10] Let A and B be square matrices of order n. Then,

n∑
i=1

σi(A+B) ≤
n∑

i=1

σi(A) +

n∑
i=1

σi(B)

Lemma 1.2. Let G and H be graphs of order n and M = DL(H)−DL(G), then

|DLE(H)−DLE(G)| ≤
n∑

i=1

σi(M)

Proof. Since I −DL(G) = M + I −DL(H), by Lemma 1.1,

n∑
i=1

σi(I −DL(G)) ≤
n∑

i=1

σi(M) +

n∑
i=1

σi(I −DL(H))

Hence DLE(G)−DLE(H) ≤
∑n

i=1 σi(M).

Similarly applying Lemma 1.1 to I −DL(H) = −M + I −DL(G), we have

n∑
i=1

σi(I −DL(H)) ≤
n∑

i=1

σi(−M) +
n∑

i=1

σi(I −DL(G))

Hence

DLE(H)−DLE(G) ≤
n∑

i=1

σi(−M) ≤
n∑

i=1

σi(M)

Thus completing the proof. □

In this paper, we are analyze how the normalized distance Laplacian energy of complete

graphs and complete multipartite graphs changes when an edge is deleted. A similar problem

for the distance energy was studied in [5], [4]. Deleting an edge may increase or decrease

the normalized distance Laplacian energy DLE. We also obtain some conditions for the

normalized distance Laplacian energy increases when an edge is deleted.
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2. DLE change in Kn due to an edge deletion

Theorem 2.1. [13] Let G be a graph of order n ≥ 2. Then DLE(G) ≥ 2 with equality if

and only if G has one positive D eigenvalue.

Theorem 2.2. For n ≥ 2, DLE(Kn − e) ≥ DLE(Kn) and |DLE(Kn − e) − DLE(Kn)| ≤
1.0117 for any edge e of Kn.

Proof. By [22], complete graphs Kn have a unique positive D eigenvalue. Thus theorem 2.1

implies DL(Kn − e) ≥ DL(Kn).

Consider the graph G = Kn and H = Kn − e for e = u1u2.

DL(Kn) =


1 −1

n−1
−1
n−1J1×(n−2)

−1
n−1 1 −1

n−1J1×(n−2)
−1
n−1J(n−2)×1

−1
n−1J(n−2)×1

−1
n−1(I − J) + I


When an edge e = u1u2 is deleted, TrKn−e(u1) = TrKn−e(u2) = n and TrKn−e(ui) = n− 1

for all other vertices.

Hence,

DL(Kn − e) =


1 −2

n
−1√
n(n−1)

J1×(n−2)

−2
n 1 −1√

n(n−1)
J1×(n−2)

−1√
n(n−1)

J(n−2)×1
−1√
n(n−1)

J(n−2)×1
−1
n−1(I − J) + I


Therefore

M = DL(Kn − e)−DL(Kn) =

 0 x Xt

x 0 Xt

X X 0(n−2)×(n−2)


where x =

(
−2
n + 1

n−1

)
and Xt =

(
1

n−1 − 1√
n(n−1)

)
J1×(n−2).

Since X has nonzero entry, rank(M) = 3 ;hence 0 is an eigenvalue of M with multiplicity

n− 3.

Let

 a

b

v

 be an eigenvector of M corresponding to an eigenvalue λ ̸= 0.

M

 a

b

v

 = λ

 a

b

v

 implies

bx+Xtv = λa(2.1)

ax+Xtv = λb(2.2)

aX + bX = λv(2.3)

Substituting v = a+b
λ X in (2.1) and (2.2), we have

a(
||X||2

λ
− λ) + b(x+

||X||2

λ
) = 0(2.4)

a(x+
||X||2

λ
) + b(

||X||2

λ
− λ) = 0(2.5)
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and solving these equations, we have

a[(x+
||X||2

λ
)2 − (λ− ||X||2

λ
)2] = 0

But, a = 0 implies

 a

b

v

 =

 0

0

0

.
Thus, we have the equation

λ3 − λ(x2 + 2||X||2)− 2x||X||2 = 0

which can be factored into

(λ+ x)(λ2 − λx− 2||X||2) = 0

whose solutions are λ1 = −x, λ2 =
x+

√
x2+8||X||2

2 and λ3 =
x−

√
x2+8||X||2

2 which are the

simple eigenvalues of M .

Since
√

x2 + 8||X||2 > |x|, λ2 ≥ 0 and λ3 ≤ 0.

|λ2|+ |λ3| =
x+

√
x2 + 8||X||2
2

−
x−

√
x2 + 8||X||2
2

=
√
x2 + 8||X||2

Therefore, |λ1(M)|+ |λ2(M)|+ |λ3(M)| = |x|+
√

x2 + 8||X||2.
Thus,

|DLE(Kn − e)−DLE(Kn)| ≤
n∑

i=1

σi(M) = λ1(M) + λ2(M) + λ3(M) = |x|+
√
x2 + 8||X||2

for x =
(
−2
n + 1

n−1

)
and Xt =

(
1

n−1 − 1√
n(n−1)

)
J1×(n−2).

For n ≥ 2, −2
n + 1

n−1 = 2−n
n(n−1) tends to 0 as n −→ ∞ and for n ≥ 3 the numerator 2 − n

grows linearly, but the denominator n2 − n grows quadratically, so maximum value of |x| is
at n = 3.

Therefore |x| ≤ 1
6 and x2 ≤ 1

36

Also, n−2
n−1 ≤ 1 and

(
1√
n−1

− 1√
n

)2
≤ (1− 1√

2
)2 ≈ 0.0858 implies ||X||2 = n−2

n−1(
1√
n−1

− 1√
n
)2 ≤

0.0858.

Hence

|DLE(Kn − e)−DLE(Kn)| ≤
1

6
+

√
1

36
+ .68624 ≈ 1.0117

□

3. DLE change in Kp,p,...,p due to an edge deletion

In this section, we can analyze how much the normalized distance Laplacian energy varies

when an edge is removed from the complete multipartite graph Kp,p,··· ,p.

The following result shows the connection between normalized distance Laplacian energy

and Distance energy for any graph G.

Theorem 3.1. [12] Let G be a graph of order n ≥ 2 and Trmin and Trmax be the minimum

and the maximum transmission of G, respectively. Then, DE(G)
Trmax

≤ DLE(G) ≤ DE(G)
Trmin
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Theorem 3.2. [5] Let G = Kp,p,...,p be the complete r-partite graph with r ≥ 3, p ≥ 2, and

e be any edge. Then the distance eigenvalues of H = Kp,p,...,p − e are:

• −2 with multiplicity (p− 1)r − 2,

• p− 2 with multiplicity r − 3,

• and the roots xi (i = 1, 2, 3, 4, 5) of the following polynomial:

f1(x) = g1(x)h1(x)

where g1(x) = x2 + (−p + 5)x − 3p + 7 and h1(x) = x3 + (−pr − 2p + 5)x2 + (p2r − 3pr +

p2 − 6p+ 5)x+ p2r − pr + p2 − 3p− 2

Lemma 3.3. [5] Let x3, x4, x5 be the roots of h1(x) with p ≥ 2, r ≥ 3. Then h1(x) has

exactly one negative root and two positive roots, that is:

x3 < 0 < x4 ≤ x5.

Lemma 3.4. [5] If p = 2, r ≥ 3, then:

x3 < −1.

Theorem 3.5. For r ≥ 3, DLE(K2,2,...,2 − e) > DLE(K2,2,...,2) and |DLE(Kp,p,...,p) −
DLE(Kp,p,...,p − e)| ≤ 0.4235 for any edge e of Kp,p,...,p

Proof. We have,

DE(K2,2,...,2) = 4r and DLE(K2,2,...,2) = 2

K2,2,...,2 − e have more than one positive D eigenvalue.

Hence,

DLE(K2,2,...,2 − e) > 2 and DLE(K2,2,...,2 − e) > DLE(K2,2,...,2)

Let {u1, u2, · · · , up}, {v1, v2, · · · , vp}, · · · , {w1, w2, ..., wp} be the r partite sets of Kp,p,··· ,p

and e = upv1. Let us partition the vertex set of Kp,p,...,p into 5 sets as follows. V1 =

{u1, u2, · · · , up−1}, V2 = {up}, V3 = {v1}, V4 = {v2, · · · , vp} and V5 be all other vertices of

Kp,p,··· ,p. For Kp,p,··· ,p − upv1, Tr(v) = p(r − 1) + 2(p − 1) for all v ̸= up, v1 and Tr(v) =

p(r − 2) + 3(p− 1) + 2 for v = up or v1.

Let α = p(r − 1) + 2(p− 1), β = p(r − 2) + 3(p− 1) + 2 = α + 1 and hence the normalized

distance Laplacian matrix of Kp,p,...,p and Kp,p,...,p − e is given by

DL(Kp,p,...,p) =



−2(J−I)
α + I −2

α Jp−1×1
−1
α Jp−1×1

−1
α Jp−1×p−1

−1
α Jp−1×(r−2)p

−2
α J1×p−1 1 −1

α
−1
α J −1

α J
−1
α J1×p−1

−1
α 1 −2

α
−1
α J

−1
α Jp−1×p−1

−1
α J −2

α J 2(J−I)
α + I −1

α J
−1
α J(r−2)p×p−1

−1
α J −1

α J −1
α J 2(J−I)

α + I


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DL(Kp,p,...,p − e) =

−2(J−I)
α

+ I −2√
α(α+1)

Jp−1×1
−1√

α(α+1)
Jp−1×1

−1
α
Jp−1×p−1

−1
α
Jp−1×(r−2)p

−2√
α(α+1)

J1×p−1 1 −2
α+1

−1√
α(α+1)

J −1√
α(α+1)

J

−1√
α(α+1)

J1×p−1
−2
α+1

1 −2√
α(α+1)

−1√
α(α+1)

J

−1
α
Jp−1×p−1

−1√
α(α+1)

J −2√
α(α+1)

J −2(J−I)
α

+ I −1
α
J

−1
α
J(r−2)p×p−1

−1√
α(α+1)

J −1√
α(α+1)

J −1
α
J −2(J−I)

α
+ I


N = DL(Kp,p,...,p − e)−DL(Kp,p,...,p)

=


0p−1×p−1 2Y Y 0p−1×p−1 0p−1×(r−2)p

2Y t 0 y Y t Zt

Y t y 0 2Y t Zt

0p−1×p−1 Y 2Y 0p−1×p−1 0p−1×(r−2)p

0(r−2)p×p−1 Z Z 0(r−2)p×p−1 0(r−2)p×(r−2)p


where y =

(
−2
α+1 + 1

α

)
, Y =

(
−1√

α(α+1)
+ 1

α

)
Jp−1×1 and Z = ( −1√

α(α+1)
+ 1

α)J(r−2)p×1.

Since Y has nonzero entry, rank(N) = 4; hence 0 is an eigenvalue of N with multiplicity

rp− 4.

For µ ̸= 0, M


u

a

b

v

w

 = µ


u

a

b

v

w

 where u, v and w are respectively p − 1 × 1, p − 1 × 1 and

(r − 2)p× 1 vectors gives the following equations,

2aY + bY = µu(3.1)

2Y tu+ by + Y tv+ Ztw = µa(3.2)

Y tu+ ay + 2Y tv+ Ztw = µb(3.3)

aY + 2bY = µv(3.4)

aZ + bZ = µw(3.5)

Substituting u = 2a+b
µ Y , v = (a+2b)

µ Y and w = a+b
µ Z in equations (3.2) and (3.3) gives a

four degree equation in µ whose solutions are eigenvalues of N .

µ4 − µ2[y2 + 2(5||Y ||2 + ||Z||2)]− µ[2y(4||Y ||2 + ||Z||2)] + ||Y ||2(9||Y ||2 + 2||Z||2) = 0

This fourth degree equation can be factorised into [µ2 + yµ − ||Y ||2][µ2 − yµ − (9||Y ||2 +
2||Z||2)] = 0.

The solutions of the equation [µ2 + yµ− ||Y ||2] = 0 are

µ =
−y ±

√
y2 + 4||Y ||2
2

Similarly, the solutions of the equation [µ2 − yµ− (9||Y ||2 + 2||Z||2)] = 0 are

µ =
y ±

√
y2 + 4(9||Y ||2 + 2||Z||2)

2
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|y| <
√

y2 + 4||Y ||2 implies the roots µ1 > 0 andµ2 < 0

Hence, |µ1|+ |µ2| = µ1 − µ2 =
√

y2 + 4||Y ||2

Similarly, for the solutions µ3 and µ4 of [µ2 − yλ − (9||Y ||2 + 2||Z||2)] = 0, |µ3| + |µ4| =√
y2 + 4(9||Y ||2 + 2||Z||2).

Hence,

|µ1|+ |µ2|+ |µ3|+ |µ4| =
√

y2 + 4||Y ||2 +
√
y2 + 4(9|Y ||2 + 2||Z||2)

Now, we have, α = p(r − 1) + 2(p− 1), β = α+ 1.

p ≥ 2 and r ≥ 2 implies α ≥ 4 and β ≥ 5.

y =
−2

(α+ 1)
+

1

α
implies y2 = (

−2

(α+ 1)
+

1

α
)2 ≤ (

3

20
)2 ≈ 0.0225

The expression p−1
α decreases as p and r increase, and the highest value occurs when both p

and r are at their minimum allowed values. Thus, p−1
α ≤ 1/4. Also, ( 1√

α
− 1√

α+1
)2 decreases

as α increases and thus ( 1√
α
− 1√

α+1
)2 = (

√
α+1−

√
α√

α+1
√
α
)2 = 1

[
√
α+1+

√
α]2α(α+1)

has maximum

value at α = 4.

(
1√
α
− 1√

α+ 1
)2 ≤ 1

[
√
5 +

√
4]220

≈ 0.00279

||Y ||2 = (p− 1)(
−1√
αβ

+
1

α
)2 =

p− 1

α
(

√
α+ 1−

√
α√

(α+ 1)α
)2 ≤ 1

4
0.00279

The expression p(r−2)
α approaches 1 for large r, but for smaller values of p and r, the expression

remains below 1.

||Z||2 = p(r − 2)(
−1√
αβ

+
1

α
)2 =

p(r − 2)

α
(

√
α+ 1−

√
α√

(α+ 1)α
)2 ≤ 0.00279

Hence,

|DL
E(Kp,p,...,p) − DL

E(Kp,p,...,p − e)| ≤
√
0.0225 + 0.00279 +

√
0.0225 + 4[

9

4
0.00279 + 2(0.00279)] ≈ 0.4235

□

4. DLE change in Kp,p,p+1 due to an edge deletion

For the graph Kp,p,p+1, there are two possible scenarios for edge deletion. We begin by

examining the case where the endpoints of the deleted edge belong to two vertex subsets of

equal cardinality.

Theorem 4.1. |DLE(Kp,p,p+1)−DLE(Kp,p,p+1 − upv1)| ≤ 0.241056 where the endpoints of

the deleted edge e in Kp,p,p+1 belong to the partite sets of equal cardinality.

Proof. Let {u1, u2, ..., up}, {v1, v2, ..., vp} and {w1, w2, ..., wp+1} be the partite sets of Kp,p,p+1

and without loss of generality let e = upv1. By partitioning the vertex set of Kp,p,p+1

into 5 sets, U1 = {u1, u2, ..., up−1}, U2 = {up}, U3 = {v1}, U4 = {v2, ..., vp} and U5 =

{w1, w2, ..., wp+1}. For Kp,p,p+1 − upv1, Tr(v) = 4p− 1 for all v ∈ U1, U4 and Tr(v) = 4p for

v ∈ U2, U3, U5.

Thus the normalized distance Laplacian matrix of Kp,p,p+1 and Kp,p,p+1 − upv1 is given by
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DL(Kp,p,p+1) =

−2(J−I)
4p−1 + I −2

4p−1Jp−1×1
−1

4p−1Jp−1×1
−1

4p−1Jp−1×p−1
−1√

4p(4p−1)
Jp−1×(p+1)

−2
4p−1J 1 −1

4p−1
−1

4p−1J
−1√

4p(4p−1)
J

−1
4p−1J

−1
4p−1 1 −2

4p−1
−1√

4p(4p−1)
J

−1
4p−1J

−1
4p−1J

−2
4p−1J

−2(J−I)
4p−1 + I −1√

4p(4p−1)
J

−1√
4p(4p−1)

J −1√
4p(4p−1)

J −1√
4p(4p−1)

J −1√
4p(4p−1)

J −2(J−I)
4p + I


DL(Kp,p,p+1 − upv1) =

−2(J−I)
4p−1 + I −2√

4p(4p−1)
Jp−1×1

−1√
4p(4p−1)

Jp−1×1
−1

4p−1Jp−1×p−1
−1√

4p(4p−1)
Jp−1×(p+1)

−2√
4p(4p−1)

J 1 −2
4p

−1√
4p(4p−1)

J −1
4p J

−1√
4p(4p−1)

J −2
4p 1 −2√

4p(4p−1)

−1
4p J

−1
4p−1J

−1√
4p(4p−1)

J −2√
4p(4p−1)

J −2(J−I)
4p−1 + I −1√

4p(4p−1)
J

−1√
4p(4p−1)

J −1
4p J

−1
4p J

−1√
4p(4p−1)

J −2(J−I)
4p + I


Hence M ′ = DL(Kp,p,p+1 − upv1)−DL(Kp,p,p+1)

=


0p−1×p−1 2X ′ X ′ 0p−1×p−1 0p−1×p+1

2X ′t 0 x′ X ′t Y ′t

X ′t x′ 0 2X ′t Y ′t

0p−1×p−1 X ′ 2X ′ 0p−1×p−1 0p−1×p+1

0p+1×p−1 Y ′ Y ′ 0p+1×p−1 0p+1×p+1


where x′ = −2

4p +
1

4p−1 ,X
′ = ( −1√

4p(4p−1)
+ 1

4p−1)Jp−1×1 and Y ′ = (−1
4p +

1√
4p(4p−1)

)Jp+1×1. Since

the matrix M ′ here is similar to the difference of normalized distance Laplacian matrices of

Kp,p,...,p and Kp,p,·,p−e. Thus, the spectrum of M ′ contains the eigenvalue 0 with multiplicity

3p− 3 and the remaining four eigenvalues, each with multiplicity 1, are given by:

η1, η2 =
−x′ ±

√
x′2 + 4∥X ′∥2
2

and η3, η4 =
x′ ±

√
x′2 + 4(9∥X ′∥2 + 2∥Y ′∥2)

2
.

We have,

|η1|+ |η2|+ |η3|+ |η4| =
√
x′2 + 4||X ′||2 +

√
x′2 + 4(9||X ′||2 + 2||Y ′||2)

where

x′ =
−2

4p
+

1

4p− 1
, X ′ = (

−1√
4p(4p− 1)

+
1

4p− 1
)Jp−1×1 and Y ′ = (

−1

4p
+

1√
4p(4p− 1)

)Jp+1×1

Now, we have, x′ = −2
4p+

1
4p−1 ,X

′ = ( −1√
4p(4p−1)

+ 1
4p−1)Jp−1×1 and Y ′ = (−1

4p+
1√

4p(4p−1)
)Jp+1×1.

p−1
4p−1 ≤ 1

4 as p tends to ∞ and −1√
4p(4p−1)

+ 1
4p−1 ≤ 0.023 implies

|x′| ≤ 3

28



58 G. Indulal and Jinu Mary Jameson

||X ′||2 = (p− 1)(
−1√

4p(4p− 1)
+

1

4p− 1
)2 ≤ 1

4
(0.023)2 ≈ 0.000132

||Y ′||2 = (p+ 1)(
−1

4p
+

1√
4p(4p− 1)

)2 ≤ p+ 1

4p
(
−1

4p
+

1√
4p− 1

)2 ≤ 1

4
(0.023)2 ≈ 0.000132

|DLE(Kp,p,p+1)−DLE(Kp,p,p+1 − upv1)| ≤
n∑

i=1

σi(M)

= η1(M
′) + η2(M

′) + η3(M
′) + η4(M

′)

=
√
x′2 + 4∥X ′∥2 +

√
x′2 + 4(9∥X ′∥2 + 2∥Y ′∥2)

≤ 0.241056

□

Next, let us consider the case where the two endpoints of the deleted edge e belong to two

vertex subsets with different cardinalities.

Theorem 4.2.

|DLE(Kp,p,p+1)−DLE(Kp,p,p+1 − viwj)| ≤
√

z2 + 2(A−B) +
√
z2 + 2(A+B)

where the endpoints vi and wj of the deleted edge belong to vertex partite sets with different

cardinalities,

A = ||P ||2+||Q||2+||R||2+||S||2+||T ||2+||W ||2 and B = QtP+T tS+W tR+P tQ+StT+RtW

for

P = ( −1√
4p(4p−1)

+ 1
4p−1)Jp×1

Q = ( −1√
(4p−1)(4p+1)

+ 1√
4p(4p−1)

)Jp×1

R = (−1
4p + 1√

4p(4p−1)
)Jp×1

S = ( −2√
4p(4p−1)

+ 2
4p−1)Jp−1×1

T = ( −1√
(4p−1)(4p+1)

+ 1√
4p(4p−1)

)Jp−1×1

W = ( −2√
4p(4p+1)

+ 2
4p)Jp×1

z = −2√
4p(4p+1)

+ 1√
4p(4p−1)

Proof. Consider the graph Kp,p,p+1 with V (Kp,p,p+1) = V1 ∪ V2 ∪ V3 ∪ V4 ∪ V5 and p ≥ 2,

where

U ′
1 = {u1, u2, . . . , up}, U ′

2 = {v1, v2, · · · , vp−1} U ′
3 = {vp}, U ′

4 = {w1} U ′
5 = {w2, . . . , wp+1}.

Let vp and w1 be the end vertices of the edge e. In Kp,p,p+1, Tr(v) = 4p−1 for v ∈ U ′
1, U

′
2, U

′
3

and Tr(v) = 4p for v ∈ U ′
4, U

′
5. Also, In Kp,p,p+1 − vpw1, Tr(v) = 4p − 1 for v ∈ U ′

1, U
′
2,

Tr(v) = 4p for v ∈ U ′
3, U

′
5 and Tr(v) = 4p+ 1 for v ∈ U ′

4.

Hence the normalized distance Laplacian matrix of Kp,p,p+1 and Kp,p,p+1 − vpw1 is given by
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DL(Kp,p,p+1) =



−2(J−I)
4p−1 + I −1

4p−1Jp×p−1
−1

4p−1Jp×1
−1√

4p(4p−1)
Jp×1

−1√
4p(4p−1)

Jp×p

−1
4p−1Jp−1×p

−2(J−I)
4p−1 + I −2

4p−1J
−1√

4p(4p−1)
J −1√

4p(4p−1)
J

−1
4p−1J1×p

−2
4p−1J 1 −1√

4p(4p−1)

−1√
4p(4p−1)

J

−1√
4p(4p−1)

J1×p
−1√

4p(4p−1)
J −1√

4p(4p−1)
1 −2

4p J

−1√
4p(4p−1)

Jp×p
−1√

4p(4p−1)
J −1√

4p(4p−1)
J −2

4p J
−2(J−I)

4p + I


DL(Kp,p,p+1 − vpw1) =

−2(J−I)
4p−1 + I −1

4p−1Jp×p−1
−1√

4p(4p−1)
Jp×1

−1√
(4p−1)(4p+1)

Jp×1
−1√

4p(4p−1)
Jp×p

−1
4p−1J

−2(J−I)
4p−1 + I −2√

4p(4p−1)
J −1√

(4p−1)(4p+1)
J −1√

4p(4p−1)
J

−1√
4p(4p−1)

J −2√
4p(4p−1)

J 1 −2√
4p(4p+1)

−1
4p J

−1√
(4p−1)(4p+1)

J −1√
(4p−1)(4p+1)

J −2√
4p(4p+1)

1 −2√
4p(4p+1)

J

−1√
4p(4p−1)

J −1√
4p(4p−1)

J −1
4p J

−2√
4p(4p+1)

J −2(J−I)
4p + I


Hence

N ′ = DL(Kp,p,p+1 − vpw1)−DL(Kp,p,p+1)

=


0p×p 0p×p−1 Pp×1 Qp×1 0p×p

0p−1×p 0p−1×p−1 Sp−1×1 Tp−1×1 0p−1×p

P t St 0 z Rt

Qt T t z 0 W t

0p×p 0p×p−1 Rp×1 Wp×1 0p×p


where

P = ( −1√
4p(4p−1)

+ 1
4p−1)Jp×1

Q = ( −1√
(4p−1)(4p+1)

+ 1√
4p(4p−1)

)Jp×1

R = (−1
4p + 1√

4p(4p−1)
)Jp×1

S = ( −2√
4p(4p−1)

+ 2
4p−1)Jp−1×1

T = ( −1√
(4p−1)(4p+1)

+ 1√
4p(4p−1)

)Jp−1×1

W = ( −2√
4p(4p+1)

+ 2
4p)Jp×1

z = −2√
4p(4p+1)

+ 1√
4p(4p−1)

Since rank(N ′) = 4, 0 is an eigenvalue of N ′ with multiplicity 3p− 3.

For ν ̸= 0, N ′


u

v

a

b

w

 = ν


u

v

a

b

w

 where u, v and w are respectively p× 1, p− 1× 1 and p× 1
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vectors gives the following equations,

aP + bQ = νu(4.1)

aS + bT = νv(4.2)

P tu+ Stv+ zb+Rtw = νa(4.3)

Qtu+ T tv+ za+W Tw = νb(4.4)

aR+ bW = νw(4.5)

Substituting u = aP+bQ
ν , v = aS+bT

ν and w = aR+bW
ν in equations (4.3) and (4.4), we have

a(||P ||2 + ||S||2 + ||R||2 − ν2) + b(P tQ+ StT + νz +RtW ) = 0

a(QtP + T tS + νz +W tR) + b(||Q||2 + ||T ||2 + ||W ||2 − ν2) = 0

Therefore a ̸= 0 gives a four degree equation in ν whose solutions are eigenvalues of N ′.

ν4−ν2[||P ||2+||Q||2+||R||2+||S||2+||T ||2+||W ||2+z2]−νz[QtP+T tS+W tR+P tQ+T tS+RtW ]

+[(||P ||2+||Q||2+||R||2)(||Q||2+||T ||2+||W ||2)−(QtP+T tS+W tR)(P tQ+StT+RtW )] = 0

This fourth degree equation can be factorised into

[ν2 + zν − A−B

2
][ν2 − zν − A+B

2
] = 0

where A = ||P ||2 + ||Q||2 + ||R||2 + ||S||2 + ||T ||2 + ||W ||2 and B = QtP + T tS + W tR +

P tQ+ StT +RtW .

The solutions of the equation ν2 + zν − A−B
2 = 0 is

−z ±
√

z2 + 2(A−B)

2

Similarly, the solutions of the equation ν2 − zν − A+B
2 = 0 are

z ±
√

z2 + 2(A+B)

2

A−B ≥ 0 and A+B ≥ 0 implies | − z| ≤ |
√
z2 + 2(A−B)| and |z| ≤ |

√
z2 + 2(A+B).

Hence ν1 =
−z+

√
z2+2(A−B)

2 ≤ 0, ν2 =
−z−

√
z2+2(A−B)

2 ≥ 0, ν3 =
z+
√

z2+2(A+B)

2 ≤ 0 and

ν4 =
z−
√

z2+2(A+B)

2 ≥ 0.

Therefore

|ν1|+ |ν2|+ |ν3|+ |ν4| =
√
z2 + 2(A−B) +

√
z2 + 2(A+B)

|DLE(Kp,p,p+1)−DLE(Kp,p,p+1 − viwj)| ≤
∑n

i=1 σi(N
′)

= |ν1(N ′)|+ |ν2(N ′)|+ |ν3(N ′)|+ |ν4(N ′)|
=

√
z2 + 2(A−B) +

√
z2 + 2(A+B)

□

5. DLE change in Km,n due to an edge deletion

Theorem 5.1. Consider the graph Km,n and e be any edge.Then,
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|DLE(Km,n − e)−DLE(Km,n)|

≤
√
z′2 + 2[(θ1 − γ1)2||P ′||2 + (θ2 − γ2)2||Q′||2]+

√
z′2 + 2[(θ1 + γ1)2||P ′||2 + (θ2 + γ2)2||Q′||2]

where

α′ = n+ 2(m− 1) β′ = m+ 2(n− 1)

P ′ = J(m−1)×1 Q′ = J(n−1)×1

θ1 =
−2√

α′(α′ + 2)
+

2

α′ γ1 =
−1√

α′(β′ + 2)
+

1√
α′β′

θ2 =
−1√

(α′ + 2)β′
+

1√
α′β′ γ2 =

−2√
β′(β′ + 2)

+
2

β′

and z′ = −3√
(α′+2)(β′+2)

+ 1√
α′β′ .

Proof. Let {u1, u2, ..., um}, {v1, v2, ..., vn} be the 2 partite sets of Km,n and e = umv1. Par-

tition the vertex set of Km,n into 4 sets, W1 = {u1, u2, ..., um−1}, W2 = {um}, W3 = {v1}
and W4 = {v2, ..., vn}. In Km,n, Tr(v) = n + 2(m − 1)) for all v ∈ W1

⋃
W2 and Tr(v) =

m + 2(n − 1)) for all v ∈ W3
⋃
W4. For Km,n − e, transmission changes for um and v1.

Tr(um) = n + 2m and Tr(v1) = 2n + m. Let α′ = n + 2(m − 1), β′ = m + 2(n − 1) and

hence the normalized distance Laplacian matrix of Km,n and Km,n − e is given by

DL(Km,n) =


2(J−I)

α′ + I −2
α′ Jm−1×1

−1√
α′β′Jm−1×1

−1√
α′β′Jm−1×n−1

−2
α′ J 1 −1√

α′β′
−1√
α′β′J

−1√
α′β′J

−1√
α′β′ 1 −2

β′ J
−1√
α′β′J

−1√
α′β′J

−2
β′ J

2(J−I)
β′ + I



DL(Km,n − e) =



2(J−I)
α′ + I −2√

α′(α′+2)
Jm−1×1

−1√
α′(β′+2)

Jm−1×1
−1√
α′β′Jm−1×n−1

−2√
α′(α′+2)

J 1 −3√
(α′+2)(β′+2)

−1√
(α′+2)β′J

−1√
α′(β′+2)

J −3√
(α′+2)(β′+2)

1 −2√
β′(β′+2)

J

−1√
α′β′J

−1√
(α′+2)β′J

−2√
β′(β′+2)

J 2(J−I)
β′ + I


Hence M ′′ = DL(Km,n − e)−DL(Km,n) =

=


0m−1×m−1 θ1P

′ γ1P
′ 0

θ1P
′t 0 z′ θ2Q

′t

γ1P
′t z′ 0 γ2Q

′t

0 θ2Q
′ γ2Q

′ 0


where θ1 =

−2√
α′(α′+2)

+ 2
α′ , γ1 =

−1√
α′(β′+2)

+ 1√
α′β′ , θ

′
2 =

−1√
(α′+2)β′+

1√
α′β′ , γ2 =

−2√
β′(β′+2)

+ 2
β′ ,

P ′ = Jm−1×1, Q
′ = Jn−1×1 and z′ = −3√

(α′+2)(β′+2)
+ 1√

α′β′ .

Since θ1 ̸= θ2 and γ1 ̸= γ2, rank(M) = 4 and hence 0 is an eigenvalue of M with multiplicity

mn− 4.

For ζ ̸= 0, M ′′


u

a

b

v

 = ζ


u

a

b

v

 where a, b are scalars and u, v are respectively m − 1 × 1,
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n− 1× 1 vectors gives the following equations,

θ1aP
′ + γ1bP

′ = ζu(5.1)

θ1P
′tu+ bz′ + θ2Q

′tv = ζa(5.2)

γ1P
′tu+ az′ + γ2Q

′tv = ζb(5.3)

θ2aQ
′ + γ2bQ

′ = ζv(5.4)

Substituting u = θ1a+γ1b
ζ P ′, v = θ2a+γ2b

ζ Q′ in equations 5.2 and 5.3 gives the equation

a(
θ21||P ′||2

ζ
+

θ22||Q′||2

ζ
− ζ) + b(z′ +

θ1γ1||P ′||2

ζ
+

θ2γ2||Q′||2

ζ
) = 0

a(z′ +
θ1γ1||P ′||2

ζ
+

θ2γ2||Q′||2

ζ
) + b(

γ21 ||P ′||2

ζ
+

γ22 ||Q′||2

ζ
− ζ) = 0

Solving we will have a four degree equation in ζ

ζ4 − ζ2[z′2 + (θ21 + γ21)∥P ′∥2 + (θ22 + γ22)∥Q′∥2]

− 2ζz′[θ1γ1∥P ′∥2 + θ2γ2∥Q′∥2] + ∥P ′∥2∥Q′∥2(θ1γ2 − θ2γ1)
2 = 0

This can be factored into(
ζ2 + ζz′ − 1

2
[(θ1 − γ1)

2∥P ′∥2 + (θ2 − γ2)
2∥Q′∥2]

)
×

(
ζ2 − ζz′ − 1

2
[(θ1 + γ1)

2∥P ′∥2 + (θ2 + γ2)
2∥Q′∥2]

)
= 0

whose solutions are

ζ1 =
−z′ +

√
z′2 + 2[(θ1 − γ1)2|P ′|2 + (θ2 − γ2)2|Q′|2]

2
,

ζ2 =
−z′ −

√
z′2 + 2[(θ1 − γ1)2|P ′|2 + (θ2 − γ2)2|Q′|2]

2
,

ζ3 =
z′ +

√
z′2 + 2[(θ1 + γ1)2|P ′|2 + (θ2 + γ2)2|Q′|2]

2
,

ζ4 =
z′ −

√
z′2 + 2[(θ1 + γ1)2|P ′|2 + (θ2 + γ2)2|Q′|2]

2
,

Consider the factor (ζ2 + ζz′ − 1
2 [(θ1 − γ1)

2||P ′||2 + (θ2 − γ2)
2||Q′||2]) whose solutions are

−z′ ±
√
z′2 + 2[(θ1 − γ1)2||P ′||2 + (θ2 − γ2)2||Q′||2]

2

Since
√
z′2 + 2[(θ1 − γ1)2||P ′||2 + (θ2 − γ2)2||Q′||2] ≥ z′, we have

ζ1 =
−z′ +

√
z′2 + 2[(θ1 − γ1)2||P ′||2 + (θ2 − γ2)2||Q′||2]

2
≥ 0

ζ2 =
−z′ −

√
z′2 + 2[(θ1 − γ1)2||P ′||2 + (θ2 − γ2)2||Q′||2]

2
≤ 0

Therefore, |ζ1|+ |ζ2| =
√

z′2 + 2[(θ1 − γ1)2||P ′||2 + (θ2 − γ2)2||Q′||2].
Similarly considering the factor (ζ2 − ζz′ − 1

2 [(θ1 + γ1)
2||P ′||2 + (θ2 + γ2)

2||Q′||2]) whose

solutions are
z′ ±

√
z′2 + 2[(θ1 + γ1)2||P ′||2 + (θ2 + γ2)2||Q′||2]

2
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Since
√

z′2 + 2[(θ1 + γ1)2||P ′||2 + (θ2 + γ2)2||Q′||2] ≥ z′, we have

ζ3 =
−z′ +

√
z′2 + 2[(θ1 + γ1)2||P ′||2 + (θ2 + γ2)2||Q′||2]

2
≥ 0

ζ4 =
−z′ −

√
z′2 + 2[(θ1 + γ1)2||P ′||2 + (θ2 + γ2)2||Q′||2]

2
≤ 0

Therefore, |ζ3|+ |ζ4| =
√

z′2 + 2[(θ1 + γ1)2||P ′||2 + (θ2 + γ2)2||Q′||2].

|DLE(Km,n)−DLE(Km,n − e)| ≤ |ζ1|+ |ζ2|+ |ζ3|+ |ζ4|

=
√

z′2 + 2[(θ1 − γ1)2∥P ′∥2 + (θ2 − γ2)2∥Q′∥2]

+
√

z′2 + 2[(θ1 + γ1)2∥P ′∥2 + (θ2 + γ2)2∥Q′∥2]

where α′ = n+2(m−1), β′ = m+2(n−1), θ1 =
−2√

α′(α′+2)
+ 2

α′ , γ1 =
−1√

α′(β′+2)
+ 1√

α′β′ , θ2 =

−1√
(α′+2)β′ +

1√
α′β′ , γ2 =

−2√
β′(β′+2)

+ 2
β′ , P ′ = Jm−1×1, Q

′ = Jn−1×1 and z′ = −3√
(α′+2)(β′+2)

+

1√
α′β′ .

□

6. Conclusions

In this study, we investigated how the normalized distance Laplacian energy changed by

the deletion of an edge from Kn, Kp,p,...,p, Kp,p,p+1, and Km,n. Our findings suggest that the

DL-energy can either increase or decrease as a result of edge deletion. A similar analysis can

be applied to the general case of Kn1,n2,...,nk
.
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