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Let G be a connected graph with a distance matrix D.
The eigenvalues of D forms the distance spectrum or
D— spectrum of G. The transmission of a vertex v in
G is the sum of the distances from v to all other ver-
tices of G and T'(G) is the diagonal matrix with trans-
mission of the vertices as diagonal entries. The dis-
tance Laplacian matrix is defined as D(G) = T(G) —
D(G) and the normalized distance Laplacian matrix as
DY(G) = T(G)PDHGT(G) 2 If pf, 5, 0%
are DF eigenvalues of a graph G, then the normal-
ized distance Laplacian energy is defined as D*E(G) =
S0 |pF —1|. Let DXE(G — e) be the normalized dis-
tance Laplacian energy when an edge e from a graph G
is removed. In this paper we are analyzing the normal-
ized distance Laplacian energy change due to an edge
deletion.

1. INTRODUCTION

The spectral analysis of graphs, an essential area of research in algebraic graph theory,

investigates the various spectra associated with graphs. A central problem in this field is

determining which graphs can be uniquely identified by their spectra.
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The normalized Laplacian matrix, introduced by Chung [1], plays a crucial role in various
applications, including random walks on graphs. The eigenvalues of the normalized Lapla-
cian matrix exhibit significant correlations with numerous graph invariants, surpassing the
capabilities of eigenvalues derived from other matrices, such as the adjacency matrix. Con-
sequently, computing the normalized Laplacian spectrum and formulating the normalized
characteristic polynomial for a given graph are fundamental tasks in spectral graph theory.

In a similar vein, Reinhart [23] introduced the normalized distance Laplacian matrix, ex-
ploring its properties and extending the framework of normalized Laplacian matrices. Given
the inherent difficulty in finding all the zeros of the characteristic polynomial for matrices of
order greater than four, the investigation of spectral properties of matrices associated with

graphs presents a challenging yet fascinating endeavor.

All the graphs G considering are simple and connected. Denote by D(G) the diag-
onal matrix of the vertex degrees of GG called the degree matrix of G. The adjacency matrix
A(G) = [ai;], 1 < 4,5 < nis defined by a;; = 1 if v; adjacent to v; and a;; = 0 otherwise.
The normalized Laplacian matrix of a graph G is introduced in [1] as the square matrix with
rows and columns indexed by 1 < i,j < n of G, denoted as L(G). For any two vertices v;
and v; of G, the (i, )" entry of L(G)

1 if v; = vj and d,,;, # 0
Li;(G) = d;.l T if v; and v; are adjacent
0 otherwise

where d,; and d,; are the degrees of the vertices v; and v; respectively.

We can also write £(G) = D~Y2(G)L(G)D~'/2(G) = I-D~Y?(G)A(G)D~'/2(@)
where A(G), L(G) and D(G) are the adjacency matrix, Laplacian matrix and degree matrix
respectively of the graph G with the convention that D(G)~!(u,u) = 0 if d, = 0. The eigen-
values of L(G) are called normalized Laplacian eigenvalues of G and forms the £- spectrum
of G. Two graphs are said to be £- co-spectral if they have the same L£- spectrum. In [1]
Chung showed that £(G) is a positive definite symmetric matrix and all its eigenvalues lie
within the interval [0, 2] and 0 is always a normalized Laplacian eigenvalue of any graph G.
Some recent results on normalized Laplacian eigenvalues can be seen in [15],[16], [17], [18],
191, [8].

The distance matrix D(G) of a graph G is defined so that its (i) entry is
equal to d(v;,v;), the distance between the vertices v; and v; of G. The eigenvalues of D(G)
are said to be the D-eigenvalues of G. Transmission of a vertex v of G, Tr(v) is the sum
of the distances from v to all other vertices of G and the transmission matrix 7'(G) is the
diagonal matrix defined as T(G) = diag(Tr(v1),Tr(ve)....,Tr(vy,)). The distance Laplacian
matrix is defined as D*(G) = T(G) — D(G). The normalized distance Laplacian matrix is
defined as in [23],

1 if 5 = j

D.E.(G) = —d(v05) e
1) 7 f

Tr(vi)Tr(vj) e 7& J

We can see that DX(G) = T(G)~Y2DL(G)T(G)~'/2. The eigenvalues of D*(G) are called
normalized distance Laplacian eigenvalues of G and form the D*-spectrum of G. Two graphs
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are said to be D- cospectral if they have the same D%- spectrum. A graph G is said to be
a r-transmission regular if Tr(v) = r for all vertices v of G. If G is r-transmission regular,
then DE(G) = rI — D(G), DE(G) = T(G) YAT(G) — D(G)T(G) /2 = T — P Some
recent results on normalized distance Laplacian eigenvalues are given in [13], [14], [12], [8].

If pf, pg, -+, p~ are D* eigenvalues of a graph G, then the normalized distance Laplacian

energy is defined as
DE(G) =) |pf -1
i=1

The singular values of a rectangular matrix M with complex entries, are defined to be the
square roots of the eigenvalues of the positive semi-definite matrix M* M, where M™* is the
conjugate transpose of M. From here on, we denote singular values of M by o;(M) for
i=1,2,...,n.

Observation: The singular values of a real symmetric matrix M are the absolute values of
the eigenvalues of M.

Thus,

DFE(G) = Zn: oi(DF = 1)

i=1

Lemma 1.1. [10] Let A and B be square matrices of order n. Then,

n n

Y 0i(A+B) <Y ai(A)+ > oi(B)

=1 =1 i=1

Lemma 1.2. Let G and H be graphs of order n and M = D*(H) — D*(G), then

IDFE(H) - D*E(G)| < zn: oi(M)
=1

Proof. Since I — D*(G) = M + I — D*(H), by Lemma 1.1,
n

> oI -DHG)) <Y oi(M)+ ) oi(I — DE(H))
=1 =1 i=1

Hence DXE(G) — DE(H) < 31, 0i(M).
Similarly applying Lemma 1.1 to I — D*(H) = —M + I — D*(G), we have

n n

S oI - DEH)) < Y oi(—M) + 3 oi(I - DE(@))
=1

i=1 i=1

Hence
n

DYE(H) — D E(G) < En: oi(—M) <> ai(M)
=1 =1

Thus completing the proof. O

In this paper, we are analyze how the normalized distance Laplacian energy of complete
graphs and complete multipartite graphs changes when an edge is deleted. A similar problem
for the distance energy was studied in [5], [4]. Deleting an edge may increase or decrease
the normalized distance Laplacian energy D*E. We also obtain some conditions for the

normalized distance Laplacian energy increases when an edge is deleted.
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2. DXE CHANGE IN K,, DUE TO AN EDGE DELETION

Theorem 2.1. [13] Let G be a graph of order n > 2. Then D*E(G) > 2 with equality if

and only if G has one positive D eigenvalue.

Theorem 2.2. Forn > 2, D*E(K, —¢) > D*E(K,) and |D*E(K, —¢) — D*E(K,)| <
1.0117 for any edge e of K,.

Proof. By [22], complete graphs K, have a unique positive D eigenvalue. Thus theorem 2.1
implies D (K, — e) > D*(K,).
Consider the graph G = K,, and H = K,, — e for e = uqus.

1 = ot ix(n-2)
L _ _
D (Hn) = T 1 1 1x(n-2)
i< ardm-2x rll(f J)+1
When an edge e = ujug is deleted, Trg, —c(u1) = Trg, —e(ug) =n and Trg, —(u;)) =n —1
for all other vertices.
Hence,
—2 -1
1 - D) 1x(n-2)
Lorr oy — -2 -1
D (Kn 6) 1 P 1 1 \/nl(ni—ljlx(n_z)
znfl) (n—2)x1 nznil)J(n—2)><1 U =J)+1
Therefore
0 =« Xt
M =D*K,—e)—D“(K,)=| = 0 Xt
X X Om-2)x(n-2)
where x = (%2 =+ ﬁ> and X! = (nil - n(;_l)) Jix(n-2)-

Since X has nonzero entry, rank(M) = 3 ;hence 0 is an eigenvalue of M with multiplicity
n— 3.

Let | b | be an eigenvector of M corresponding to an eigenvalue A # 0.

M [ implies

(2.1) br+ X'v = Aa
(2.2) ar +X'v = b
(2.3) aX+bX = v
Substituting v = %X in (2.1) and (2.2), we have
[P 29

(2.4) o2 ) fpe+ 20— g
X112 X112 _
(2.5) a(z + 3 —) +b(—— 3 -A) =0
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and solving these equations, we have

|1 X]? |1 X?
al(e + X0y XDy g
a 0
But, a =0 implies | b | = | 0
v 0

Thus, we have the equation
N = Aa® + 2| X %) - 22(|X]|* =
which can be factored into

A+ 2)(N2 = Xz —2||X|?) =

T z2+8|| X2
2

: + z—+/22+8|| X |2
whose solutions are A\ = —z, Ay = %

and A3 = which are the

simple eigenvalues of M.

Since \/x2 + 8| X2 > |x|, A2 >0 and A3 <O0.
z+/2? + 8[| X[[* 332+8X2
o+ agf = TV HBIRIE 22 vE SR e

Therefore, [\ (M)| + [A2(M)[ + [A3(M)| = || 4 /22 +8!|X||2-
Thus,

|D*E(K, —e) — D*E(K |<Zaz = A (M) + Xo(M) 4+ X3(M) = |z| + /22 + 8||X||2

for o = (324 5y) and X0 = (L - n(i”)) -

For n > 2, %2 + ﬁ = n(2n ) tends to 0 as n — oo and for n > 3 the numerator 2 — n
grows linearly, but the denominator n? — n grows quadratically, so maximum value of |z| is
at n = 3.
Therefore |z| < & and 22 < &
2
Also, =2 < 1 and ( o %) < (1— )2 ~ 0.0858 implies || X||2 = 222( L — L)? <
0.0858.
Hence
1 1
|IDFE(K, —e) — DFE(K,)| < st \/% + .68624 ~ 1.0117
O

3. DXE CHANGE IN K, , DUE TO AN EDGE DELETION

In this section, we can analyze how much the normalized distance Laplacian energy varies
when an edge is removed from the complete multipartite graph K, ... p.
The following result shows the connection between normalized distance Laplacian energy
and Distance energy for any graph G.

Theorem 3.1. [12] Let G be a graph of order n > 2 and T'r i and TT e, be the minimum
and the mazximum transmission of G, respectively. Then, ?fii) <DFE(G) < DEG)

Tmin
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Theorem 3.2. [5| Let G = K, ., be the complete r-partite graph with r > 3, p > 2, and

e be any edge. Then the distance eigenvalues of H = K, ., — e are:

o —2 with multiplicity (p — 1)r — 2,
o p — 2 with multiplicity r — 3,
e and the roots z; (i =1,2,3,4,5) of the following polynomial:

fi(@) = gi(x)hi(x)

where g1(z) = 22 + (=p+5)x — 3p+ 7 and hi(z) = 23 + (—pr — 2p + 5)2 + (p?r — 3pr +
p? —6p+5)x + p?r —pr +p? —3p —2

Lemma 3.3. [5] Let x3, 24,25 be the roots of hi(x) with p > 2, r > 3. Then hi(z) has

exactly one negative root and two positive roots, that is:

T3 <0< x4 <x5.

Lemma 3.4. [5] If p=2, r > 3, then:

r3 < —1.

Theorem 3.5. For r > 3, D*E(Kzs o —€) > DFE(Kas, o) and |DE(Kpp,. p) —
DﬁE(Kp%m,p —e)] <0.4235 for any edge e of Kpp . p

Proof. We have,
DE(Kas, 2) = 4r and DFE(Kys, 9) = 2

K35 .2 — e have more than one positive D eigenvalue.

Hence,

Let {ui,u2, - ,up}, {v1,v2, -+ ,vp}, -+, {wi,we,...,wp} be the r partite sets of K, ...,
and e = wuyvy. Let us partition the vertex set of K, , into 5 sets as follows. Vi =
{ui,ug, - ,up—1}, Vo ={up}, V3 = {v1}, Va = {v2,--- ,v,} and V5 be all other vertices of
Kpp...p. For Kp, ..., —upvy, Tr(v) = p(r —1) +2(p — 1) for all v # up, vy and Tr(v) =
p(r—2)+3(p—1)+2 for v =u, or vy.

Let a=p(r—1)+2(p—1), 8=p(r—2)+3(p—1)+2 =+ 1 and hence the normalized
distance Laplacian matrix of K, ) ., and K, , ,— e is given by

~ y +1 = Jp-1x1 %prlxl = Ip—1xp—1 _Fl‘]p—lx(r—Q)p
%JIXp—l 1 —71 —?1J _Flj
D (Kpp.p) = | ZJ1xp-1 =1 1 = Ly
I S SR e B
N e = D41
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DL(KP,p ,,,,, p—€)=

—2 1

Since Y has nonzero entry, rank(N

rp — 4.

(
(3.
(3.
(3.
(3.
(3.

Substituting u = Q‘IT%Y, v =

four degree equation in u whose solutions are eigenvalues of .
pt =iy 2050 Y (2 + 11 2] ))

This fourth degree equation can be factorised into [u? + yu — ||[Y||?][u? — yu —

2/|1Z|[)] =0

The solutions of the equation [u? + yu —

Similarly, the solutions of the equation [p? — yu —

—1

$ < oo g

r — 2)p x 1 vectors gives the following equations,

2aY +bY

2Ytu + by + Yiv + Z'w
Yiu+ ay + 2Y'v + Z'w
aY + 20bY

aZ +bZ

(a+2b) _ a+b
e Y and w = " A

=2(J=1) +1 \/ﬁjp—lxl \/ﬁJp—lxl %Jp—lxp—l %prlx(rfﬁp 1
—2 -2 —1
\/a(a+1)J1Xp 1 1 o+l «/oz(oz+1)J \/Oz(oc+1)
—1 —2 —2 e S
\a(a+1) J1><p ! a+l 1 \ a(a+1) a+1)
-1 —1 —2 —2(J=1) =1
o Jrt Ve Ve o o
1 —1 —1 -1 —2(J—1)
J(r72 pxp—1 v a(a+1) J a(a+1) J o J @ +1 _
L
e) = D*(Kpp,...p)
Op—lXp—l 2Y Y Op—l xp—1 Op71><(7'72)p
2yt 0y vt 7t
yt y 0 2Y'! A
Opflxpfl Yy 2Y Opflxpfl 0p—1><(7"—2)p
L Or—2pxp-1 2 Z Op—2pxp-1 Or—2)px(r—2)p

i) Jp—1x1 and Z = (

) = 4; hence 0 is an eigenvalue of N with multiplicity

= uu
= ua
= ub
= uv

:IU’W

[[Y]?] = 0 are

Y YR HAY?
o 2

_ =1

in equations (3.2) and (3.3

_y VY HA0IY]R +2)1Z]]7)

2

55

where u, v and w are respectively p— 1 x 1, p—1 x 1 and

) gives a

= pl2y@IY 1P+ 11212 + IYIPOIY I+ 21Z]]%) = 0

O] +

(OIY][2 +2[1Z][*)] = 0 are
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lyl < Vy2 + 4]|Y||? implies the roots 1 > 0 andus < 0

Hence, |p1| + |p2| = p1 — p2 = /y? + 4||Y[|?

Similarly, for the solutions pg and pg of [? — yXA — (9|Y |2 + 2||Z]|>)] = O, |us| + |pa| =
VY2 + 401V + 2]1Z]2).

Hence,

|| + o] + lua] + [l = Vo2 + 4V ]2+ V2 +40)Y |2 + 2] Z] )
Now, we have, a =p(r—1)+2(p—1), =a+ 1.
p>2and r > 2 implies a > 4 and § > 5.

-2 1 -2 1 3
- ~ implies 4% = (——— < ~ 0.0225
Yy (a+1)+a1mplesy (( Y ) (20)
The expression 21 decreases as p and r increase, and the highest value occurs when both p

and r are at thelr minimum allowed values. Thus, 2= L <1/4. Also, (

as « increases and thus (T — \/O}T) (Vj%f)

decreases
- )
has maximum

[\/W+\/a2a(a+1)

value at oo = 4. ) ) )
_ 2 < ~ 0.00279
(\/a \/oz-i-l) VB +V/4]220

|Y||2=(p—1)(\/_ai/8~l—;)2=p;1 ”O‘(J;Jr_l)\/a) 3000279

approaches 1 for large r, but for smaller values of p and r, the expression

p()

The expression
remains below 1.
—-1 1 Va+1—y/a,
1212 = p(r — 2 (= + L2 = P =2
vaf o« o (a+1a

)2 < 0.00279

Hence,

9
ID“E(Kpp,....p) — D E(Kpp,...p —€)| < 0.0225 + 0.00279 + \/0.0225 +4[70.00279 + 2(0.00279)] & 0.4235

4. D*E CHANGE IN K, 41 DUE TO AN EDGE DELETION

For the graph K, ,+1, there are two possible scenarios for edge deletion. We begin by
examining the case where the endpoints of the deleted edge belong to two vertex subsets of
equal cardinality.

Theorem 4.1. |[DE(K,p+1) — DFE(Kpppi1 — upv1)| < 0.241056 where the endpoints of
the deleted edge e in K, 41 belong to the partite sets of equal cardinality.

Proof. Let {u, ua, ..., up}, {v1,v2,...,vp} and {w1, wo, ..., wpy1} be the partite sets of K, , p11
and without loss of generality let e = w,vi. By partitioning the vertex set of K, p+1
into 5 sets, Uy = {w,ug,....,up—1}, Uz = {up}, Us = {v1}, Us = {va,...,vp} and Us =
{w1,ws, ..., wpi1}. For Kpppi1 —upvy, Tr(v) =4p—1 for all v € Uy, Uy and T'r(v) = 4p for
v e Uy, Us, Us.

Thus the normalized distance Laplacian matrix of K, 41 and Kp 41 — upv1 is given by
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Dﬁ(Kp,pmH) =
r —2(J-1) —2 -1 -1 1 q
dp—1 +1 4p—1Jp—lxl 4p—1Jp—1x1 4p—1Jp—lxp 1 Vap(ap—1) Jp—1X(p+1)
-2 —1 -1 —1
4p—1 J 1 4p—1 4p—1 J /4p(4p—1) J
-1 -1 -2 -1
4p—1 J 4p—1 1 4p—1 /4p(4p—1) J
-1 —1 -2 —2(J-1I) —1
4p—1J 4p—1‘] 4p—1J 4p—1 +1 /4p(4p_1)J
-1 —1 —1 —1 —2(J—=1I)
J J J J —— 41
L \/4p(4p—1) V4p(4p—1) V4p(4p—1) V4p(4p—1) 4p -
DE(Kp,p,pH — upv1) =
T 2D 2 g Sy -1 S 7
4p—1 Vaptp—1) P ipapy P dp=TYem eml Gyt e X (k)
—2_J 1 = —L =J
V4p(4p-1) p v 4p(4p-1) 4p
—1 J— -2 1 —2 ;1J
V/4p(4p—1) p /ap(dp—1) dp
=1 -1 -2 —2(J-1) 1
w1/ V/4p(dp—1) J 4p(4p—1) 1 1 V/4p(4p—1) J
I —1 -1 S —2(J-1)
L /4p(4p—1) J Y 7 /4p(4p—1) J i J
Hence M’ = D*(Kpppi1 — upv1) — DX (Kpppi1)
[ 0p—1><p—1 2X’ X' 0p—1><p—1 Op—lxp+1 |
2X/t 0 ZL'/ X/t Y/t
— X/t Jfl 0 2X/t Y/t
Opflxpfl X/ 2X/ Opflxpfl Op71><p+1
| Optixp—1 Y'Y Oprixp-1 Opyixptn i
/=2 1 I _ —1 1 /(=1 1 :
where 2/ = TR X' = (\/4p(4p71)+4p_1){]p_1><1 and Y’ = (4p + 4p(4p71))!]p+1><1' Since

the matrix M’ here is similar to the difference of normalized distance Laplacian matrices of
Kpp..pand Ky, ,—e. Thus, the spectrum of M’ contains the eigenvalue 0 with multiplicity
3p — 3 and the remaining four eigenvalues, each with multiplicity 1, are given by:

' 4 4| X"||? o'+ /o + 4091 X[ + 2[[Y7]%)

; and 13,71 = ; .

-z +

m,mn2 =
We have,

[l =+ [nal + 03] + [nal = /a7 + 41 X2 + /& + (9] X[]2 + 2]|Y7]]?)

where
-2 1 1 -1 1
=S4 X' = + Jpixiand Y = (— 4 —o ) J
dp 4p—1 dp(4p—1) 4p— 1) poixd (4P 4p(4p — 1)) P
-1 -1 1

Now, we have, 2’ = Z%""Tl—l’ X' = +4p1_1)Jp—1><1 and Y’ = ( Y Ipt1x1-

T v/ 4p(4p—1)

4p(4p—1)

—1
V/4p(4p—1)

p—1 <

=1 = % as p tends to co and

+ o7 < 0.023 implies

3
/<7
1< 55



58 G. Indulal and Jinu Mary Jameson

-1 1
X'NPP=(p—-1 + ~(0.023)% ~ 0.000132
[ X7 = (p— 1)( oy D) 4p—1) 4( )2
-1 1 p+1 —1 1 1
Y =(p+1)(— + 2 < — 4+ ——— )2 < 2(0.023)% ~ 0.000132

n
’DEE(Kp,p,pH) - DLE<Kp,p,p+1 - upvl)] < ZUi(M)
i=1

=m(M') + (M) + n3(M") 4+ na(M’)
= Vo2 + 4| X712 + /22 + 4(9]| X2 + 2[[Y7]]2)
< 0.241056

Next, let us consider the case where the two endpoints of the deleted edge e belong to two
vertex subsets with different cardinalities.

Theorem 4.2.

’DEE(Kp,p,erl) - DEE(Kp,p,pH —vwj)] < V22 +2(A - B) + /22 +2(A + B)

where the endpoints v; and w; of the deleted edge belong to vertex partite sets with different
cardinalities,

A = [|P|2+IQIP+IIRIP+IISIP+HIT|2+|W|? and B = Q' P+T!S+W'R+P'Q+S'T+R'W
for

1
VAp(4p—1) T a-1) S

(

(\/(417 1)(4p+1) T \/4p(11 _1))Jpxl
(T+W) x1
(
(
(—(—=2—

\/‘ﬁ + 4p2,1)<]p71><1
—1 4 1 )J 1x1
\/(4p 1)(4p+1 Vap(dp—1)/ TP

\/m i)

1
\/4p 4p+1 + \/4p (4p—1)

=8 w3 O v
|

Proof. Consider the graph K, , 41 with V(K,,p+1) = ViU Vo U V3 UV, U Vs and p > 2,

where

U{:{ul,uQ,...,up}, U2 {v1, 02, -+, Up— 1} U3 {”p} Ui:{wl} Ué,:{w%'--awpﬂ}-

Let v, and wy be the end vertices of the edge e. In K, p, p11, Tr(v) = 4p—1for v € Uy, U3, Uy
and Tr(v) = 4p for v € U}, U;. Also, In Kpppt1 — vpwi, Tr(v) = 4p — 1 for v € Uj, U,
Tr(v) =4p for v € UL, UL and Tr(v) = 4p + 1 for v € Uj.

Hence the normalized distance Laplacian matrix of K, ,+1 and Kp 11 — vpwy is given by



DL E change due to edge deletion

r—2(J—1 _ _ _ _
4;_1 L1 et dpxp-1 gy Jpxi \/ﬁjpﬂ \/ﬁjpw
;1J _2(‘]_1) _|_I =2 *71J *71{]
Ap—17P=1xp 4p—1 4p—1 V/4p(4p—1) V/4p(4p—1)
-1 ) -1 -1
DX Epppir) = | =1 w1’ ! VD Ve
-1 -1 -1 —2
—J J 1 —=J
Vapap—1) " P Japap-1) V/4p(4p-1) 2(J4p])
-1 —1 -1 —2 —2(J—
L 4p(4p—1)Jpo \/4p(4p—l)J \/4p(4p—1)J 4p J o T I
Dﬁ(Kp,p,pH —vpwi) =
- —2(J-1) 1 -1 —1 —1
-1 T I 4p—1Jpo71 \/4p(4p71)<]pXl (4p71)(4p+1)JpX1 \/4p(4p71)Jpo
=1 g —Q(J—I)+I =2 g 1 g -1 g
4p—1 4p—1 V4p(4p—1) V/ (4p—1)(4p+1) 4p(4p—1)
-1 ) ) -1
S R S—— 1 =2 —Lly
v/ 4p(4p—1) v/4p(4p—1) v/ 4p(4p+1) p
-1 —1 —2 —2
J J 1
V@Ep—1)(Ap+1) " /(4p—1)(4p+1) V/4p(4p+1) 4p(4p+1)
S A — — 2 ——2_J =20 4 g
L Vap(4p-1) V4p(4p—1) p VA4p(4p+1) p i
Hence
N = DL(Kp,p,z&l - Upwl) - Dp* (KPxP»PJrl)
Opxp Opxp—1 Py Qpx1 Opxp
Op—1xp Op—ixp—1 Sp—1x1 Tp—1x1 Op—1xp
= pt S* 0 z R
Qt Tt z 0 wt
OPXP Opxpfl RP><1 prl OPXP
where ) .
P = (\/m + 4p—1)JPX1
_ —1 1
@ = (4p—1)(4p+1) * \/4p(4p71))JpX1
=1 1
Bo= » T \/41)(41?—1))(]‘1)Xl
5 = (\/412?4210*1) 4p2_1)Jp_1X1
T = =1 L Ty
(\/(4p—1)(4p+1) * \/4p(4p—1)> p-lixd
_ —2 2
W= Ip(dpt1) +ip)Joxt
z = L

For v #0, N’

=V

S o 9o < g
S oo < ¢

=)
v/ 4p(4p+1) + 4p(4p—1)

Since rank(N') =4, 0 is an eigenvalue of N’ with multiplicity 3p — 3.
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where u, v and w are respectively px 1, p—1x 1 and p x 1
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vectors gives the following equations,

(4.1) aP+bQ = vu
(4.2) aS+bI = vv
(4.3) Plu+S'v+zb+ R'w = va

(4.4) Qu+Tv+za+Wrw = vb

(4.5) aR+ bW = vw

aR+bW
v

aP+bQ aS+bT
v v

Substituting u = , V= and w = in equations (4.3) and (4.4), we have

a(||P|)? + ||S|* + ||R||> = v*) + b(P'Q + S'T + vz + R'W) =0
a(Q'P+T'S +vz+W'R) +b(||Q|> + [|T|> + [[W|]* —v*) =0

Therefore a # 0 gives a four degree equation in v whose solutions are eigenvalues of N’.

v V(|| PIPHQIP I RIP+||S| P+ T+ W[ * 42 —v2[Q P+ TS+ W' R+P' Q+T' S+R'W]
HUIPIPHIQIPHIRIPUQIP TP +WIP) — (QP+T S+W!R)(P'Q+S'T+R'W)] = 0
This fourth degree equation can be factorised into

A_B][y2—zy—A+B

2+ 2v — ]=0

where A = ||P||2 + ||Q||?> + ||R||? + ||S||*> + ||T||*> + |[W]||? and B = Q'P + T'S + W'R +
P'Q + S'T + R'W.

The solutions of the equation v? + zv — A_TB =0is

—z+ /22 +2(A-B)

2 _ A+B
2

Similarly, the solutions of the equation v* — zv =0 are

z++/224+2(A+ B)
2

A—B>0and A+ B > 0 implies | — z| < |y/22+2(A — B)| and |z| < |\/22 + 2(A+ B).
Honce vy = HETOT o, | o TR L, e /ERO g
vy = Z—\/z2—|2-2(A+B) Z 0

Therefore

1|+ [va| + [vs] + |va| = /2% + 2(A — B) + /22 + 2(A + B)
DA E(Kpppr1) = DEE(Kpppr1 —viwy)| < 37, 0i(N')
= [N + [r2(N")] + |v3(N')| 4 [va(N)]
= 22+2(A-B)+/22+2(A+ B)

5. DXE CHANGE IN K, » DUE TO AN EDGE DELETION

Theorem 5.1. Consider the graph K, , and e be any edge.Then,
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|DEE(Kpp — €) — DEE(Kimn)|

< V1200~ 2P+ (02— 2PN QTE+V/Z2 4 20601 + 102 [[PT + (B2 + 22) 2 QTP

where
o =n+2(m—1) B =m+2(n-—1)
P' = Jim—1)x1 Q' = Jm-1)x1
-2 2 -1 1
91 =7 ) "= + TR7
J@+2) a Ja (B +2) VB
-1 1 -2 2
92 = + 12! 72 - + i[
Vi +2)8" Vo'B VBB +2) B

nd = e TV

Proof. Let {uy,us, ..., um}, {v1,v2,...,vn} be the 2 partite sets of K,, and e = u,,v;. Par-
tition the vertex set of K, ,, into 4 sets, W1 = {u1,ug, ..., um—1}, Wo = {un}, W3 = {vi}
and Wy = {vg,...,vn}. In Ky py, Tr(v) = n+2(m — 1)) for all v € Wi Wy and Tr(v) =
m + 2(n — 1)) for all v € W3|JWy. For K, , — e, transmission changes for u,, and v.
Tr(um) =n+2m and Tr(v1) =2n+m. Let o/ =n+2(m—1), /' =m+2(n—1) and
hence the normalized distance Laplacian matrix of K, , and K, , — e is given by

Oé,

n ) . .
LA+ 2inoa Zgdnoixa T Imeixnmt

_9 1 o
o 1 - =L
DL(Km,n) = fl J 1 \/0175 \/347[3{]
L ol
\/TB“] o/ B’ J W‘] B + 1
r 2(J-1I) -2 -1 1 -
o + I \/mt]mflxl \/ma]mflxl \/WJWL71><TL71
2y | s g
DE(K o 6) _ o/(o{/-‘rQ) ; (a’+2)(ﬁ’+2) \/(O/'gw
o — J = 1 =2 g
\/m (o/+2)(B'+2) B'(B'+2)
-1 7 ) S | =2 g 2(J—1) 7
Vo NCETOT Ty - _

Hence M" = D*(Kppn — €) — D (Kpp) =

Om—1xm-1 6P mP" 0
elplt 0 Z/ QQQIt
11 P -4 0 7Q"

0 6 Q" 0

— 2 2 — —1 1 /o —1 1 — —2 2
where 01 == a/(a,+2)+a/7 71 /70/(5/—1—2)—’_ ek 92 ,7(0/—1—2)Bl+ ik Y2 /75,(5/4_2)"_5/7
/ 3 1

/ _ ! —
P - Jm—1><17 Q — Jn—1x1 a‘nd Z = \/(O/-"-Q)(ﬁ/-‘r?) + \/TBI

Since 01 # 03 and y1 # 72, rank(M) = 4 and hence 0 is an eigenvalue of M with multiplicity

mn — 4.

For ¢ # 0, M" =

where a, b are scalars and u, v are respectively m — 1 x 1,

4 >~ o g
4 >~ o g
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n — 1 x 1 vectors gives the following equations,

(5.1) 01aP’ +ybP' = (u
(5.2) 61 P"u + b2 +0,Q"v = (a
(5.3) P4 aZ +7Qw = (b
(5.4) 02aQ" +72bQ" = (v

Substituting u = WP’ ,V = MQ’ in equations 5.2 and 5.3 gives the equation

GUPIP | GBIIQI onllPIP | OallQI”

b(z/ =
o= : O+ b+ = ¢ =0
L OmllPNP | QNP RPN BIRP
ale + = T ) N+ )=0

Solving we will have a four degree equation in ¢
¢H=CEP 0T DIP? + (03 +22) Q1)
= 2 O [1P|1? + 6292 | Q'] + | P2 QI (6172 — 0271) = 0
This can be factored into

(6246 = 316 = PIP'I2+ (02— 101

(€= ¢ = 510+ PP+ Bt P IQIP) =0

whose solutions are

o = VT AO = PTG = QT
(= VAU - 1 IPP+ G~ QT
= 24 /22 4+ 2[(6 + 71);|P/2 + (6, +72)2\Q/]2]’
= VIO WP+ @ QT

Consider the factor (¢2 + (2’ — 3[(61 — v1)?||P'||* + (62 — 72)?||Q’||*]) whose solutions are

—2 £ /22 + 2[00 — n)?[[P']12 + (02 — 72)21Q17]
2

Since /2”2 + 2{[(01 — 7)?[[P'[[? + (02 — 72)?|Q']]?] = 2', we have

—2' + /2% +2[(01 — )2 [IP[12 + (62 — 72) 211 Q']%]

G = 5 >0
=2 =22+ 2[00 — 2P| + (02 — 12)?]|Q'| ]
G2 = 5 <0

Therefore, |C1] + |¢2| = /2™ + 2[(01 — 3)?[[P'[[> + (62 — 72)2[|Q[[?].
Similarly considering the factor (¢(? — (2" — 1[(61 + 7)?||P'|]* + (62 + 72)2||Q’||*]) whose

solutions are

£ V2 + 2[00 + )2 (1P + (62 +42)*1Q']]
2
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Since /22 + 2[(01 + 71)2[| P[] + (02 + 72)?[|Q'|]2] > 2/, we have
—2 + /22 + 2[00+ n)?(IPIP + (62 +)?NI QP

(3= 5
=2 =22+ 2[00 + )2 PP + (02 4+ 12)?]| Q'] ]
G4 = 5 <0

Therefore, G| + [Ca] = /22 + 201 + 2P + (B + 72 2|1,
IDXE(Knpn) — DEE(Kmn — )| < |G|+ |G| +1C3) + |64l
= /22 4+ 2[(01 — )2 P'|1% + (02 — 72)2]|Q[1?]
+ /22 +2[(61 + )| P2 + (02 + 72)2]|Q'||?]

! — — / = — = 7_2 l = —1
where o/ =n+2(m—1), ' =m+2(n—1), 6, o/ (o/+2) o m NCACED)

1 —
e 02 =
—1

1 —2 2 / / / —3
= ATy P = _ y = _ d = ——
Verap | Ver 2T e P Tmotxt, @ = o and 2= TGy
a/ﬂ/'

TH

O

6. CONCLUSIONS

In this study, we investigated how the normalized distance Laplacian energy changed by
the deletion of an edge from K,,, K, .. p, Kppp+1, and K, ,. Our findings suggest that the
D~ -energy can either increase or decrease as a result of edge deletion. A similar analysis can
be applied to the general case of Ky, ny,.. n-
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