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1. INTRODUCTION

In 1958, Chang defined MV -algebras and in 1959 he also proved the completeness theorem
which states the real unit interval [0, 1] as a standard model of this logic [2]. The structures
directly obtained from Lukasiewicz logic, in the sense that basic operations coincide with the
basic logical connectives (implication and negation), were defined by Font, Rodriguez and
Torrens in [8] under the name of Wajsberg algebras.

A. Dvurecenskij and A. Di Nola in [4] introduced the notion of product M V-algebras,
that is MV -algebras whose product operation (-) is defined on the whole MV -algebra. This
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operation is associative and left /right distributive with respect to partially defined addition.
They showed that the category of product MV -algebras is categorically equivalent to the cat-
egory of associative unital /-rings. In addition, they introduced and studied MV F-algebras
[4]. They also introduced --ideals in product MV-algebras. Then they showed that: Any
MYV F-algebra is a subdirect product of subdirectly irreducible MV F-algebras [4, Corollary
5.6]. Thus they concluded that a product MV-algebra is an MV F-ring if and only if it
is a subdirect product of linearly ordered product MV-algebras [4, Theorem 5.8]. S. Saidi
Goraghani and R. A. Borzooei studied injective MV -modules and they investigated some
conditions for constructing injective MV - modules [14]. Also, H. banivaheb and A. boru-
mand Saeid proved that every --prime ideal in a PMV-subalgebra is the intersection of a
--prime ideal in the overalgebra with the subalgebra and they showed that if P is a --prime
ideal of a unital PMV-algebra A and A’ is a subalgebra of A, having P as a maximal --ideal,
then A’/0p(A) is a local PMV-algebra which is called the localization of A at P relative to
A’ where 0p(A) is the intersection of all --prime ideals of A contained in P.

In the present paper, we investigate --ideals in product MV -algebras, we study the --ideals of
a product MV -algebra A generated by a subset of A and we introduce the notion of --closed
system of a product MV-algebra A. Moreover, we show that if P is an --prime ideal of A
and S = A\ P, then A[S] is a local product MV-algebra and Ap = A[S] is a localization at
P. Hence we introduce the notion of product MV -algebra of fractions relative to a --closed

system.

2. PRELIMINARIES

In this section, we summarize the basic concepts on MV-algebras and product MV-

algebras. For more details on these concepts, we refer the reader to [2], [3]-[7] and [13].

Definition 2.1. [2] An MV-algebra is a structure (M, @, *, 0) where @ is a binary operation,
*is a unary operation and 0 is a constant such that the following conditions are satisfied
for any a,b € M :

(MVl) (M, @, O) is a commutative monoid,

(MV2) (a")" =

(MV3)0*®a= O*

(MV4) (a*®b)*eb=(b*Ba) ®a.

Define the constant 1 = 0* and the auxiliary operations ®,V and A by:
a®b=(a"®b")", aVb=a® (boOa"), aNb=aG(bda"), (a")" =a""

It is shown that (M, ®, 1) is an abelian monoid and the structure (M, V, A, 0, 1) is a
bounded distributive lattice [13].

In an MV-algebra M, the Chang’s distance function is defined as
d:MxM— M, d(a,b):=(a®b")® (bea*).
Note. An element a € A is called complemented if there is an element b € A such that
aVb=1and a Ab=0. We denote the set of complemented of A by B(A).

Lemma 2.2. [13] Let M be an MV -algebra. If x,y,z,t € M and d is a Chang’s distance

function, then



Some results in product MV -algebras 3

(1) z <y iff y* <a,

(2) Ifex <y, thenz@®z<yd®zandrxr®z<yo z,

(3) (@Vy) =a" Ay, (xAy)* =2V,

(4) d(z,y) =0 iff v =y,

(5) d(x,0) = z,d(x,1) = x*,

(6) d(z,2) < d(z,y) ® d(y, 2),

(7) d(z*,y") = d(z,y),

(8) If t <y and z < t, thenx ® z <y D,

(9) If t € B(A), thenx Gr =z, x®r=x andx ANy =2 Oy,
(10) x < y* @ z if and only if t Oy < z.

Lemma 2.3. [3] Let M be an MV -algebra. For xz,y € M, the following conditions are

equivalent:
(1) " ®y=1,
(2) z0y* =0,

(3) There is an element z € M such that x & z = v,
(4)y=z& (yOw), whereyoz =y o™
For any two elements x,y € M, x <y iff x and y satisfy the equivalent conditions (1)-(4)

in the above lemma.

Definition 2.4. [2] An ideal of an MV-algebra M is a nonempty subset I of M satisfying
the following conditions:

(I)Ifzel,ye M and y <z thenye I,

(I2) Ifz,y eI, thenx dy € I.

We denote by Id(M) the set of ideals of an MV-algebra M.

Definition 2.5. [3] Let A and B be two M V-algebras. A function h : A — B is a morphism
of MV-algebras if and only if it satisfies the following conditions, for every a,b € A:

(1) h(0) =0,

(ii) h(a @ b) = h(a) ® h(b),

(7i7) h(a™) = h(a)*.

Definition 2.6. A proper ideal I of an MV-algebra M is called:

e [3] A prime ideal if for all x,y € M, x Ay € I implies z € I or y € I. Equivalently, P is
prime if and only if for all z,y € M, x ©y* € I or y ® x* € I. We denote by Spec(M) the
set of all prime ideals of M.

e [11] An obstinate ideal of M if z,y ¢ I imply z ©® y* € [ and y ©® 2* € I, for all z,y € M.

Lemma 2.7. [11] Let I be a proper ideal of A. Then I is an obstinate ideal if and only if
xelorz*el, forallz € A.

Definition 2.8. [3] Let X C A. The ideal of A generated by X will be denoted by (X],
that is the smallest ideal of A which contain X.
I € Id(A) is called a finitely generated ideal, if I = (z1,...,x,], for some z1,...,z, € A and
n € N.

In particular (a] = {x € A: 2 < na, for some n € N}.

For I € Id(A) and a € A — I, define I(a) = (I U {a}].
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Proposition 2.9. [3, 13] Let A be an MV -algebra, x,y € A and I, J, 11, ..., I, be ideals of
A. Then the following statements hold:

(1) If x <y, then (2] < (y].
(2) (] N (yl = (= Ayl
3) (=] V(¥ = (z @ yl.

(4) If I, ..., I, are finitely generated ideals of A, then I1 N ...N I, is a finitely generated
ideal of A.

(5) If J C I such that I/J and J are finitely generated ideals of A, then I is a finitely
generated ideal of A.

(6) I(a)NI(b) =1I(aAD).

Definition 2.10. [4] A product MV-algebra (or PMV-algebra briefly) is a structure (A,
@, *,-, 0), where (A, @, *, 0) is an MV-algebra and - is a binary associative operation on A
such that the following property is satisfied:

if x 4+ y is defined, then x -z +y -z and z - x + z - y are defined and

(rhy) e=a 2ty 2@ty =z atay,

where, + is a partial addition on an MV-algebra A as follows: for any xz,y € M, x + vy is
defined if and only if x < y* and in this case,

rT+y:=xDy.

The partial addition was defined in [6].

If A is product MV-algebra, then a unity for the product is an element e € A such that
e-x=x-e=x for any x € A. A product MV-algebra that has unity for the product will
be called unital.

Lemma 2.11. [6] For any x,y,z € A the following properties hold:
(a) z+0=uz,

(b) zVy=z+ (2" Oy),

(o) If z+x < z+y, then x <y,

(d)Ifz+x=2z+y, thenz =y.

Definition 2.12. [4] An --ideal of product MV-algebra A is an ideal I of MV-algebra A
such that if a € I and b€ A, thena-belandb-a € I.

We denote by Id,(A) the set of --ideals of a product MV-algebra A. The set of all maximal
ideals of an MV-algebra A is denoted by Max(A).

Definition 2.13. [9] Let P be an --ideal of of a product MV-algebra A. P is called an
~-prime ideal, if (i) P # A and (i) for every a,b € A,ifa-b€ P, thena € Porb e P.

Lemma 2.14. [4] If A is a unital product MV -algebra, then:
(a) The unity for the product is e =1,
(b) x-y<xAy for any z,y € A.

Theorem 2.15. [4] A finite PMV -algebra A admits a product - such thata-1=a=1-a
for any a € A if and only if A is a Boolean algebra, i.e., a ® a = a for any a € A. If it is
the case, thena-b=aAb € A.
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Lemma 2.16. [4] If A is product MV -algebra, then for any a,b € A,
(i))a-0=0=0"a,
(7i) if a < b, then foranyc€ A, a-c<b-candc-a<c-b.

3. SOME RESULTS ON --IDEALS IN PRODUCT MV -ALGEBRAS

In the sequel A will be a PMV-algebra, briefly.
In this section, we prove important lemma, that is used in the other theorems and show the
general form of the ideal generated by a subset of A. Also, we state isomorphism theorems
in PMV -algebras.

Remark 3.1. In general, the union of any family of --ideals of A need not be an --ideal of A.
In the following lemma, we state and prove some properties of PMV-algebras.

Lemma 3.2. The following properties hold for any x,y,a € A,

(a) (nx) -y ==x-(ny), for any n € N, where nx = x + -+ x, (n-times).
() z-y* < (z-y)",

(c) (-y)=a"y+(1-y)",

(d) (-2)©(a-y)" <a- (oY),

(e)a-(zdy)<a-zda-y,

(f) dla-z,00-y) < a-d(z,y),

Moreover, if A is a unital PMYV -algebra, then

(@-y)" =a"y+y"

Proof. (a) By definition of PMV-algebras, it is clear.
(b) Since z - 1 < 1, it follows that

vy try=z-(yY+y =z-1<1=(@y) +z- vy,

since + is a cancellative, z - y* < (x - y)*.

(¢c) We have (z-y)* ® (z*-y)" = ((z-y) @ (z*-y))*. Now, we show that ((z-y) @ (z*-y))* =
((z-y)+(z*-y))*. By definition of PMV-algebras, we have (z-y)+(z*-y) = (z+a*)y = 1-y <
1= (z*-y)+ (z*-y)*, since + is cancellative, we get (z-y) < (z*-y)*. Hence (x-y)+ (z*-y) is
defined and in this case, we obtain (z-y)*®©(x*-y)* = ((x-y)+(z*-y))* = ((x+2*)-y)* = (1-y)*.
Using (b) it follows that (z-y)* = (z-y)*Va*-y = ((z-y)* O (z* y)*)+z* -y = (1-y) +2*-v.
(d) Since z,y < xVy, by Lemma 2.16 (i1) we get a-x,a-y < a-(zVy). Hence a-xVa-y <
a-(zVy).

Since (o -x) ® (- y)* < (a-y)*, by definition of partial addition +, we have ((a-z) ® (a -
Y )Pa-y=((a-z)®(a-y)*)+ a-y. Thus we obtain

(a-2)O(a-y))+a-y=a-zVa-y<a-(zVy)=a- (z20y" +y)=a - (z0y")+a-y.
Since + is cancellative, the desired inequality is straightforward.

(e) Using (d) and Lemma 2.16 (i), we get

a-(zdy)o(a-z) <a-(zdy)ox")=a- (2" Ny) <a-y.
It follows that

a-(zdy)=a-(zdy)Va-z=a-(zdy)0(a-2) " da-z<a-yPa-z.



6 F. Forouzesh and S. Hadjirezaei

(f) Since (a-z) © (a-y)" < (a-y)* @ (a-z) = ((a-y) ® (a-x)*)*, by definition partial
addition +, ((a-z) ©® (a-y)*) + ((a - y) © (a - x)*) is defined and by part (d), we obtain
dla-z,a-y) = ((a-2)O(a-y)*) & ((a-y) ©(a-2)") = ((a-2) O (a-y)") + ((a-y) ©(a-z)") <
a-(zoy)+ta-(yor) =a-(z0y)+(yor7)) =a - (t0y)®(yor")) = a-d,y) U

For a nonempty subset N of A, the smallest --ideal of A which contain N, i.e., [[{I €
Id,(A): N C I}, is said to be the --ideal of A generated by N and will be denoted by (N].

Proposition 3.3. Let A be a PMV -algebra.

(i) If N C A is a nonempty set, then we have (N] ={r € Az <21 @ ... Bxpn B a1 -y1 &
D QY for some  T1,... T, YL, .. Ym € Nyaa, ...y € A}, where by (N].

In particular, for a € A,

(a ={z €A 2 <na®m(a-a) for some integers n,m >0,a € A},

(ii) If I, I € Idy(A), then
Liv=(LUL={acA:a<z1Dxy forsome z1 €l and xzs € I},

(iti) If x,y € A, then (x Ay] C (z] N (y]".

Proof. (i) Wedenote I = {x € A:x <x21®... Dz, D111 ... Dy, Y for some 1, ..., x,,
Yy -Ym € Nyaaq,...am € A} and prove that I is the smallest --ideal containing N. It is
clear that N C I, ifx € N, thenx € A,z <x®0-x for some =z & N,0€ A, hence, z € I.
Let a < band b € I. So there exist z1,...2n,Y1,...,Ym € N and aq,...,q,, € A such that
a<b<z1D..0x, Da1 Y1 D...Da,  Ym. It follows that a € I. Now, let a,b € I. Then
a<T1®..0r, Par-Y1D... Py Ym for some x1,...,Tp,Y1,...Ym € N,aq,...0, € A,
and b < t1®...Pt®l1-21D...DBs 25 for some t1,...,t5,21,...2 € Nand 5q,...08s € A,
by Lemma 2.2 (8), we have a®b< 21D ... Qx, D1 D ... Dt D1 - y1D ... Dy Ym ®
B1-21D..®0Bs-25,0adbel. Letac A,z el. Thenz <x21D...Dx,Day-y1 D
oo @ QY for some  x1,...,T0, Y1, Ym € N, a1,...qp € A, by Lemma 2.16 (i7) and
Lemma 3.2 (e), wehave oz < a1 @ ... Da- -z, D(a-a1) - y1 D ... D (@ ap) - ym for
SOME T1,...,Ln, Y1+ -Ym € N, ¥1,...Ym € A such that v; = a - «;,7 = 1,...m. Hence,
a-x € I. Thus, I is an --ideal containing N. Let K be another --ideal of A that contains N
anda € I. Hence,a <21®... 0z, Pa1- Y1 P...Bam-yYm for some x1,...,20,91,...Yym € N,
Qai,...om € A, Since K is an --ideal, it follows that 1 & ... ® x, € K and «; - y; € K for
i=1...m. Hence, 21 ® ... Dz, Py - y1 D ... D - Ym € K, so a € K, we deduce that
I C K. Therefore (N] = 1.

Clearly, for a € A

(a] ={x € A:x<na®m(a-a) for some integers n,m > 0}.

(74) Follows by (7).

(7i7) Suppose that ¢t € (z Ay|]. Hence we have t < n(z Ay) @m(a- (x Ay)), for some integers
n,m >0, a € A. Since x Ay < z, so by Lemma 2.16 (i7), we get o+ (x Ay) < o+ x. Hence
t <nzx@®m(a-x). Thus t € (z]. O
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Following example shows equality of part (iii) of Proposition 3.3 does not hold, in general.

Ezample 3.4. Let G = ®{Z;};en be the lexicographic product of denumerable infinite copies
of the abelian I-group Z of the relative integers and e’ € G such that e}; =0if k # i
and e}% = 1 if & = 4, then G with the usual product is an [u-ring. It follows that A =
I'(G,u) = [0,u] is a PMV-algebra, where I' is a functor from the category of abelian lu-ring
to the category PMV-algebras and u = (1,0,0,0,...) is the strong unit of A, where < is
the lexicographic order on G. If we set P; = ((0,¢')], then P, C P;, for i > j [9]. We have

((0,e1)] N ((0,€*)] = ((0,e*)] £ ((0,€') A (0,€*)] = ((0,0,0,---0)]
In the above theorem, if we consider A as a unital PM V-algebra, then we have:

Corollary 3.5. Let A be a unital PMV -algebra. If N C A is a nonempty set, then we have:
(i) Nl ={x€Ad:z<x1®...®x, forsome z1,...,z, € N} = (N], In particular,
forae A,
(a] =(a]={x € A:x <na for some integer n >0},
(it) If Iy, 1o € Idy(A), then 1 VI, = (LUl = (LUL] ={a€ A:a < 21 &
xo for some x1 € I1,x9 € Is},
(iii) If x,y € A, then (x Ay] = (2] N (y].

For I € Idy(A) and a € A\ I, we denote by I(a) = (a] VI = (I U{a}].

Remark 3.6. Let A be a PMV-algebra. Then
Ia)={zcA: 2 <ydmadn(a-a), forsome yecl, integers n,m >0,ac A}.

Proof. Let T ={z € A:x < y®dmadn(a-a),for some y € I, integers n,m > 0,a € A}. We
suppose that, v € I(a) = (a] VI={z € A: 2 <z, &y forsome =z € (a] and yecl}.
Since z1 € (a]’, then 1 < ma ® n(« - a), for some integers m,n > 0 and o € A, we have
<z ®y <madn(a-a)dy, it follows that x € T.
Conversely, if € T, then we get that z < y ® ma ® n(« - a), for some y € I and integer
n>0,21 =ma®n(a-a) € (al’, so x <y@x; such that z; € (a] and y € I. It follows that
xz € (a] VI =1I(a).

O

Remark 3.7. Let A be a unital PMV-algebra. We have: I(a) = {x € A : 2z < y®

na, for some y € I and an integer n > 0}.
Corollary 3.8. Let I € Idy(A) and a,b € A\ I. Then I(a Ab) C I(a)NI(D).

Proof. We have a Ab <y @ m(aAb)®n(a-(aAb)) for some y € I and integers m,n > 0.
Then a Ab € I(a Ab). Since a Ab < a,band a € (a], b€ (b],s0aAbe (a C I(a)
and a Ab € (b C I(b), also I C I(a), I C I(b), we deduce that a Ab € I(a) N I(b), if
x € I(anb), then z < y@dm(aANb) dn(a-(aAb)). It follows that x € I(a) N I(b), Thus
I(anb) C I(a)NI(b). O

We note that if A is a unital PMV-algebra, then any ideal of A is an --ideal. Thus the
ideals and the --ideals of A coincide.
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Corollary 3.9. Let A be a unital PMV -algebra, I € Id,(A) and a,b € A\I. Then I(aNb) =
I(a) N I(b).

Proof. Since A is a unital PMV-algebra, by the above notation, it is clear that I is an ideal
of an MV-algebra A, so I(a Ab) = I(a) N1(b), [11]. O

We recall that if M and N are two PMV-algebras, then a PMV-algebra homomorphism
is an MV-algebra homomorphism h : M — N such that h(z - y) = h(x) - h(y), for any
T,y € M.

Also ker(h) = {x € M : h(x) = 0} is an --ideal of M.

Lemma 3.10. Let M, N be PMV -algebras and f : M — N be a PMYV -algebra homomor-
phism. Then for each --ideal J € Id,(N), the set f~1(J) ={x € M : f(z) € J} is an --ideal
of M. Thus, in particular, ker(f) € Id,(M).

The following remarks are similar to Theorems 2.24 and 2.25 and Propositions 2.21 and
2.22 of [13].

Remark 3.11. (The first isomorphism theorem) If M and N are two PMV-algebras and
f:M — N is a PMV-algebra homomorphism, then M /ker(f) and Im(f) are isomorphic
PMYV-algebras.

Remark 3.12. (The second isomorphism theorem) If M is a PMV-algebra and I, J are two
~-ideals such that I C J, then (M/I)/P;(J) and M/J are isomorphic PMV-algebra, such
that Pr: M — M/I is the quotient of M.

We recall that we have distance function d : A x A — A is defined by d(z,y) = (z © y*) ®
(y © %) [13].
We note that if A be a PMV-algebra and I C A an --ideal of A, then the relation ~; defined
by x ~r y if and only if d(z,y) € I.

For any =,y € A, ~ is a congruence with respect to the PMV-algebra operations. Using
Lemma 3.2 (f), we infer that

x ~ry implies a-x ~5 a -y,

for any o € A. Thus, the quotient PMV-algebra A/I has a canonical structure of PMV-
algebra
a-[z]r = [a- 2],

where [z]; is the congruence class of z.

Remark 3.13. If ~ is a congruence relation on A, then I. ={z € A: 2z ~ 0} € Idy(A)
and z ~ y if and only if d(z,y) ~ 0 (Since d(z,0) = (x ©0*) & (0® z*) = = Thus d(z,0) =z
(1). Also, we have x ~ y iff d(x,y) € I, for --ideal I of A. Now, if x ~ y, then by (1) we
obtain d(d(z,y),0) = d(z,y) € I, so we get d(x,y) ~ 0 and converse is hold.)

Remark 3.14. Let I be an --ideal of A and ~ be a congruence relation on A. The assignment
I ~»~ is a bijection from the set Id,(A) of --ideals of A onto the set of congruences on A;
more precisely, the function o : Id,(A) — Con(A) defined by «(I) =~ is an isomorphism
of partially ordered sets.



Some results in product MV -algebras 9

4. PRODUCT MV-ALGEBRA OF FRACTIONS RELATIVE TO A --CLOSED SYSTEM

Definition 4.1. A nonempty subset of a PMV-algebra S of A is called --closed system in
Aifle S andifx,y € S, thenz- -y e S.

We denote by S(A) the set of all --closed systems of A (clearly {1}, A € S(A)).

For S € S(A), on the PMV-algebra A we consider the relation fg defined by

(x,y) € Og iff there exists e € SN B(A) such that x-e =y -e.

Exzample 4.2. Let Q = {1,2} and A = P(Q) = {{1},{2},{1,2},0}. A is a PMV-algebra
with @ = U and ® = - = N. The --closed systems of A which contain () are:

(i) S = {Av B(A) = {Q)’ {1}7 {2}7 {17 2}}7 {®7 {1}7 {1, 2}}7

{0,425, (1,2}, {0, {1,2}}).

(#4) The --closed systems of A which do not contain ) are:

S= {125 {{1} {1, 23}, {{2}, {1, 2}}}.

Ezample 4.3. Consider MV-algebra A = {0,1/2, 1} with operations z®y = 1A (z+y) and
xz*=1—x. Then A is a PMV-algebra with the usual product of elements of A.

Case 1. 0+ 1 is a defined, since 0 < 1* = 0. Then 0-14+1-1 = 0+ 1 is a defined
and we have (0+1)-1=1=0-14+1-1and 0-1/2+1-1/2 =0+ 1/2 is defined and
(0+1)-1/2=1/2=0-1/2+1-1/2.

Case 2. 1/2+1/2is a defined, since 1/2 < (1/2)* =1/2. Then1-1/2+1-1/2=1/2+1/2is
a defined and we have (1/2+1/2)-1=1=1/2-1+1/2-1. Also1/2-1/241/2-1/2 =1/4+1/4
is a defined, since 1/4 < (1/4)* =3/4 and (1/2+1/2)-1/2=1/2=1/2-1/2+1/2-1/2.
The other cases are clear. obviously, S = {1/2,1} is --closed of A.

Lemma 4.4. Let A be finite PMV -algebra. Then 6g is a congruence on A.

Proof. The reflexivity (since 1 € SN B(A)) and the symmetry of g are immediate. To prove
the transitivity of 6g, let (z,v), (v, 2) € 8s.

Thus there exists e, f € SNB(A) such that z-e =y-eand y- f = z- f. We denote g =e- f,
by Theorem 2.15 and Lemma 2.2 (9), we havee- f = eAf =e® f, hence g =e- f € SNB(A),
alsowe have g-z=(e-f)-xa=(e-z)-f=(y-e)-f=w-f)-e=(z-f)-e==z-g, hence
(z,z) € Og. To prove the compatibility of fg with the operation +, * and -. Let z,y,2,t € A
such that (z,y) € g and (z,t) € 0.

Thus there exists e, f € SN B(A) such that x-e = y-eand z- f = ¢- f, we denote
g=e-feSNB(A).

If z + z is defined in A, then z < z*, hence by Lemma 2.16 (i) and Lemma 3.2 (b)
we have, - g < z* - g < (z-¢)*. Which imply that x - g + z - g is defined. It follows that
(z+z)-g=(-9)+(2-9) =(z-ef)+(z-f-e)=(y-e f)+{-f-e)=(y-g9)+(t-g) = (y+1)-y,
hence (z + z,y +t) € 5.

From z - e = y - e, we deduce (z -e)* = (y-e)*, it follows from Lemma 3.2 (¢) that
¥-e+(1-e)*=y*-e+ (1-e)*. Since + is a canncellative operation, z* - e = y* - e. Hence
(x*,y*) € 0s.

Also if denote g = e- f € SNB(A), then (x-2)-g=(x-€)-(z-f) = (y-e)-(t-f) = (y-t)-g.
Hence (x - z,y - t) € 0g. O
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For x we denote by z/S the equivalence class of z relative to g and by
A[S] = A/bs.
By ps : A — A[S] we denote the canonical map defined by pg(x) = x/S, for every = € A.
Clearly, in A[S], 0 =0/S,1=1/S and for every z,y € A,
x/S+y/S=(x+y)/S, x/S-y/S=(x-y)/S
and (z/S)" =x*/S,z/S®y/S=(xdy)/S.
So, pg is an epimorphism of PMV -algebras.

Remark 4.5. Let A be a PMV -algebra.
Since for every s € S N B(A), it follows from Lemma 2.15 and Lemma 2.2 (9) that s A s =
s-s=s-1=sA1, we conclude that s/S =1/5 =1, hence ps(S N B(A)) = {1}.

Proposition 4.6. If a € A and A is a Boolean algebra, then a/S € B(A[S]) if and only if
there exists e € S N B(A) such that e -a € B(A).

Proof. For a € A, we have a/S € B(A[S]) if and only if a/S @®a/S = a/S if and only if there
exists e € SN B(A) such that (a+a)-e=a-e+a-e=a-(e+e)=a-e€ B(A). O
Remark 4.7. If f : A — B is a PMV-homomorphism and S is a --closed system of B, then
f71(S) is a --closed system.

Proof. Let z,y € f~1(S). Then f(z) € S and f(y) € S. Since S is a --closed system of B,
so f(x)- f(y) € S. Hence f(x-y) €S. Sox-y € f~1(S). Thus f~1(9) is a --closed system
of A. O

Theorem 4.8. If A’ is a unital PMV -algebra and f : A — A’ is a morphism of PMV -
algebras such that N = {1}, then there exists a unique morphism o -algebras
lgeb h that f(SNB(A)) = {1}, then th q ph f PMYV -algeb

1 A[S] = A’ such that the diagram

A/

is commutative (i.e., f'ops = f).

Proof. If z,y € A and pg(z) = ps(y), then (z,y) € fg, hence there exists e € SN B(A) such
that x-e = y-e. Since f is morphism of PMV-algebras, we obtain that f(z-e) = f(y-e) <
F@) (€)= [) - () & f@) 1= [(y) -1 f(x) = (1),

From this observation we conclude that the map f' : A[S] — A’ defined for x € A by
f'(x/S) = f(x) is correctly defined. Clearly, f’ is a morphism of PMV-algebras.

The uniqueness of f’ follows from the fact that pg is an onto map. O

Remark 4.9. The previous theorem allows us to call A[S] the PMV-algebra of fractions

relative to the --closed system S.

Theorem 4.10. If I is an --ideal of PMV -algebra A, {0} is an --prime ideal of A and S is
a --closed system such that 0 ¢ S, then I(S) = S~Y(I) = {x/S : x € I} is an --ideal of A[S)].
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Proof. (1) Let a/S,b/S € S™Y(I). Then a,b € I. Since I is an -ideal of A, a® b € I. Hence
a/S@b/S=(a®b)/S € SHI).

(2) Ifa/S < x/S and /S € S7L(I), hence a/S ® (z/S)* = 0/S. We get that (a ® 2*)/S =
0/S, thene-(a®z*) =0-e=0 € {0}. Since e € SN B(A), and e # 0 and {0} is --prime
ideal, hence a ® z* = 0, s0 a < x € I, thus a € I. It follows that a/S € S~1(I).

(3) If z/S € A[S] and a/S € S~1(I), we show that x/S -a/S € S~(I).

Hence by --ideal property, we have #/S-a/S = (z-a)/S € S~Y(I). Thus S~1(I) is an --ideal
of A[S]. O

Remark 4.11. If P is an obstinate ideal of A, {0} is an --prime ideal of A and S is a --closed
system such that 0 ¢ S, then S~1(P) is an obstinate ideal of A[P] ( Since P is an obstinate
ideal of A, by Lemma 2.7, it follows that x € P or #* € P if and only if /S € S~1(P) or
z*/S = (x/8)* € ST1(P). So S~I(P) is an obstinate ideal of A[S].)

Theorem 4.12. Let A be a unital PMV -algebra, S be a --closed system, P and {0} be
--prime ideals of A such that PNS = 0. Then S~Y(P) is an --prime ideal of A[S].

Proof. Since P is an --prime ideal of A, 1 ¢ P,so1/S ¢ S~1(P). For any z/S,y/S € S~Y(P),
x/S-y/S € SY(P). This results (z-y)/S € S~1(P). Thus (x-y)/S = t/S such that t € P.
So there exists e € B(A) N S such that e- (z-y) =e-t < 1-t =1t € P, (since e ¢ P,
x -y € P. Also by hypothesis, we conclude that x € P or y € P. Thus z/S € S~}(P) or
y/S € STH(P). a

Remark 4.13. Consider A is a unital PMV-algebra.

1. If S = {1} or S is such that 1 € S and SN (B(A)\ {1}) = 0, then for z,y € A,
(r,y) €0 <= x-1=1y-1<= x =y, hence in this case A[S] = A.

2. If S is a --closed system such that 0 € S (for example S = A or S = B(A)), then for
every z,y € A, (z,y) € g (since -0 =y-0 and 0 € SN B(A)), hence in this case A[S] = 0.

3. If P is an --prime ideal of A, then S = A\ P is a --closed system. We denote A[S]
by Ap. The set M = S™(P) = {2/S : © € P} is a maximal -ideal of Ap. Indeed, if
x,y € P, then /S ®y/S = (x ®y)/S € M (since z y € P). If z,y € A such that
x € Pand y/S < /S, then (y* & x)/S = 1/5, hence there exists e € SN B(A) such that
e=el=ec-(yorx) < (y®r) 1=y*®z,s0e < y* Pz, It follows from Lemma 2.2 (10) that
e®y < x. Also by Lemma 2.14 and Lemma 2.2 (9), we conclude that e-y < eAy =e®y < z.
Since z € P, y®e € P,soy-e € P. Hence y € P (since e ¢ P), so y/S € M. Also, if
a/S € A[S] and x/S € M such that € P, thena/S-z/S = (a-x)/S € M (Since a-z € P).
To prove the maximality of M, let I be an --ideal of Ap such that M C I and M # I. Then
there exists x/S € I such that x/S ¢ M, (that is x ¢ P <= x € S), hence /S = 1, so
I = Ap. Moreover, M is the only maximal --ideal of Ap (since if we have another maximal
~-ideal M’ of Ap, then M’ ¢ M, hence there exists /S € M’ such that /S ¢ M,sox/S =1
and M’ = Ap, which is a contradiction.)

In other words Ap is a local PMV-algebra. The process of passing from A to Ap is called
a localization at P.

Example 4.14. Consider Example 4.2.
(Z) It s = {A7 B(A) = {(D’ {1}7 {2}7 {1’ 2}}7 {@, {1}3 {1’ 2}}7
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{0, {2}, {1,2}},{0,{1,2}}}.
In all these cases A[S] = 0.
(1d) It S = {{1,2}, {{1},{1,2}},{{2},{1,2}}}. In all these cases A[S] = A because S N

B(A) = {1,2).

5. CONCLUSIONS

The notions of MV-algebras and ideals of MV-algebras are defined by C. C. Chang [2].

Then A. Dvurecenskij and A. Di Nola in [4] introduced the notion of product MV -algebras,
that is MV-algebras whose product operation (-) is defined on the whole MV -algebra. We

investigated --ideals in product MV -algebras, we studied the --ideals of a product MV-

algebra A generated by a subset of A and we introduced the notion of --closed system of a

product MV-algebra A. Then we introduced the notion of product MV -algebra of fractions

relative to a --closed system.

il
2
3
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