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ABSTRACT

The present paper is to deliberate the class of Sasakian
manifolds admitting ∗-conformal η−Ricci soliton. In
our next section we have given a brief discussion on
the above class of manifolds. In continuation to this
we have given few preliminary idea on Sasakian mani-
folds. Among others we have proved several conditions
under which Sasakian manifold is an η−Einstein mani-
fold. Lastly we have cited an example of the above said
manifold for verifying our findings. Insert the abstract
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1. Introduction

In 1982 R.S. Hamilton [14, 15] introduced the notion of Ricci flow to find a canonical met-

ric on a smooth manifolds. Ricci flow is an evolution equation for metric on a Riemannian

manifold. He states that Ricci soliton move under the Ricci flow simply by the diffeomor-

phism. If the initial metric, that is, they are stationary points of the Ricci flow which is

given by

(1.1)
∂g

∂t
= −2Ric
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where Ric is the Ricci tensor of the metric g (t). It was formed to give the answer of thrus-

ton geometric conjecture, according to which each closed three manifold admits a geometric

decomposition. After which Ricci flow become one of the powerful tool to study Riemanna-

ian manifolds.

The solution of the Ricci flow equation is known as a Ricci soliton [14, 15] in case it is

driven only by one parameter family of diffeomorphism and scaling. Ricci soliton in contact

metric manifolds was analysed by M. M. Tripathi, C. L. Bejan and M Crusmareanu[3].

A Ricci Soliton is a natural generalization of Einstein metric. A Ricci Soliton (g, V, λ)

on a Riemannian manifold (M, g) is defined as

(1.2)
1

2
£V g +Ric = −λg

where LV denotes the Lie derivative with respect to V ∈ χ(M), Ric is the Ricci tensor of

g and λ is a constant. The Ricci soliton is shrinking, steady and expanding depending on

λ < 0, λ = 0, λ > 0 respectively. Otherwise it is called indefinite.

A. E Fisher [12] in 2004 introduced a new concept known as conformal Ricci flow a

variation of the classical Ricci flow equation which has revised the unit volume constraints

of that equation to a Scalar Curvature constraint. In the classical Ricci flow equation, the

unit volume constraint plays an important role but in the Conformal Ricci flow equation,

the scalar curvature r is considered as a constraint. The conformal Ricci flow on M is defined

by the following equation

(1.3)
∂g

∂t
+ 2{Ric(g) +

g

n
} = −pg, r(g) = −1

where r is the scalar curvature of the manifold, p is a scalar non dynamical field(time

dependent scalar field) also known as conformal pressure.

As a generalization of Ricci Soliton, the notion of η -Ricci Soliton was introduced by Cho

and Kimura [6]. This notion has also been studied in [8] for Hopf hypersurfaces in complex

space forms. A η−Ricci soliton is a tuple (g, V, λ, µ) where V is a vector field on M, λ and µ

are constants and g is a Riemannian (or pseudo-Riemannian)metric satisfying the equation

(1.4) £ξV + 2S + 2λg + 2µ(η ⊗ η) = 0

where S is the Ricci tensor associated to g. In this connection we mention the work of

Blaga[4][5] and Prakash et al.[21] on η−Ricci soliton. In particular if µ = 0 then the notion

of η−Ricci soliton (g, V, λ, µ) reduces to the notion of Ricci soliton (g, V, λ). If µ ̸= 0, then

the η−Ricci soliton is named as proper η−Ricci soliton. N. Basu and A. Bhattacharyya [2]

in 2015 establish the notion of Conformal Ricci soliton and Conformal η−Ricci soliton and

both equations are defined as

(1.5) £V g + 2S = [2λ− (p+
2

n
)]g,
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(1.6) £V g + 2S + [2λ− (p+
2

n
)]g + 2µη ⊗ η = 0

The study of Ricci solitons has become central in modern differential geometry because

of their deep connections to the Ricci flow, geometric analysis, and classification problems

in Riemannian and pseudo-Riemannian manifolds. Among their various generalizations, η-

Ricci solitons were introduced to incorporate the influence of a distinguished vector field η,

allowing a richer interplay between curvature and additional geometric structures such as

contact, almost contact, or more general f-structures.

On the other hand, the ∗-conformal curvature tensor extends the classical notion of conformal

curvature by integrating the ∗-operator, which naturally arises in the study of almost Hermit-

ian, contact metric and paracontact geometries. Conditions involving the ∗-conformal tensor

serve as refined curvature constraints that capture subtle geometric features not detected by

ordinary conformal flatness or Weyl-type conditions.Introducing ∗-conformal η-Ricci solitons

therefore brings these two lines of research together. This unification is motivated by several

considerations:

• Richer geometric evolution: Ricci solitons model self-similar solutions to the Ricci

flow. When the soliton equation is modified by incorporating the η-term and ∗-
conformal curvature, it yields evolution equations compatible with contact or almost

contact structures, thereby extending the flow theory to a broader class of manifolds.

• Compatibility with geometric structures: On manifolds endowed with an additional

structure—such as Kenmotsu, Sasakian, para-Sasakian, orN(k)-contact manifolds—the

∗-conformal curvature interacts naturally with the characteristic vector field. The η-

term in the soliton equation allows the soliton to reflect this interaction, making the

resulting geometric conditions more intrinsic.

• Generalization of known results: The notion of a ∗-conformal η-Ricci soliton con-

tains several important special cases, such as classical Ricci solitons, conformal Ricci

solitons, η-Ricci solitons, and ∗-Ricci solitons. Studying this broader framework thus

provides a unified approach for recovering and extending many known results.

• Curvature characterization: Curvature conditions involving the ∗-conformal tensor

often lead to strong restrictions on the geometry. When these are coupled with the

η-Ricci soliton equation, they can yield classification results, uniqueness theorems,

or structural properties of the underlying manifold.

• Potential applications: Since Ricci-type solitons appear in mathematical physics (e.g.,

general relativity, string theory) and in geometric evolution equations, introducing

∗-conformal η-Ricci solitons may lead to new models where both conformal geometry

and distinguished vector fields are essential.

The notion of ∗-Ricci tensor on almost Hermitian manifolds was introduced by Tachibana

[23]. Later Hamada [13] studied ∗−Ricci flat real hypersurfaces of complex space forms.

Now we shall know the history and development of Sasakian manifolds admitting ∗-Conformal

η-Ricci soliton:
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2. Preliminaries

In [22]S.Tanno classified the connected almost contact metric manifold whose automor-

phism group has maximum dimension : There are three classes:-

a) Homogeneous normal contact Riemannian manifolds with constant ϕ− holomorphic sec-

tional curvature if the sectional curvature of the plain section containing ξ, say C(X, ξ) > 0.

b) Global Riemmanian product of a line or a circle and a Käehlerian manifold with constant

holomorphic sectional curvature, C(X, ξ) = 0.

c) A warped product space RXλC
n, if C(X, ξ) < 0.

Manifold of class (a) are characterized by some tensor equations, it has a Sasakian structure

and manifolds of class (b) are characterized by a tensorial relation admitting a cosymplec-

tic structure. In 1972 Kenmotsu has introduced a new class of almost contact Riemannian

manifolds which are nowadays called Kenmotsu manifolds[16]. He obtained some tensorial

equations to characterize manifolds of class (c).

Let (M,ϕ, ξ, η, g) be an (2n + 1)-dimensional almost contact metric manifold. Then the

product M̄ = M × R has a natural almost complex structure J with the product metric G

being Hermitian manifold (M̄, J,G). The notion of trans-sasakian manifolds was introduced

by Oubina [19] in 1985. In general, a Trans-sasakian manifold (M,ϕ, ξ, η, g, α, β) is called

a trans-Sasakian manifold of type (α, β). Trans-Sasakian manifold of type (α, 0) is called

α-Sasakian manifolds and Trans-Sasakian manifold of type (0, β) is called β-Kenmotsu man-

ifolds.

An (2n + 1)-dimensional smooth manifold
(
M2n+1, g

)
is said to admit an almost contact

sturcture[9], if it admits a (1, 1) tensor field ϕ, a structure vector field ξ, a 1- form η and a

Riemannian metric g such that

(2.1) ϕ2 (X) = −X + η (X) ξ, g (ϕX, ϕY ) = g (X,Y )− η (X) η (Y )

(2.2) η (ξ) = 1, g(X, ξ) = η(X),

for any X, Y ∈ χ(M). In addition to this it satisfies

(2.3) η (ϕX) = 0, ϕξ = 0.

Then M becomes an almost contact metric manifold equipped with an almost contact metric

structure (ϕ, ξ, η, g). Also we have

(2.4) Φ(X,Y ) = −Φ(Y,X),

where Φ(X,Y ) = g(X,ϕY ).

An almost contact metric structure becomes a contact metric structure if

g(X,ϕY ) = dη(X,Y ),

for all X,Y tangent to M. The 1-form η is then a contact form and ξ is its characteristic

vector field. If ξ is a killing vector field, the contact metric manifold (M,η, ξ, ϕ, g) is called

K-contact manifold. The contact structure on M is said to be normal if the almost complex

structure on M X R defined by J(X, f d
dt) = (ϕX − fξ, η(X) d

dt), where f is a real function
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on M X R, is integrable. A normal contact metric manifold is called Sasakian manifold.

Sasakian metrics are K-contact and K-contact 3-metrics are Sasakian. For this case we have

(2.5) ∇Xξ = −ϕX

(2.6) (∇Xϕ)Y = g(X,Y )ξ − η(Y )X,

where ∇ denotes the Riemannian connection. The Curvature tensor of 3-dimensional Rie-

mannian manifold is given by

R(X,Y )Z = [S(Y,Z)X − S(X,Z)Y + g(Y, Z)QX − g(X,Z)QY ]− r

2
[g(Y, Z)X − g(X,Z)Y ],

where S and r are Ricci tensor and scalar curvature respectively and Q is the Ricci operator

defined by g(QX,Y ) = S(X,Y ). Curvature tensor and Ricci tensor also satisfies following

relations

(2.7) g(R(X,Y )Z, ξ) = η(R(X,Y )Z) = g(Y, Z)η(X)− g(X,Z)η(Y ),

(2.8) R(X,Y )ξ = η(Y )X − η(X)Y,

(2.9) R(ξ,X)Y = −g(X,Y )ξ − η(Y )X,

(2.10) R(ξ,X)ξ = X + η(X)ξ,

(2.11) S(X, ξ) = 2nη(X),

(2.12) S(ξ, ξ) = −2n,

(2.13) Qξ = 2nξ,

(2.14) S(ϕX, ϕY ) = S(X,Y )− 2nη(X)η(Y ).

here R is the curvature tensor of manifold of type (1, 3) and S is Ricci tensor of type (0, 2).

An example of a three-dimensional Sasakian manifold has been given [9].

We also define the following

Definition (2.1) A Concircular curvature tensor C in an (2n+1)-Sasakian manifold M is

defined by

(2.15) C(X,Y )Z = R(X,Y )Z − r

2n(2n+ 1)
)[g(Y, Z)X − g(X,Z)Y ],

where R is the curvature tensor of manifold of type (1, 3) and r is the scalar curvature of the

manifold [1][7][9].

In this section we also define η-Einstein manifold :

Definition (2.2) A Sasakian manifold M is said to be η-Einstein manifold if its Ricci tensor
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S is of the form

(2.16) S(X,Y ) = ag(X,Y ) + bη(X)η(Y )

where a and b are scalar functions on M.

We now move to our next section which basically focusses on our findings:

3. A few results on Sasakian manifold admitting ∗−conformal η−Ricci soliton

and satisfying R(ξ,X).S = 0

Here we consider Sasakian manifold admitting ∗−conformal η−Ricci soliton. Then we can

state

Theorem (3.1) : If an (2n + 1)−dimensional Sasakian manifold admitting ∗- conformal

η−Ricci soliton, then the manifold is an η−Einstein manifold of the form (3.4) and the

scalars λ, p and µ are related by (3.7).

Proof : Let us consider (M,ϕ, ξ, η, g) to be an (2n + 1)-dimensional Sasakian manifold

admitting ∗-conformal η−Ricci soliton then we have

(3.1) £ξg(X,Y ) + 2S∗(X,Y ) + [2λ− (p+
2

2n+ 1
)]g(X,Y ) + 2µη(X)η(Y ) = 0.

We know that £ξg(X,Y ) = 0 so putting this fact in above equation (3.1) we obtain

(3.2) S∗(X,Y ) = −[λ− 1

2
(p+

2

2n+ 1
)]g(X,Y )− µη(X)η(Y )

Also we have for Sasakian manifolds

(3.3) S∗(X,Y ) = S(X,Y )− (2n− 1)g(X,Y )− η(X)η(Y )

In view of above equation, we obtain

(3.4) S(X,Y ) = [2n− 1− λ+
1

2
(p+

2

2n+ 1
)]g(X,Y )− (µ− 1)η(X)η(Y )

which is of the form S(X,Y ) = ag(X,Y ) + bη(X)η(Y ), where a = 2n− 1− λ+ 1
2(p+

2
2n+1)

and b = 1− µ.

Putting Y = ξ we get

(3.5) S(X, ξ) = [2n− λ− µ+
1

2
(p+

2

2n+ 1
)]η(X)

Also we know

(3.6) S(X, ξ) = 2nη(X)

Comparing equations (3.5) and (3.6)we get

(3.7) λ+ µ = 2n+
1

2
(p+

2

2n+ 1
)

We are also in a position to state our next theorem:

Theorem (3.2) : Let (M, g, ϕ, ξ, η) be a (2n + 1)-dimensional Sasakian manifold satisfying
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R(ξ,X).S = 0 and admitting ∗−Conformal η− Ricci Soliton then the manifold is an Ein-

stein manifold of the form (2.16).

Proof : Let us consider (M, g, ϕ, ξ, η) be a (2n+1)-dimensional Sasakian manifold satisfying

R(ξ, X).S∗=0 and admitting ∗−Conformal η− Ricci Soliton. Then can write

(3.8) S∗(R(ξ,X)Y, Z) + S∗(Y,R(ξ,X)Z) = 0,

for all X,Y, Z ∈ χ(M). By using (2.9) in (3.8) we can calculate

(3.9) S∗(g(X,Y )ξ − η(Y )X,Z) + S∗(Y, g(X,Z)ξ − η(Z)X) = 0.

Taking Z = ξ in (3.9) we get

(3.10) S∗(g(X,Y )ξ − η(Y )X, ξ) + S∗(Y, g(X, ξ)ξ − η(ξ)X) = 0.

Simplifying (3.10) we can obtain

(3.11) g(X,Y )S∗(ξ, ξ)− η(Y )S∗(X, ξ) + g(X, ξ)S∗(Y, ξ)− S∗(Y,X) = 0.

Using (3.3) in (3.10) we get

g(X,Y )[S(ξ, ξ)− (2n− 1)g(ξ, ξ)− η(ξ)η(ξ)]− η(Y )[S(X, ξ)− 2nη(X)] + η(X)[S(Y, ξ)− 2nη(Y )]

= S(Y,X)− (2n− 1)g(Y,X)− η(X)η(Y ).(3.12)

Using (3.5) in (3.12) and simplifying we get

(3.13) S(X,Y ) = (2n− 1)g(X,Y ) + η(X)η(Y )

This proves that the manifold M is an η−Einstein manifold.

In our next section we shall discuss a result on Concircular Curvature tensor:

4. ∗−conformal η−Ricci soliton in Sasakain manifold and satisfying C(ξ,X).S = 0

Theorem (4.1) : Let (M, g, ϕ, ξ, η) be a (2n + 1)-dimensional Sasakian manifold satis-

fying C(ξ,X).S = 0 and admitting ∗−Conformal η− Ricci Soliton then the manifold is an

η−Einstein manifold of the form (4.5).

Proof : Let us consider (M, g, ϕ, ξ, η) be a (2n+1)-dimensional Sasakian manifold satisfying

C(ξ, X).S=0 and admitting ∗−Conformal η− Ricci Soliton. Let us suppose C(X,Y )f = 0,

where f is a C∞ function. Then C(ξ,X).S∗ = 0 is defined.

We consider C(ξ,X).S∗(Y, Z) = 0, which implies

(4.1) S∗(C(ξ,X)Y, Z) + S∗(Y,C(ξ,X)Z) = 0

We know from [1], [7] the Concircular curvature tensor C in a (2n+1)− dimensional Sasakian

manifold is given by (2.15). Replacing X = ξ and Y = X we get

(4.2) C(ξ,X)Y = (1− r

2n(2n+ 1)
)(g(X,Y )ξ − η(Y )X).

On using (4.2) in (4.1) we obtain

(4.3) (1− r

2n(2n+ 1)
)[g(X,Y )S∗(ξ, ξ)− η(Y )S∗(X, ξ) + g(X, ξ)S∗(Y, ξ)− S∗(X,Y ) = 0.
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Using (3.3), (3.4) and (3.5) in (4.3) we get

(4.4) (1− r

2n(2n+ 1)
){S(X,Y )−g(X,Y )(−λ−µ−2n−1+

1

2
(p+

2

2n+ 1
)+η(X)η(Y )} = 0.

This implies

(4.5) r = 2n(2n+ 1), S(X,Y ) = g(X,Y )[−λ− µ− 2n− 1 +
1

2
(p+

2

2n+ 1
)] + η(X)η(Y )

5. Example of a 3-dimensional Sasakian manifold

Let M = {(x, y, z) ∈ R3|(x, y, z) ̸= (0, 0, 0)} be a three-dimensional Sasakian manifold.

The vector fields

e1 =
∂

∂x
, e2 =

∂

∂y
, ξ = e3 =

∂

∂z
− y

∂

∂x
+ x

∂

∂y

are linearly independent at each point of M. We define the Riemannian metric g by

g(e1, e1) = 1 = g(e2, e2) = g(e3, e3), g(ei, ej) = 0

where i, j ∈ {1, 2, 3} and i ̸= j. The (1,1) tensor field ϕ is defined as

ϕ(e1) = e2, ϕ(e2) = −e1, ϕ(e3) = 0.

If η is 1-form then η(e3) = g(e3, e3) = 1. We can easily verify by the linearity of ϕ and g

that (ϕ, ξ, η, g) satisfies (2.1) and (2.2).

Let ∇ be the Levi-Civita connection on M. The non-zero Lie-Brackets are

[e1, e2] = [e2, e1] = 0, [e1, e3] = −e2, [e2, e3] = e1.

By using Koszul’s formula for the Riemannian metric g, we can find

∇e1e1 = −e3,∇e1e2 = 0,∇e1e3 = e1,

∇e2e1 = 0,∇e2e2 = −e3,∇e2e3 = e2,

∇e3e1 = e2,∇e3e2 = −e1,∇e3e3 = 0.

We can verify the equations (2.7) and (2.8) from above metric. Therefore the manifold is

Sasakian manifold of dimension 3.

Also from the relation of Riemmanian curvature tensor we can calculate the following com-

ponents

R(e1, e1) =, R(e2, e2) = 2, R(e3, e3) = 2,

From these curvature tensors, we can obtain the components of Ricci tensors as follows :

S(e1, e1) = 2 = S(e2, e2), S(e3, e3) = 2

So Ric = 2g.

This matches the fact that a 3-D Sasakian manifold has constant ϕ-sectional curvature. Now

we will derive the soliton vector fields. A Ricci-type soliton normally uses

£V g(X,Y ),
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So we choose

V = a1e1 + a2e2 + a3e3.

Now we compute the Lie Derivative

(£V g)(X,Y ) = g(∇XV, Y ) + g(X,∇Y V )

Using the connection components (£V g)(ei, ej)

∇e1V = a1∇e1e1 + a2∇e1e2 + a3∇e1e3 = −a1e3 + 0 + a3e1

Now from η− Soliton equation

(£V g) + 2S + 2λg + 2µη ⊗ η = 0

we have

Ric = 2g and η ⊗ η(e3, e3) = 1, others zero. So the equation becomes componentwise.

Fore1, e1,

(£V g)(e1, e1) + 4 + 2λ = 0.

Fore2, e2,

(£V g)(e2, e2) + 4 + 2λ = 0.

Fore3, e3,

(£V g)(e3, e3) + 4 + 2λ+ 2µ = 0.

And the off diagonal components

(£V g)(ei, ej) = 0, i ̸= j

Now from ∗−conformal η−Ricci Soliton

(£V g) + 2S∗ + 2λg + 2µη ⊗ η = 0

where S∗ is the ∗-Ricci Tensor

S∗(X,Y ) = Ric(X,Y )− g(ϕX, ϕY ) + η(X)η(Y ).

For the basis vectors g(ϕe1, ϕe1) = g(e2, e2) = 1, g(ϕe2, ϕe2) = 1, g(ϕe3, ϕe3) = 0.

Thus

S∗(e1, e2) = 2− 1 + 0 = 1, S∗(e2, e2) = 2− 1 + 0 = 1, S∗(e3, e3) = 2− 0 + 1 = 3.

Now from

S(e3, e3) = 2

Also we have from (3.4)

S(e3, e3) = [1− λ+
1

2
(p+

2

2n+ 1
)(−1) + (µ− 1)

Equating above two equations we obtain

λ+ µ = 4 +
1

2
(p+

2

3
)

which is equation (3.7). Hence the result is verified.
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