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Let G be a group with identity element e, and let R =
@geG R, be a commutative graded ring. Let M be a
graded R-module, and let S C h(R) be a multiplica-
tively closed subset of R. The aim of this paper is
to introduce and study the concepts of graded S-co-r-
submodules and graded S-co-n-submodules. We inves-
tigate some of their properties and establish the rela-
tionship between graded S-co-r-submodules and graded
S-co-n-submodules.

1. INTRODUCTION

The study of graded rings arises naturally from the theory of affine schemes and provides

a powerful framework for formalizing and unifying inductive arguments. However, this is not

merely an algebraic technique. The concept of grading in algebra, particularly that of graded

modules, is essential in the study of the homological aspects of modules. Much of the modern

development of commutative algebra places significant emphasis on graded rings, which play

a central role in both commutative algebra and algebraic geometry. Gradings occur in a wide

variety of contexts, at both elementary and advanced levels. In recent years, rings endowed

with a group-graded structure have become increasingly important; consequently, graded
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analogues of many classical concepts have been extensively investigated (see [1]-[7] and [10]).
In this paper, we introduce and study the notions of graded S-co-r-submodules and graded
S-co-n-submodules of graded rings, and we investigate several fundamental properties of
these graded submodules.

Let G be a group with identity element e, and let R be a ring. The ring R is said to be
a G-graded if R = @geG Ry such that RyRy, C Ry, for all g, h € G, where R, is an additive
subgroup of R for all g € G. The elements of R, are homogeneous of degree g. An element

r of R has a unique decomposition as r =) _~ry with r, € R, for all g € G, but the sum

eG
being a finite sum i.e. almost all 7, zero. Leth =6 gec Bg be a graded ring. A subring S
of R is called a graded subring of R if S = > gEG(Rg N S). Equivalently, S is graded if for
every element 2 € S all the homogeneous components of = (as an element of R) are in S.
Let R = @QGG R, be a graded ring. Then 1 € R, and R, is a subring of R. Let I be an ideal
of a graded ring R. Then I is said to be a graded ideal of R, if I = P (I N Ry), i.e., for
zel, x= deG x4, where x4 € I for all g € G. Moreover, R/I becomes a G-graded ring
with g-component (R/I), = (Ry+ I)/I for g € G. Let I be a graded ideal of R. Then the
graded radical of I is denoted by Grad(I) and defined by Grad(I) = {r € R: for any g € G,
rg? C I for some n, € N}. A proper graded ideal P of R is called graded prime, if a,b;, € P
for some ag, by, € h(R), then ag € P or by, € P [11]. We call S C h(R) is a multiplicatively
closed subset of R if (i) 0 ¢ S, (ii) 1 € S, and (iii) sgs), € S for all s4,s,, € S. Let R be
a graded ring and M an R-module. We say that M is a graded R-module, if there exists a
family of subgroups {Mg}seq of M such that

(1) M = @yeq My,

(2) RgMy, € Mgy, for all g,h € G.

The elements of M, are called homogeneous of degree g. It is clear that M, is an R.-
submodule of M for all g € G. Moreover h(M) = Ujeq Myg. Let M = @ cq M,y and
M = EBgGG Mé be two graded R-modules. A mapping g from M into M’ is said to be a
homomorphism, if for all m,n € M;

(1) g(m+mn) = g(m) + g(n),
(2) g(rm) =rg(m), for any r € R and m € M,
(3) For any g € G; g(My) C M.

Let N be a graded submodule of a graded R-module M, the graded ideal {r € R | rM C N}
will be denoted by (N : M). Then (0 : M) = Ann(M) is the annihilator of M. Let
S C h(R) be a multiplicatively closed subset of R and N a graded submodule of M with
(P:g M)NS = 0. Then the graded submodule P is called a graded S-prime (resp. graded
S-primary) submodule of M, if there exists s € S such that whenever a,m; € P, then
sag € (P :g M) or smy € P (sag € Rad(P :g M) or smy € P) for each a4 € h(R) and
myp € h(M). Particularly, a graded ideal I of R is called a graded S-prime (resp. graded
S-primary) ideal of R if I is a graded S-prime (resp. graded S-primary) submodule of graded
R-module R see, [12]. Let M be a graded R-module. The subset W5 (M) of R is defined by
{r € h(R)|rM # M} and U9 (R) is the set of the unit homogeneous elements of R. Gen-
eralizations of graded prime submodules play a fundamental role in modern module theory
and its related areas. Their significance lies in providing greater flexibility for structural
analysis, facilitating decomposition theory, establishing connections with algebraic geome-
try and spectral theory, and enabling applications to algebraic graphs and combinatorial
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structures. In this paper, we introduce and study the concepts of graded S-co-r-submodules
and graded S-co-n-submodules as generalizations of graded prime submodule. We get some
properties of them, for example, we show that every graded S-copure submodule is a graded
S-co-r-submodule. Also, we show that every graded S-co-n-submodule is a graded S-co-7-
submodule.

2. GRADED S-CO-r-SUBMODULES

Definition 2.1. (a) A non-zero graded submodule N of a graded R-module M is called a
graded co-r-submodule, if agN C K and ay ¢ W5 (M) for some a4 € h(R) and a graded
submodule K of M, then N C K.

(b) Let S C h(R) be a multiplicatively closed subset of R, and let M be a graded R-
module such that W5 (M) NS = 0. A non-zero graded submodule N of M is called a
graded S-co-r-submodule, if there exists an element s € S such that, whenever a,N C K
and sag ¢ Wi (M) for some ay € h(R) and a graded submodule K of M, then sN C K.
This fixed element s € S is called an S-element of V.

Note that if SN WE (M) # 0, then there exists s € S such that sM # M. Consequently,
for any a, € h(R), we have sagM # M i.e., sag € W§ (M). Indeed, if sag, M = M, then
M = sag. M C sM, which implies sM = M, a contradiction.

Remark 2.2. Let N be a non-zero graded submodule of a graded R-module M. If N is a
graded co-r-submodule of M, then clearly, N is a graded S-co-r-submodule for any multi-

plicatively closed subset S of R. However, the classes of graded co-r-submodules and graded
S-co-r-submodules coincide if S C U9"(R).

A graded R-module M is said to be a graded S-multiplication module, if for every graded
submodule N of M, there exists s € S such that sN C IM C N for some graded ideal I of
R.

Theorem 2.3. Let S C h(R) be a multiplicatively closed subset of R and M be a graded
S-multiplication module with W}%T(M) NS = 0. Then every non-zero graded submodule N of
M is a graded S-co-r-submodule.

Proof. Let N be a non-zero graded submodule of M. Then there exists s € S such that
sN C IM C N for some graded ideal I of R since M is a graded S-multiplication module.
Assume that a,N C K with sagM = M for ay € h(R) and a graded submodule K of M.
Thus we have sN C IM = I(sagM) = sag(IM) C sagN C sK C K. Therefore, N is a
graded S-co-r-submodule. O

Example 2.4. Consider the Zy graded ring Z and the graded Z-module Z and the multiplica-
tively closed subset S = Z — 27Z. Then every non-zero graded submodule of Z is a graded
S-co-r-submodule.

Let S C h(R) be a multiplicatively closed subset of R. The saturation S* of S is defined
as §* = {z € h(R) | % is a unit of ST'R}. Note that S* C h(R) is a multiplicatively closed
subset of R containing S.

Proposition 2.5. Let M be a graded R-module and S C h(R) be a multiplicatively closed
subset of R with W (M) NS = 0. Then the following statements hold:
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(i) Let S1 C So C h(R) be multiplicatively closed subsets of R. If N is a graded S1-co-
r-submodule and W3 (M) N Sy =0, then N is a graded Sy-co-r-submodule.
(i1) A graded submodule N of M is a graded S-co-r-submodule if and only if it is a graded

S*-co-r-submodule.
Proof. The proofs are completely straightforward. O

Proposition 2.6. Let M be a graded R-module, and let S C h(R) be a multiplicatively closed
subset of R such that W5 (M) NS = 0. Then the following statements hold.

(i) M is a graded S-co-r-submodule of M.
(i) If {N;} is a family of graded S-co-r-submodules of M, then Y N; is a graded
S-co-r-submodule of M.

Proof. (i) It is clear.

(ii) Let N; be a graded S-co-r-submodule of M with S-element s; for each i = 1,2,...,n.
We take s = s -+ s,. Assume that ag> | N; C K and ags € W}, (M) for some a4 € h(R)
and a graded submodule K of M. Thus for each i, agN; C K and s;ay € Wi (M). Since N;
is a graded S-co-r-submodule, s; N; C K and so sN; C K for each i = 1,...,n. Therefore,
sy i1 N; C K, as required. O

Note that the intersection of two graded S-co-r-submodules does not necessarily form a
graded S-co-r-submodule.

Ezxample 2.7. Let G = Zs. Then consider the G-graded ring Z, G-graded module M = Zgx Zs
with components My = Zg x {0} and M; = {0} x Zg and the multiplicatively closed subset
S = {5"n € NU{0}} of Z. We have ((2,0)) and ((3,0)) are graded S-co-r-submodules of
M =7 x Zy . But {(2,0)) N {(3,0)) = 0.

Proposition 2.8. Let M be a graded R-module and S C h(R) be a multiplicatively closed
subset of R with W§' (M) NS =0. Then if N is a graded S-co-r-submodule of M and A be
a graded ideal of R with A &€ Anng(N), then AN is a graded S-co-r-submodule of M. In
particular, AM is a graded S-co-r-submodule if A ¢ AM.

Proof. Suppose that N is a graded S-co-r-submodule of M with S-element s € S. Let
rgAN C K and srqgM = M for ry € h(R) and a graded submodule K of M. Then ryap, N C K
for every ap, € ANh(R), so rgN C (K :p a). Since N is a graded S-co-r-submodule, we
conclude sN C (K :ps ap) and so sap N C K for every ap € AN h(R). Thus sAN C N, so
AN is a graded S-co-r-submodule of M. The rest is clear. O

Corollary 2.9. Let S C h(R) be a multiplicatively closed subset of R and M be a graded
R-module M. If ag € h(R) \ Ann(M), then agM is a graded S-co-r-submodule.

Proof. 1t follows from Proposition 2.8. (]

Proposition 2.10. Let N be a non-zero graded submodule of a graded R-module M, and
S C h(R) be a multiplicatively closed subset of R such that Wi (M) NS = 0. Then the
following are equivalent:
(i) N is a graded S-co-r-submodule of M.
(ii) There exists s € S such that sN C agN and sag € h(R) \ W5 (M).
(ii) There exists s € S such that s(N :pr ag) € N+ (0 :as ag) and sag € h(R)\ W5 (M).
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Proof. (i) = (ii) Let N be a graded S-co-r-submodule of M. Since ayN C a,N and
sagM = M, it follows that sN C a,N.

(17) = (i) Let agN C K and sagM = M for some a4 € h(R) and a graded submodule K
of M. Then, by condition (ii), sN C agN C K and hence N is a graded S-co-r-submodule.

(17) = (iti) Let sm € s(N :p ag) for some m € (N :p a). Then we can write m =
> hec Mu. For each h € G, we have sagmy, € sN C ayN, and hence sagmy, = agny for some
ny € NNh(M). Therefore, smp—np € (0 :p1 ag) and smy, = np+smp—np € N+(0 :a7 ag).
Consequently, s(N :ar ag) € N + (0 :ps ag).

(iii) = (4i) Let y € sN. Then we can write y = >, Yn, S0 yn = szp for some zp € N.
Since sagM = M, so xp = sagmyy for some mp» € MNh(M). Hence, smp» € (N 1y ag) and
so s?mpn € s(N :pr ag) € N+ (0 :ar ag). Then s?mpyn = ng + m/, for some ny € N N h(M)
and m}, € (0 :p ag). Thus sz = sfagmpr = agny + agm}, = agny € agN. Therefore,

Yn € agN and consequently sN C ay,N, as desired. O

A graded submodule N of a graded R-module M is called graded S-copure if there exists
an element s € S such that s(N :p; I) C N + (0 :p7 I) for every graded ideal I of R.
By Proposition 2.10, we have the following corollary:

Corollary 2.11. FEvery graded S-copure submodule of a graded R-module M is a graded

S-co-r-submodule.
The converse of Corollary 2.11 is not true in general. See the following example.

Ezxample 2.12. Let G = Zy. Then consider the G-graded ring Z, G-graded module M =
Zg x Zg with components My = Zg x {0} and M; = {0} x Zg and the multiplicatively closed
subset S = {3"|n € NU{0}} of Z. Then ((2,0)) is a graded S-co-r-submodule of M. But
((2,0)) is not a graded S-copure submodule of M.

Definition 2.13. Let S C h(R) be a multiplicatively closed subset of R and let M be a
graded R-module. We say that a graded S-co-r-submodule N of M is a minimal graded

S-co-r-submodule of M, if there does not exist a graded S-co-r-submodule K of M such
that K C N.

A non-zero graded submodule N of a graded R-module M with SN Ann(N) = () is said
to be graded S-second, if there exists s € S such that for each a4 € h(R), sagN = sN or
sagN = 0.

Proposition 2.14. Let M be a graded R-module and S C h(R) be a multiplicatively closed
subset of R and N be a graded submodules of M with SN Ann(N) = 0. Then N is a graded
S-second submodule of M if and only if there exists s € S and whenever agN C K, where
ag € h(R) and K is a graded submodule of M, implies that either sagN =0 or sN C K.

Proof. The proof is clear. O

Proposition 2.15. If N is a minimal graded S-co-r-submodule of a graded R-module M,

then N is a graded S-second submodule.

Proof. Let N be a minimal graded S-co-r-submodule with S-element s € S. Suppose that
agN € K and sN ¢ K, we show that sa, € Ann(N). Let sag ¢ Ann(N). Then by
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Proposition 2.8, a4 N is a graded S-co-r-submodule of M. Since NNV is a minimal graded S-co-
r-submodule, we have a,N = N C K and so sN C K which is a contradiction. Therefore,
we get sag € Ann(N), as required. O

Let Ry and Ry be two G-graded rings. Then R = R; X Rs becomes a G-graded ring
with homogeneous elements h(R) = [ e Ry, where Ry = (Ri)g X (R2)g for all g € G.
Let M; be a graded Rj-module and Ms be a graded Re-module. Then M = M; x M,
is a graded R = Ry x Rp-module with homogeneous elements h(M) = (J,cq My, where
My = (My)g x (Mz)4 for all g € G. Also, if S; C h(R;) is a multiplicatively closed subset
of R; for each i = 1,2, then S = S; x Sy C h(R) is a multiplicatively closed subset of R.
Furthermore, each graded submodule of M is of the form N = N; x No where N; is a graded
submodule of M;.

Theorem 2.16. Let M = My x My and R = R; X Ry where M; is a graded R;-module for
i=1,2. Then if S = S1xS2 C h(R) is a multiplicatively closed subset of R and N = N1 X Ny
1 a graded submodule of M, then the following statements are equivalent:
(i) N is a graded S-co-r-submodule of M.
(il) Ny = 0 and Ns is a graded Sa-co-r-submodule of Ms or Ny is a graded Si-co-r-
submodule of My and No = 0 or Ny is a graded Si-co-r-submodule and No is a
graded So-co-r-submodules of Ms.

Proof. (i) = (ii) Suppose that N is a graded S-co-r-submodule of M with S-element s =
(s1,s2) and N; = 0. Then Ny # 0 because N is a graded S-co-r-submodule of M. Let
(r2)gN2 C Ky and sg(ra)y & Wi (Ms) for some (r2), € h(Rz). Thus (0, (r2)y)(N1 x N2) C
M, x Ky and (s1,52)(0, (r2)g) € Wr(M). Hence (s1,s2)(N1x Na) € My x Ka, so soNa C Ko,
as needed. In other cases, a similar argument shows that (i) = (i).

(ii) = (i) Let N7 be a graded S;-co-r-submodule of M; with Si-element s; € S and Na be
graded S-co-r-submodule of My with Sy-element s € Sp. Assume that ((r1)g, (r2)g) (N1 X
No) € K1 x Ky and (s1,82)((11)g, (r2)g) & Wi (M) where ((r1)g,(r2)g) € h(R). Then
(r1)gN1 € Ky and s1(r1)g € Wg (M) and also, (r2)gNa C Ky and sa(r2), & Wg (Ma).
Since N7 is a graded Sp-co-r-submodule of M7 and N is a graded So-co-r-submodule of Ms,
we conclude s1N; C K; and saNa C Ko. Hence (s1,s2)(IN1 X Na) € Ky x K. Therefore,
N = Nj x N is a graded S-co-r-submodule of M. O

Corollary 2.17. Let M = M1 X My x ... My and R = Ry X Ry X ... Ry where M; is a graded
R;-module fori=1,2,...,t. Then if S =57 X So X ...S; is a multiplicatively closed subset
of R and N = N1 X Ny X ... Ny is a graded submodule of M, then the following statements

are equivalent:

(i) N is a graded S-co-r-submodule of M.
(ii) N; = 0 fori € {ki,ko,....km;m <t} C {1,2,...,t} and N; is a graded S;-co-r-
submodule of M; for i € {1,2,...,t} \ {k1,ka,..., km;m < t}.

Theorem 2.18. Let S C h(R) be a multiplicatively closed subset of R and N be a non-zero
graded submodule of a graded R-module M. Then the following assertions hold:
(i) N is a graded S-co-r-submodule of M with S-element s € S if and only if whenever I
is a graded ideal of R such that sI N (R\ W} (R)) # 0 and K is a graded submodule
of M with IN C K, then sN C K.
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(ii) If Ann(N) € W (M) and N is not a graded S-co-r-submodule of M, then there
exists a graded ideal I of R such that sIN(R\ W} (R)) #0, K C N, Ann(N) C I
and IN C K.

Proof. (i) Let N be a graded S-co-r-submodule of M with S-element s € S. Let IN C K
for some graded ideal I of R with sI N (h(R)\ W}, (R)) # 0 and graded submodule K of M.
There exists a, € I N h(R) such that sa, € I and sagM = M. Thus sN C K since N is a
graded S-co-r-submodule.

Conversely, let a,N C K and sagM = M for some a4 € h(R) and graded submodule K of
M. Take I = (ag4). Hence sI N (h(R)\ W5 (R)) # 0. Then by assumption, sN C K. Thus
N is a graded S-co-r-submodule of M.

(74) Since N is not a graded S-co-r-submodule of M, so for any s € S there exists a; € h(R)
and a graded submodule K of M such that a,N C K with sagM # M and sN Q K.
Let I = (K : N). Note that ay; € I and sa; ¢ Ann(N) (since sagM # M). Thus
Ann(N) C I. Now, we take K = IN. Therefore K C N (sN ¢ K), sAnn(N) C I
and IN = (IN )y I) C K. O

Proposition 2.19. Let M be a graded R-module, and let S C h(R) be a multiplicatively
closed subset of R. Let K C N be graded submodules of M. If N/K is a graded S-co-r-
submodule of R-module M /K and K is a graded co-r-submodule of M, then N is a graded
S-co-r-submodule of M.

Proof. Assume that N/K is a graded S-co-r-submodule of M /K with S-element s € S. Let
agN C T and say ¢ W' (M) for some ay € h(R) and a graded submodule T of M. Since
agK C agN C T and ag & W3 (M) (sag & W§ (M), it follows that K C T, because K is
a graded co-r-submodule of M. Therefore, ay(N/K) = (agN + K)/K C T/K and clearly,
sag ¢ W (M/K). Hence s(N/K) C T/K. Consequently, sN C T and so N is a graded
S-co-r-submodule of M. O

Corollary 2.20. Let g : M — M’ be an epimorphism of graded R-modules, let S C h(R)
be a multiplicatively closed subset of R, and assume that Ker(g) is a graded co-r-submodule
of M. Then, if T is a graded S-co-r-submodule of M', it follows that g~ (T) is a graded
S-co-r-submodule of M.

Proof. 1t follows from Proposition 2.19. (]

3. GRADED S-CO-n-SUBMODULES

Definition 3.1. (a) A non-zero graded submodule N of a graded R-module M is called a
graded S-co-n-submodule, if ayN C K and a4 € Grad(Ann(M)) for a, € h(R) and graded
submodule K of M, then N C K.

(b) Let S C h(R) be a multiplicatively closed subset of R and let M be a graded R-module.
A non-zero graded submodule N of M with Grad(Ann(M))NS = is called a graded S-co-
n-submodule, if there exists s € S such that whenever a,N C K and sa, ¢ Grad(Ann(M))
for ay € h(R) and graded submodule K of M, then sN C K.

Note that if Grad(Ann(M))NS # 0, then there exists s € S such that s € Grad(Ann(M)).
Consequently, for any ay € h(R), we have say € Grad(Ann(M)). Indeed, in this case, every

non-zero graded submodule is a graded S-co-n-submodule.
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Remark 3.2. Let N be a non-zero graded submodule of a graded R-module M. If N is a
graded co-n-submodule of M, then clearly, N is a graded S-co-n-submodule for any multi-
plicatively closed subset S of R. The following example shows that the converse is not true,

in general. However, the classes of graded co-n-submodules and graded S-co-n-submodules
coincide if S C UY"(R).

Ezample 3.3. Assume that G = (Zg,+). Consider the G-graded ring Z and the graded
Z-module M = 7Z x Zg with components My = Z x {0} and M; = {0} x Zg and the
multiplicatively closed subset S = {2"|n € NU {0}} of Z. Then the graded submodule
N = {(0,2)) is a graded S-co-n-submodule of M with S-element s = 2. But it is not a graded
co-n-submodule, because 2N C ((0,4)), neither 2 € Grad(Ann(M)) nor N C ((0,4)).

Proposition 3.4. Let M be a graded R-module and S C h(R) be a multiplicatively closed
subset of R and N be a graded submodules of M with S N Grad(Ann(N)) =0. Then N is a
graded S-secondary submodule of M if and only if there exists s € S and whenever agN C K,
where ag € h(R) and K is a graded submodule of M, implies that either (sag)"N = 0 for
somen € N or sN C K.

Proof. The proof is straightforward. O

By Proposition 3.4, we have if N is a graded S-co-n-submodule, then N is a graded
S-secondary submodule, because Grad(Ann(M)) C Grad(Ann(N)). While, the follow-
ing example shows that the concepts of graded S-second submodules and graded S-co-n-

submodules are different in general.

Ezample 3.5. Assume that G = (Zg2,+). Consider the G-graded ring Z and the graded
Z-module M = Zy X Z12 with components My = Zjo x {0} and M; = {0} x Z12 and the
multiplicatively closed subset S = {5"|n € NU{0}} of Z. Then

(i) The graded submodule N = ((3,0)) is a graded S-co-n-submodule of M = Zj3 X Zj5s.
While N is not a graded S-second submodule of M = Zj3 x Z15. Because, 3N C {((9,0)),
but for any s € S, (s x 3)N # 0 and sN € ((9,0)).

(1) The submodule N = ((0,4)) is a graded S-second submodule of M = Z15 X Z15. While
N = {(0,4)) is not a graded S-co-n-submodule of M = Z13 X Z13. Because, 3N = (0,0), but
for any s € S, sN # (0,0) and (s x 3) & Grad(Ann(Zi2 X Z12)).

By Example 3.5 (ii), we conclude that a graded S-secondary submodule does not neces-
sarily constitute a graded S-co-n-submodule.

Let R be a commutative graded ring, S C h(R) be a multiplicatively closed subset of R
and I be a graded ideal of R disjoint with S. We say that the graded ideal I is a graded
S-n-ideal of R if there exists s € S such that for all ag, by, € h(R), agby, € I and sa, & n9"(R)
(n9"(R) is the set of nilpotent inhomogeneous elements of R), then sby, € I.

Proposition 3.6. Let N be a graded submodule of a graded R-module M. Then

(i) If N is a graded S-co-n-submodule of M such that Grad(0) = Grad(Ann(M)), then
Ann(N) is a graded S-n-ideal of R.

(ii) If M is a graded S-comultiplication R-module and Ann(N) is a graded S-n-ideal of
R, then N is a graded S-co-n-submodule of M.
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Proof. (i) Assume that N is a graded S-co-n-submodule of M with S-element s and let
agbp € Ann(N) and say & n9"(R). We show that sb, € Ann(N). Since say & n9"(R), we
conclude sag & Grad(0) and so sag € Grad(Ann(M)) by assumption. As agN C a,N and
sag & Grad(Ann(M)), we have sN C alN because N is a graded S-co-n-submodule of M.
Thus sbp, N C agbp N = 0, hence sbp N = 0 and sb, € Ann(N).

(77) Let Ann(N) be a graded S-n-ideal of R with S-element s € S. Assume that a,N C K
with sag & Grad(Ann(M)) for somea, € h(R) and a graded submodule K of M. Thus
agNAnn(K) C KAnn(K) = 0, so agNAnn(K) = 0. Hence agAnn(K) C Ann(N), since
sag & n9"(R) and Ann(N) is a graded S-n-ideal of R, we conclude sAnn(K) C Ann(N).
Therefore (0 :pr Ann(N)) C (0 :p sAnn(K)). Since M is a graded S-comultiplication R-
module, sN C (0 :py Ann(N)) C (0:5 sAnn(K)) C sK C K and so sN C K, as needed. [

Theorem 3.7. Let v : My — Ms be a monomorphism of graded R-modules, and let S C h(R)
be a multiplicatively closed subset of R. Then the following assertions hold:
(i) If Ny is a graded S-co-n-submodule of My, then p(Ny) is a graded S-co-n-submodule
of p(My).
(ii) If Ny is a graded S-co-n-submodule of My and Ny C @(Mjy), then o~ 1(N2) is a graded
S-n-submodule of M.

Proof. (i) Since ¢ is a monomorphism and N; # 0, we have ¢(Ny) # 0. Let a4 € h(R)
and Ky be a graded submodule of My such that ago(N1) € Ks. Then agN; C 0o Y (Ky).
Since Nj is a graded S-co-n-submodule of M, there exists s € S such that sN; C o~ (K3)
or sa; € Grad(Ann(M)). Hence, sp(N1) C ¢(p 1(K2)) = (M) N Ky C Ky or sa, €
Grad(Ann(p(My))) (since @ is a monomorphism, so Grad(Ann(My)) = Grad(Ann(p(My))).
Therefore, ¢(N7) is a graded S-co-n-submodule of M.

(43) It is clear that ¢~ !(N2) # 0 and let ay € h(R) and K be a graded submodule of M
such that azeo 1 (N2) C Kj. Then agNa = ay(¢(My) N Na) = agp(o~1(N2)) C p(K7). Since
Ny is a graded S-co-n-submodule of My, there exists s € S such that sNa C (K1) or saq €
Grad(Ann(My)). Hence, o~ 1(sN2) C p 1(p(K1)) = K1, and therefore so~1(Ny) C K; or
sag € Grad(Ann(My)), as required. O

As an immediate consequence of the previous theorem, we have the following corollary.

Corollary 3.8. Let M be a graded R-module and let N C K be graded submodules of M.
Then N is a graded S-co-n-submodule of K if and only if N is a graded S-co-n-submodule
of M.

Proposition 3.9. Let M be a graded R-module. Then we have the following statements:

(i) If M is a graded S-secondary module, then M is a graded S-n-submodule of M.
(ii) The sum of an arbitrary non-empty set {N;}?_, of graded S-co-n-submodules is a

graded S-co-n-submodule of M.

Proof. (i)The proof is straightforward.

(it) Let ag> iy N; € K for some ay € h(R) and a graded submodule K of M. Then
agN; C K for every i (1 < i < n). Thus for each 7, there exists s; € S such that s;a, €
Grad(Ann(M)) or s;N; C K. Set s = s152...5,. Therefore, sa;, € Grad(Ann(M)) or
sN C K, as needed. O
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Theorem 3.10. Let M be a graded R-module, and let S C h(R) be a multiplicatively closed
subset of R. Then every proper graded submodule of M is a graded S-n-submodule of M if
and only if every non-zero graded submodule of M is a graded S-co-n-submodule of M.

Proof. (=) Let N be a non-zero graded submodule of M and a4,N C K for some a4 € h(R)
and a graded submodule K of M. Thus if K = M, then we are done. Let K be a proper
graded submodule of M. Then K is a graded S-n-submodule of M. Assume that m =
> heamn € N. Hence for each h € G, agmy, € K, so there exists s € S such that smy € K
or sag € Grad(Ann(M)). Therefore, sN C K or say € Grad(Ann(M)), as required.

(<) Let N be a proper graded submodule of M and agmj € N for some a;, € h(R)
and my, € h(M). If m, = 0, we are done. If m; # 0, then Rmj; # 0 is a graded S-
co-n-submodule. As agRmj; C N, there exists s € S such that sa;, € Grad(Ann(M)) or
sRmp C N (smyp € N). Thus N is a graded S-n-submodule of M. O

The following theorem establishes the correspondence between graded S-co-n-submodules

and graded S-co-r-submodules.

Theorem 3.11. Let M be a graded R-module, and let S C h(R) be a multiplicatively closed
subset of R. If N is a graded S-co-n-submodule of M, then N is also a graded S-co-r-
submodule of M.

Proof. Assume that N is a graded S-co-n-submodule of M with S-element s € S. Let agN C
K with sagM = M. If say € Grad(Ann(M)), then there exists n € N such that (saq)"M =0
and (sagy)" M # 0. However, since sa,M = M, we would have 0 = (say)"M = (say)" ' M,
which is a contradiction. Therefore, sa, ¢ Grad(Ann(M)). Since N is a graded S-co-n-
submodule, it follows that sN C K, as required. O

The following example demonstrates that the converse of the above theorem does not hold

in general.

Ezample 3.12. Consider the Zs-graded ring Z and the graded Z-module Z12 x {0} and the
multiplicatively closed subset S = {7"|n € N U {0}} of Z. Then the graded submodule
N = ((3,0)) is a graded S-co-r-submodule, but it is not a graded S-co-n-submodule of
712 x {0}. Because 2N C ((6,0)), but for any s € S, neither s x 2 € Grad(Ann(Z,2 x {0}))
nor sN C ((3,0)).

4. CONCLUSIONS

In this paper, we introduced the notions of graded S-co-r-submodules and graded S-
co-n-submodules of a graded module over a commutative graded ring. Several proper-
ties, examples, and characterizations of these graded submodules, particularly in graded
S-multiplication modules and graded S-comultiplicaion modules, have been investigated.
Moreover, we explored the behaviour of these graded submodules under graded module ho-
momorphisms, quotient graded modules, and Cartesian product. Finally, we established the

relationships between these concepts.
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