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1. INTRODUCTION

Widely explored on Riemannian and semi-Riemannian manifolds, geometric vector fields
have a recognized geometrical and physical interpretation. Conformal, Killing, and projec-
tive vector fields are among the most famous geometric vector fields, extensively debated
in physics and geometry. In general relativity, these vector fields represent fundamental
spacetime symmetries and conservation laws. For instance, a time-like Killing vector field
corresponds to energy conservation, while conformal vector fields describe the symmetries of
massless fields.

Killing vector fields have long been generalized mathematically, covering various scales and
purposes [6, 7, 8, 13]. The notion of 2-Killing vector fields is defined, and some geometric
results are obtained in [17], while the authors of [18] investigated it on WPM and character-
ized this structure on both generalized and standard static Robertson-Walker space-times.
This research introduces the idea of a 2-CVF and considers its geometry on WPM, proving
similar results as in [18].

A vector field Z € X (M) is referred to as a 2-CVF on a semi-Riemannian manifold (M, g)
if

LzLzg =20y,
for some smooth function ¢ (which will be named the conformal factor) on M, where L is
the Lie derivative operator and X (M) represents the Lie algebra of smooth vector fields on
M. 1If o is identically zero, Z is a 2-Killing vector field. Also, when ¢ is a constant, the
2-CVF Z is called homothetic; otherwise, it is said to be a non-homothetic field. Obviously,
every CVF is a 2-CVF. Hence, a proper 2-conformal field is defined as a 2-conformal field
which is not a CVF.

Ezample 1.1. Consider the 2-dimensional Euclidean space M with the standard coordinate
system (x,y) and its canonical metric geqn. It can be readily verified that Z = a0, + 0, is
a homothetic 2-CVF, meaning

LzLzg = 2cg,

if and only if
Ay + 20% = BByy + 255 =c.

The subsequent proposition is presented.

Proposition 1.2. Assume Z € X (M) is a 2-CVF on (M, g). Then
9(VzVXZ —Vz.x%,Y) + 9(X,VzVyZ — V|zy|Z)
(1.1) +29(VxZ,VyZ) = 209(X,Y), VX,Y € X(M).
Proof. In [17], it has been demonstrated that for a Z € X(M) on (M, g), we have

(LzLzg9)(X,Y) =9(VzVxZ — V(7 x|Z,Y)
+ g(X, VszZ — V[Z,Y}Z) + 2g(VXZ, VYZ).
Hence, if Z is a 2-CVF on (M, g), it must satisfy (1.1). O

This direct result aids our further discussion.
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Corollary 1.3. Z € X (M) is 2-conformal iff
(1.2) Rm(Z,X,2,X)=9g(VxZ,VxZ)+ g(VxVzZ,X)—0g(X,X),

VX € X(M). Here, Rm denotes the (0,4)-type Riemannian curvature tensor of g.

Proof. Putting Y = X in (1.1), we obtain
9(VzVXZ - V7 x1Z,X) + 9(VxZ,VxZ) = 0g(X, X).
Now, we can write
Rm(Z,X,Z2,X) = —g(R(Z,X)(Z),X) = g(-VzVXxZ +VxVzZ + V7 xZ, X)
=—9(VzVxZ -V 7z xZ,X) + 9(VxVzZ, X)
=9(VxZ,VxZ)+g(VxVzZ,X)—-0g9(X, X).

Putting X := X 4+ Y in (1.2), the converse is obtained. O

The symmetry of the above formula shows that Z is a 2-CVF iff
(1.3) 9(VxZ,VxZ)+ g(VzVxZ — V[Zyx]z7 X) =09(X,X),

for every X € X(M).

2. WARPED PRODUCT MANIFOLDS

This section contains fundamental definitions and mathematics pertaining to WPM. For
more details, one can consult [16].

Consider (M, g1, V') and (MZ, g2, V?) as two semi-Riemannian manifolds endowed with
metric tensors g; and corresponding V¢, where i = 1,2. The functions 7 : M; x My — M,
and 7o : My X Ms — M serve as the natural projection maps from the product manifold
M x My onto M; and My, respectively. If f: M; — (0,00) is a positive, smooth function
that takes real values on My, then the WPM M, x ; Ms is constituted by endowing My x Ms
with g specified as

g9 =m1(g1) & (f o m)’m5(g2),
In this context, % represents the pull-back operator for tensors, and f is identified as the
warping function of the WPM M; x s M. It should be noted that when f =1, My x ¢ My
reduces to the standard Cartesian product manifold M; x Ms. Moreover, it is clear that for
every q € My, Mj x {q} remains isometric to M;. Likewise, for any p € M, the set {p} x Mo
is homothetic to Ms.

Here is a well-known proposition.

Proposition 2.1. [5] Consider My x ¢ My a semi-Riemannian WPM with f > 0. Then
1. Vx, Y1 = Vi, Y1 € X(M)),

X1(f)
f
3. Vx,Ya = — fg2(Xo, Y2) V! f + V&, Yo,

2. Vx,Ys = Vy,X| =

Ys,

VX;,Y; € X(M;), with i = 1,2, where V' f stands for the gradient of f.
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Using Proposition 1.2, and the following theorem, one can obtain the essential and ade-
quate circumstances for (Zy,Zs) € X(M; x ¢ Ms) to be a 2-CVF on the Riemannian WPM
My xy Ms. The subsequent theorem states.

Theorem 2.2. [18] Let Z = (Zl,ZQ) S X(Ml X f MQ) on My X f M. Then

LzLzg = (Ly Ly, 91)(X1,Y1) + f3(L, L%, 92) (X2, Y2)
+AfZ1(f)(L,92) (X2, Ya) + 2fZ1(Z1(f))g2( X2, Y2)
+2Z1(f)Z1(f)g2(X2, Y2),

VX = X1+ X0, Y =Y1+Yy € X (M xy My). Here L' and L? are the Lie derivative operators
on (Mi,g1) and (Ma, g2), respectively.

The corollaries below directly follow from the preceding theorem.

Corollary 2.3. If Z = (Z1,Z3) € X (M xy My) on My xy My is a 2-conformal field on
My x ¢ My, then Zy is a 2-CVF on M.

Corollary 2.4. Assume Z € X (My x ¢ Ms) and suppose that Zy and Zy are 2-CVFs on M
and My, respectively. Then, Z = (Z1,2Z2) is a 2-CVF on My x5 My if Z1(f) = 0.

Corollary 2.5. Let Z € X(M; X5 Ms) and assume that Zy and Zo are, respectively, 2-
conformal homothetic vector fields on My and Ms (with the same factor ¢ > 0). Then,
Z = (Z1,Zs) is a 2-conformal homothetic VF on My x ¢ My iff

a) Z1(f) =0, or

b) On Ma, Zs is a homothetic VF with a homothetic factor (i.e., Lz,g2 = \/cg2) satisfying

FZ1(Zu(f)) + Zo()Z1(f) + fVCZa(f) = 0.
Corollary 2.6. Z = (Z1,Zy) € X (M xf Ma) on My x ¢ My is a 2-conformal field if any of

the preceding criteria is true:
(1) Z; is a 2-CVF on M;, i = 1,2, and Z1(f) = 0.
(2) Z =(0,Z2) and Z3 is a 2-CVF on M.

The following theorem can also be proved.

Theorem 2.7. Assume Z € X(M; x ¢ Ma) on My x ¢ My such that VzZ = 0. Then
(1) Z = (Zy,Zy) is parallel, if Z; is a 2-CVF with conformal factor o, Ric'(Z;, Z;) <
—dim(M;).o, i=1,2, and f is a positive constant.
(2) Z = Zy is parallel if Zy is a 2-CVF, Rict(Zy1,Z1) < —mo and Z1(f) = 0.

By Ric® we mean the Ricci curvature tensor of manifold (M;, g;).

Proof. Let {e;}7.; be an orthonormal frame for T,M; and {em4;}7_; is an orthonormal
frame in T;M>. Then
1 1
{ela ctt 5, 6my, ?eerla Tty }em+n},

is an orthonormal frame of T{;, ;) (M1 Xy Mz). Thus for any Z = (Z1,Z3) € X(M;y xy M),
we can write

m m4n
(2.1) Tr(g(VZ,VZ)) = Zg(vejz,vejzwﬁ > 9(Ve,Z,Ve,Z).

j=1 j=m+1
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Proposition 2.1 shows that the first term of (2.1) is provided by what follows

m

> 9(VEZy +ej(In £)Z2, V! Zy + ¢;(In f)Zs)

Z g(veJ- Z7 ve]' Z)

j=1 J=1
= 9(Vi 21,V Z0) + > gle;(In f)Za, e;(In f)Zo)
j=1 j=1
= Tr(g1(V'2,V'Z)) + || Z2[[3 Y _(ej(In f))?
j=1
VI3
(2.2) :Tr(gl(vlz,vlz))+HZQH§” f2”1,
and for the second term of (2.1) we have
1 m+n 1 m+n
e > 9(Ve,2,V,,Z) = 7 > 9(Za(n f)e; + V2, Zo
j=m+1 j=m+1
— fg2(ej, Z2)V f,Z1(In f)e; + szZQ) — fg2(ej, Zo) V)
7 f 2 1 m+n
= n(lf(4)) + P Z gg(ngZQ,ngZQ)
j=m+1
m—+n
(2.3) HIVAR D (g2(e5,Z2))%
j=m+1
Hence,
m-+n 1 n
(2.4) 7 > 9(Ve2,V,Z) = ﬁTr(gz(VQZmVZZQ)) + F(Zl(f))2 +{IVFIR122][3-
j=m+1
Using the above formulas, we derive
1
Tr(g(VZ,VZ)) = Tr(¢:(V'Z,V'Z)) + PT?“(gz(V2Z27 V?Z,))

2.5 Zol 2V A2 (14 4 ) + 2z (1))
(2.5) + 122V 1Y t +F( ()"

Now, let us assume Z; is a 2-CVF and Ric'(Z;, Z;) < — dim(M;).o. By taking the trace of
equation (1.3) over an orthonormal frame on (M;, ¢;), and using the assumption Vg Z; = 0,
we obtain
> 9i(Ve,2i, Ve, Zi) — Ric' (Zi, Z;) = dim(M; )o.
j
Given the condition Ric'(Z;, Z;) < — dim(M;).o, this implies that Zj 9i(Ve;Zi, Ve, Zi) < 0.
Since the metric g; is positive semi-definite, we must have VZ; = 0, meaning Z; is parallel

with respect to g;. Therefore
Tr(g(V'Z,V'Z)) = Tr(g2(V*Zy,V?Zs)) = 0.
Thus for a positive constant function f (which implies Vf = 0 and Z1(f) = 0) we get
Tr(g(VZ,VZ)) = 0.

Hence Z is a parallel field regarding g. The last two assertions can be easily proved by the
formula (2.5). O
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2-CVFs on WPM also yield the subsequent outcome on the sectional curvature K of the
underlying manifold.

Theorem 2.8. Suppose Z € X (M x y My) is a non-zero 2-CVF with non-positive conformal
factor o and VzZ = 0. Then, for every X € X (M x5 M>), for the sectional curvature K,
we have:

K(Z,X)>0.

Proof. Since Z is a non-zero 2-CVF, then
Rm(Z,X,Z,X) = g(VXZ,VXZ) +g(VXVZZ,X) - Ug(X7X)
= |IVxZ[[* + 0 - o||X]|[?
= |IVxZ|[? = o||X|* > 0.

Thus, for the sectional curvature K(Z, X), one can obtain the subsequent inequality.
Rm(Z,X,Z,X) _ VxZIP ol X
(Z,Z)Q(X,X)—Q(Z,X)Q HZH2HX”2_Q(27X)2 -
where the denominator represents the square of the area of the parallelogram formed by X
and Z. O

K(Z,X) =

Corollary 2.9. If Z € X(M; x5 M>) is a non-trivial 2-CVF with non-positive conformal
factor o. If VzZ is parallel along a curve vy, then

K(Z,v') > 0.
3. 2-CVFS OF STANDARD STATIC SPACE-TIME

Here, we apply our results in the context of a warped product space-time, recognized as
the SSST. Consider an n-dimensional RM (M, g), and let f : M — (0, 00) represent a smooth
function. Therefore, I x M1 equipped with

g=-fldt’ @y
is described as a standard static space-time, denoted by M = I x ¢ M, with the Euclidean
metric tensor on the interval I = (¢,d) C R being represented by dt?. In the context of

physics, a standard static space-time is often considered as an extension of the Einstein
universe [1, 2, 3, 4].
Theorem 3.1. Suppose M is a SSST with §. Assume u : I — R is a smooth function. Then
Z=ud+7Z,7¢cX(M)isa2-CVF on M with factor & = (0,0) if one of the subsequent
criteria holds:

(1) Z is conformal on M with conformal factor o, w=a and fZ(f) = b, here a,b € R.

(2) Z is conformal on M with conformal factor o, u = ~/at +b and Z(f) = 0, where
a,beR.

Proof. To demonstrate this theorem, we employ Theorem 2.2. Given «, € I as smooth
real-valued functions, the expressions X = ad; + X and Y = 30; + Y represent smooth VFs
on M. Consequently, we obtain,

(LzL73)(X,Y) = (LzLzg)(X,Y) + f*(L}s, Lho,91) (b, BO:) + AL Z(f)(Lip,91) (aDr, BO;)
+2fZ(Z(f))g1 (a0, BOr) + 2Z(f)Z(f)g1(Oy, BOy).
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By straightforward computation we can easily deduce that

(LLs,91)(ady, BOy) = 2u/ g1 (ady, BOY),
(L{LatL{Latg[)(Oéat, B0) = (2uu” + 4u’2)gj(a8t, B0oy).

(LZLZQ) (X, Y) + f2(2uu” + 4u'2)gj(a8t, ,3815) + 8u’fZ(f)g1(a8t, ,3815)
(3.1) + 2Z(fZ(f))g1 (a0, BOy).

Z is 2-conformal on M and u as described in (1) and (2) is a solution of the subsequent:
(2uu” 4 4u*) = 0.

Now, (3.1) can be rewritten as

(3-2) (LzLz9)(X,Y) = (LzLzg)(X,Y) + 2(4'fZ(f) + Z(fZ(f))) 91 (a0, BOr)

Consequently, conditions (1) or (2) imply that Z is a 2-CVF on M. O

The next corollary follows right away.

Corollary 3.2. Let Z = ud, +Z, Z € X(M), be a 2-CVF on M. Then Z is a 2-CVF on
M. Moreover, ud; is 2-conformal on I, if Z(f) = 0.

4. 2-CVFS ON GENERALIZED ROBERTSON-WALKER

One of the most important space-time manifolds is the generalized Robertson-Walker
space-time. Here, we characterize homothetic 2-CVFs in such space-times with positive
homothetic factors.

Let I = (a,b) C R be a connected interval with Euclidean metric dt*> and (M",g) is a
RM, then M = I x M with

g=—dt’ + fqg,
is referred to as a generalized Robertson-Walker space-time, where f : (a,b) — RT is a
smooth function [14, 15].

As we mentioned before, for a VF u0; we have
(Lo, Lo, 91) (0r, 00) = (2uad” + 4u') g1 (01, ).

As an easy application of Corollary 2.5, there is a subsequent outcome.

Proposition 4.1. Suppose ¢ is a positive constant. Then Z = ud; + X is a homothetic
2-CVF on M with homothetic factor c if X is a homothetic CVF on (M, g) with factor \/c
and the following equations hold

wu + 202 = c,

_Zﬁ—i—u’f
u

ff// + f/2 — f/-
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5. 2-CONFORMAL FIELDS AS POTENTIALS FOR HYPERBOLIC RICCI SOLITONS

A Ricci soliton (RS) is a semi-Riemannian manifold (M, g) equipped with a smooth vector
field X that fulfills [11, 12]
Lxg+ 2Ric = 2)g,

where Lxg stands for the Lie derivative of g along X and X is a real constant. It serves as
a self-similar solution to the Ricci flow introduced by Hamilton. An RS is represented by
(M, g, X, ), where X is referred to as its potential field. The soliton is classified as:

e steady when \ = 0,

o shrinking when A > 0, or

e erpanding when A < 0.
In addition, if there is an f € C°°(M) such that X = Vf, then (M,g,X,\) is called a
gradient RS.

Letting the soliton constant be a smooth function, in an attempt to generalize RSs, the

notion of an almost RS is presented. Then, the notion of an h-almost RS is introduced. By
an h-almost RS we mean (M, g) equipped with a smooth vector field X on M, satisfying

hLxg+ 2Ric = 2)\g,

where h and A are smooth functions. Ricci and h-almost RSs have garnered significant inter-
est. This is largely due to their elegant geometric properties and their diverse applications
in various fields.

In contrast, in [10] the hyperbolic Ricci flow—a system of 2"d-order nonlinear evolution
PDEs—is explored. This flow preserves wave-like behaviour in the evolution of manifold
metrics and curvature. Modelled after classical Ricci flow theory, it is governed by the

subsequent evolution equation:

6.1) LD o) = Riclg1), w0 =90) g =hy
: 28t2g - 1C\g y 90 = g\Y), 8159”_ K

where h;; is a symmetric 2-tensor field. Therefore, a self-similar solution of the hyperbolic
Ricci flow is referred to as an HRS and is defined for the first time by the first author of the

present paper as:

Definition 5.1. [9] (M", g) qualifies as an HRS if there is a vector field X on M with scalars
w and A such that

(52) LxLxg+ ALxg + Ric = ug,
where Ric is the Ricci curvature of M.

If X is a Killing VF, then the HRS reduces to an Einstein manifold. When X is a proper

1
2-Killing VF and A = 5 Ve reach an RS structure. Letting X be a 2-CVF, one can see
that HRSs are related to h-almost RSs. If the potential field of a hyperbolic Ricci soliton is

a 2-CVF, then the wave and heat behaviour of the underlying semi-Riemannian metric are
the same along the flow of this 2-CVF.

Theorem 5.2. Let (M,g) be a semi-Riemannian manifold and X be a 2-conformal vector
field with conformal factor o, i.e., LxLxg = 20g. Then (M,g) is a hyperbolic Ricci soliton
with potential field X if and only if (M,g) is an h-almost Ricci soliton with potential field
X, where h = 2\ and the soliton function is \ = ©w—20.
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Proof. By Definition 5.1, (M, g) is an HRS with potential field X if

LxLxg+ ALxg+ Ric = ug.

Since X is a 2-CVF, we substitute Lx Lxg = 20g into the HRS equation to obtain

209 + ALxg + Ric = ug.

Rearranging the terms, we get

ALxg+ Ric = (u — 20)g.

Multiplying the equation by 2 yields

2ALxg + 2Ric = 2(u — 20)g.

This is precisely the defining equation of an h-almost Ricci soliton hLxg + 2Ric = 2Ag with

h = 2 and soliton function \ = u — 20. Conversely, if (M, g) is an h-almost Ricci soliton
with h = 2\ and X being a 2-CVF, tracing back the steps yields the HRS equation. This

completes the proof. O
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