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1. INTRODUCTION

The concept of an (v, §)-metric was introduced by M. Matsumoto [5] in 1972. This metric
considers a homogeneous function of degree one with two variables: «, which acts as a

Riemannian metric, and and 3, as a one-form metric. The Finsler space equipped with the
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(«, B) structure has since been extensively studied by various researchers [3, 6, 8, 9, 10, 18, 19].

In 2004, Lee and Park [4] extended this concept by introducing an r-th series («, 3)-metric
T
a
(1.1) L(a, B) = BZ(B)k, a<p
k=0

The metric function described above is a homogeneous function of degree one in « and (.
This function is significant because it simplifies to various important forms of an («, §)-metric

for various value of r. For example:

(1) If we consider = 1 then r-th series metric reduces in a special and important form
which is known as Randers metric and given by L = a + 8 which is widely used in
the field of physics.

(2) If we consider r = 2 then r-th series metric reduces in L = a+ S+ O‘Tf which represent
a combination of Randers metric and Kropina metric.

(3) If we consider r = oo then r-th series metric can be expressed as L(a, 5) = [fj =

which is an remarkable form of an (a, 8) that represent the difference of Randers and
Matsumoto metric and later on it is known as infinite series metric.

Furthermore, they determined the conditions under which a Finsler space with an infi-
nite series metric becomes a Berwald space, Douglas space, or projectively flat. They also
explored the conditions required for a two-dimensional Finsler space F? with an infinite
series metric to be a Landsberg space. Additionally, the differential equations governing
the geodesics of F? were discussed. Recently, other researchers [17, 18] have examined the

significance of the infinite series metric in various contexts.

Shimada’s pioneering work on m-th root metrics [15] has been applied in biology as an
ecological metric [1]. This theory represents a direct extension of Riemannian metrics, with
the second root metric corresponding to a conventional Riemannian metric. The third and
fourth root metrics are termed the cubic metric and quartic metric, respectively. Recent
advancements underscore the profound impact of m-th root Finsler metrics in fields such as
physics, spacetime theory, gravitation, general relativity, and seismic ray theory. Further in
1979, M. Matsumoto [7] introduced the concept of a cubic metric on a differentiable manifold
with local coordinates z, defined by

L(z,y) = (ay(@)y'yy*)3
where a;ji(z) are components of a symmetric tensor field of (0,3)-type depending on the
position co-ordinate x alone, 3 represents direction co-ordinates and a Finsler space with
a cubic metric is called the cubic Finsler space. Several authors [1, 2, 11] have extensively

h_root metric and cubic metric, highlighting their significance in the realm

examined the m!
of Finsler geometry. In 2011, Pandey and Chaubey [13] introduced the concept of a (v, 5)-
metric, where v = (aijk(ac)yiyjyk)% represents a cubic metric and 3 = b;(z)y’ denotes a
one-form. Pandey and Chaubey [12, 14] conducted a detailed study on the (v, 3)-metric,
exploring significant geometric properties of Finsler spaces equipped with this metric. Con-
currently in the same year, Shukla and Mishra [16] investigated the reducibility of the Cartan
torsion tensor and curvature in various forms such as quasi C-reducible, semi C-reducible,

C-reducible, C2-like, and S3-like properties for Finsler spaces endowed with the (v, 5)-metric.
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In this paper, we introduce a Finsler metric by substituting the Riemannian
a = (aij(:n)yiyj)% metric with a cubic Finsler metric v = (aijk(:n)yiyjyk)% in the infinite
series metric, which is expressed as follows:

52
(B=")

and refer to it as the cubic changed Infinite series metric. Furthermore, we derive the

(1.2) F(v,8) =

fundamental tensors required to describe the geometric properties of this Finsler space in
Propositions 2.1, 2.5, 2.6 and 2.8. respectively. We also identify the conditions under which
the Finsler space with the cubic changed infinite series metric can be reduced to specific
types of Finsler spaces, such as quasi-C-reducible, semi-C-reducible, C-reducible, and C2-
like Finsler spaces, based on different forms of the Cartan tensor in Theorems 3.3, 3.6, 3.8,
and 3.10 respectively.

2. FUNDAMENTAL TENSORS FOR FINSLER SPACE WITH THE CUBIC CHANGED INFINITE
SERIES METRIC

In this section, we derive the fundamental metric tensors for the Finsler space with

the cubic changed infinite series metric.

Differentiating equation (1.2) partially with respect to y’ we have

2 2
. -2
(2.1) li = 8,F = 2 ﬁ 2az‘ + /B ’ngi
(B =) (B=")
where agryy* = ai(x,y).
Equation (2.1) can also be written as
(2.2) yi = Fl; = FO;F = p_ya; + FFsb
where . 5 o
-2
pom B ppy o P =29)
V(B =) (B=)
Again, differentiating (2.2) with respect to 3/, we get the angular metric tensor hij = F 8,8]F
as
(2.3) hij = p—1aij + qobibj + g—2(aibj + a;jb;) + q—sa,a;
ok = — T e _ FFgy _ _—2p8 _
where  2a;,y" = aij(2,y), q = FFpz = Gy 2= = o oor and gy =

F _ 2By _ 49pt-2p°
(o = 50) = ¥ (B—)*

Owing to the homogeneity or hijyj = 0, we have two identities,

P1+qoaB+qayd=0

(2.4)
qoB+q-2v> =0

Remark: In equation (2.3) the subscripts of coefficients p_1, qo, ¢—2, g—4 are used to indicate

respective degrees of homogeneity of the scalars.

Now, the fundamental metric tensor g;;(z,y) for a Finsler metric is given by
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2 172
9ij = %a?,igyj = hij + il
therefore,
(2.5) 9ij = hij + lil; = p_1ai; + pobib; + p—2(asb; + a;b;) + p_sasa;

_ 2 _ B1-4y8°+6+232 _ FyFg _ B—ayp® _ B
where po =qo+ Fj ="y p2=g2+ 5 = Gomand py =g+ 3f =
5yB1-285
¥ (B-—)t"

Now using above values of pg, p_2, p—4 and (2.4), we get

poB +p_oy® = FFp

(2.6)
p—2f+p_sy =0

Proposition 2.1. The normalized supporting element l;, angular metric tensor h;j, and
fundamental metric tensor g;; for the Finsler space with cubic changed infinite series metric
are given by equations (2.1), (2.3) and (2.5) respectively.

Proposition 2.2. The coefficients qo, q—2, q—4 of the angular metric tensor h;j in the Finsler

space with a cubic changed infinite series metric adhere the relation given by equation (2.4).

Proposition 2.3. The coefficients py, p—2,p—4 of the fundamental metric tensor g;; in the
Finsler space with a cubic changed infinite series metric adhere the relation given by equation
(2.6).

Since we know that

Proposition 2.4. Let a non-singular symmetric n-matriz (A;j) and n quantities ¢; be given
and put B;j = Aij + cicj. The inverse matriz (BY) of (B;;) and the det(B;j) are given by,

c'dd, det(B;j) = A(1 + ¢?)

Bij — Al _ 1
14 c2

where (AY) is the inverse matriz of (A;;), A = det(Ay;), ¢t = A¥c¢j and ¢ = di¢;
Now from (2.5), the component g;; can be written as
gij = P—1aij + cicj + did;

where we considered

¢i = i, di = mob; + m_ga;, ™ + TG = po, ToT_2 =p_2, T2y =Py
Then putting, B;; = p_1a;j + ¢;cj, we have, g;; = B;; + d;d;

Using the properties of the Kronecker-delta and tensor algebra, we have Biijk = oF

Then, o
pi_ L g
-1 p-1(p-1+c?)
where a¥ is the reciprocal of @ij, ¢ =a¥ c;
Now by using proposition 2.1, we have
did?

2. W= By~
(27) g 1+4d?
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where di = Bijdj, d2 = dl‘di
193] = |Bigl (1 + &) = [p_1ai;| 22590 (1 4 @) = pPa(poy + ) (1 + dP)

where a is the determinant of a;;.

1 ccl did’
i~ G —
p-1 p-1(p-1+¢?) 1+d
Now,
) 1 L — 21 o . )
g— L K?Top 1 2a> Bz+7r2az]
p-1 p-1+c
where

a’b; = B', aYa; = a', B'b; = b2 = a"by,b;, a; B = a™™a;b,, = a'b; = a,m2b* = ¢ict = 2,

a;a’ = a* and a%(z,y) is the inverse matrix of a;;(z,y).

Again,

i 15 1 (7r D_ 771.271__ 6)2 . . (p p_ m2p a) . . ..
A = o |G B o B (B + B+ e
Now,

. 1 _ _
&> =d'd; = ——————— [mgb°p—1 + 2p_1p_2a — Tp_4a” + p_sp_10> + p_sc’a’]
p-1(p-1+¢2)

Again,

l9ij| = P 1 alp—1 + A) (1 + &%) = p"Par—y
where, 7 = p_1(p—1 + pob® + p_2a) + (p_2p—1a — T°p_4a) + p_ap_10*> + p_sc*a’
Thus the reciprocal of g% of gij is given by
(2.8) g7 =—a" — S9B'B? — Sy(B'a’ + Ba') — S_sa'a’
P-1

Bly—4v2B% —m?a(11y6° 21821 +178v° —591 —25%)
7273 (6-)"

where Sy =

Sy = BB B 21520 217652 —5r0c? 255 -2
- T_275(B—7)*

T (80— By ) P r29® (B—y) T mtaR (598! —28%) (B—7)° ~may(26°~8787)

2 = 2B (B B (B—)")

Proposition 2.5. The reciprocal g” of the fundamental metric tensor g;; for the cubic

changed infinite series metric is given by equation (2.8).
Now differentiating (2.5) with respect to y*, we get
(2.9) 2055k = 2p_1a451 + pogbibjby -l- 72 ala]ak +

Mijk) <P aji + psgaibsby, + alajbk>
where Il ) represents the sum of cyclic permutations of 4, j, k and

(2.10) Py = p_4a; + p_2b;
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or,

(2.11) QP—ICijk = 2p2_1a7;jk + ’I”_Qbibjbk + H(z’jk)(Pihjk + T‘_4aibjbk + r_gaiajbk) +r_ga;ajag
_ 12438°—6+28° _ —1594854+104288 24387 -2+ 3" _ —6y88-404287—45°
where 7y = PE-E 0 T4 = Y5(B—7)8 =6 = ¥ (B—)°
_ 3472587275972510
YO(B—)®

and

r—8
Thus

Proposition 2.6. The Cartan torsion tensor Cyji for the Finsler space with cubic changed

infinite series metric are given by equation (2.11).

Proposition 2.7. The coefficients r—_g,r_g,7—4,7—2 of the Cartan torsion tensor in the

Finsler space with a cubic changed infinite series metric adhere to the following relation:
(2.12) B+ 7”_“_273 =0, u=24,6.

Using (2.4), (2.6) and (2.12), we have
(2.13) poa=¢p_a, T_uo=0¢2r 9 =246

where, ¢ = —%
5
Using (2.13) in (2.11), we easily get

(2.14) 2p_1cijk = 2p2,1aijk + H(ijk)(ijPi)
where
r—2
ij = hjk + 3pi P]Pk

Further, by direct computation from Cjj;, and g%, we have,
(2.15) C; =p_14; + Aa; + Bb;
where A and B are certain scalar.

Proposition 2.8. The Mean Cartan tensor C; for the Finsler space with cubic changed

infinite series metric are given by (2.15).

3. REDUCIBILITY OF CARTAN TENSOR FOR THE FINSLER SPACE WITH CUBIC CHANGED
INFINITE SERIES METRIC

In this section, we will explore the conditions under which the Finsler space with
a cubic changed infinite series metric can be classified as a C-reducible Finsler space, Semi

C-reducible Finsler space, quasi C-reducible Finsler space, and C2-like Finsler space.

Definition 3.1. A Finsler space (M", F) with dimension n > 3 is said to be quasi C-

reducible if the Cartan tensor Cjj; can be written in the form
(3.1) Cijk = QijCr + Q1 Ci + Qi C;
where Q;; is a symmetric indicatory tensor and C; = Cjjrg’ ¥ is the torsion vector.
Now, from (2.10) and (2.15)
2p_1Cyji = 2p° yaiji, + iy (HjnP;)
2p_1Ciji = 2% 1aiji, + Wijny {Hjk (—aai + p—2b;)}
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Using (2.15) we have,

P-4
2p_1Ciji = 2p% aij; + k) {ij: <7 (C; — p—1a; — Bb;) +p72bz‘) }

A
_ _1p— 4B
2p_1Cij. = 2p%agj + Mg {pjfﬂjkci - Pif THjpA; — <p j - p—2> ijbi}

P44, p—4B  p_a P4
i = p-sa =T { (P55 + (325~ 55 ) ) B+ g ()

Thus we have,

Lemma 3.2. In a Finsler space with cubic changed infinite series metric, the Cartan tensor

can be written in the form
(3.2) Cijk = Vijk + W5y (QixCi)

where Qji, = ﬁij s a symmetric tensor of order two and

p—14; p-aB  p_o
Vijk = p—1aijk — Wijm) {( 54 T <2p_1A - 2p_1> bi> ij} .

Thus by the above lemma and definition (3.1), we have

Theorem 3.3. A Finsler space with cubic changed infinite series metric is quasi C-reducible

if and only if the tensor Viji, of equation (3.2) vanishes identically and — 1.

P-4
2p_1A
Definition 3.4. A Finsler space (M", F') with dimension n > 3 is said to be semi C-reducible
if the Cartan tensor Cjji is written in the form

(3.3) Cijk = (h,’jck + hkiCj + hjkC’i) 20 C Ch.

(n+1) C

where r and t are scalar function such that » +¢t =1
From equation (2.14) we have,

Cijk = p—10451 + 2p T k) {hjr P} +3 PP 5P
Using (2.15), we have

3
-2 r—2P” 4 . r—2 Ny 7]3 4P—1
2p— 1107 il = 2p— 1p3 A?’CZC]C]mL 2p71p?12H(wk) [ A3 (CiCidi)
Py (paB P02y
Vel ( 1 2) (CiCjbk) + —5—(CiA; Ay)
2
pZap—1 (P48
+ 22 ( 1 —p2> (CiAjbr)

4 b (24P 2(C-b4b)
A A —DP-2 V50K

2 2
PPy (P-4

_ p-ap-1 (p-4B
A A

3 3 3
_ (nglAiAjAk + (p‘jﬁ —p2> bib; bk> S .

2
— p-z) A;bjby,

2p_ 1]02
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Now,
3
P-4 T—2D_4
where,

_ _2A
Uijk = D105k — H(ijk)ﬁ {p_lAi + <B _ P2 ) bz} hjk+

Y
ﬁn(m) [ & Z]; 106 Al
7?4 Ps (p 25 _p_ 2> 00y + 2 izgglciAjAk
WA = ( )CMH - (p;ﬁ p_Q)ZCibjbk
P 4p ) < _2>AA b L2t <p25 p_z)QAibjbk

3 .3 3
P_4P—y p—af3 r—2
— A;AA —p_ bbb | —————.
( A3 j AL + ( ) p 2) j k) 2p_1p?12

(n+1)p_s _ CProap?, (i 12 :
A L= CERTIVE and C;C" = C” then above equation can be

Therefore, if r =
rewritten as

r

(3.5) Cijr = m

I(ijx) (hjrCi) + 20 CiCr + Uiji

C

Thus we have,

Lemma 3.5. In a Finsler space with cubic changed infinite series metric, the Cartan tensor
can be rewritten in the form (3.5).

By the above lemma and equation (3.3) we can conclude

Theorem 3.6. A Finsler space with cubic changed infinite series metric is semi C-reducible

Finsler space if and only if the tensor Us;, vanishes identically and r +t = 1.

Definition 3.7. A Finsler space (M"™, F') with dimension n > 3 is said to be C-reducible if
the Cartan tensor Cjj;; is written in the form

1
(3.6) Cijk = m(hijck + hkiCj + hjkC,-)
From (2.14) and (3.6) it follows that
2p_1Cijie = 2p° yaiji, + Wiy (Hji P)
r_—
= 2p° yagji + Wiy (hye Pr) + pT2PinPk:
o

1 r_
2p_1 <> H(ijk)(hjkck) = 2p2_1aijk + H(ijk)(hjk;Pi) + =5 2 P, P; Py
n+1 f

2p 1a,,Jk+ PPPk—Qp 1<

TL—I—1> H(ijk:)(hjkck) - H(ijk)(hjkpi)

2p—1
= Iijm) <(n n 1)Ck - Pk) hij
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r_
(3.7) 2p% 1 aiji, + pTZPZ-Pij = Tl (ij8) (his Ni)

—2
where N = (ZfT‘II)C’k — Py.. Conversely, if (3.7) is satisfied for certain covariant vector Ny,

then from (2.14) we have

2p— 1035 = Wiy (hij Nie) 4 iy (hij Pr)

(3.8) 2p—1Ciji = Weijry {hij(Ni + Pe)}
which gives (3.6)

Theorem 3.8. A Finsler space with cubic changed infinite series metric is C-reducible
Finsler space if and only if (3.7) holds good.

Definition 3.9. A Finsler space (M", F) with dimension n > 2 is called C2-like if the

Cartan tensor Cjji, is written in the form
(3.9) C*Ciji = C;C;Cy
From equation (3.5) we have

r t
mﬂ(ijk)(hjkci) + o2

1 rC? 2
— @ (nTl)H(ijk) (hjkCi) + tCiCjCk +C Uz’jk

Cijk = CiCiCk + Uiji

1 rC?
C2Cz‘jk =t |:t ((n - 1)H(ijk)(hjk01-) + CQUZ‘jk) + CiCjCk:|

(3.10) C?Cyjk = t(U};), + CiC;Cy)

)

where

1/ rC? 2
=7 (Grayiom () + €0

Theorem 3.10. A Finsler space endowed with a cubic changed infinite series metric is

considered a C2-like Finsler space if the tensor Ui'jk from equation (3.10) vanishes completely
and t — 1.

4. CONCLUSIONS

In the present paper, we investigated the Finsler space with cubic changed infinite series
metric and derived its fundamental tensors: the supporting line element, angular metric
tensor, fundamental metric tensor and its reciprocal, Cartan torsion tensor and mean Cartan
tensor in Proposition 2.1, 2.5, 2.6 and 2.8. Furthermore, we identified conditions under
which the Finsler space with cubic changed infinite series metric can be classified as quasi
C-reducible, semi C-reducible, C-reducible, and C2-like Finsler spaces in Theorems 3.3, 3.6,
3.8, and 3.10 respectively..
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