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1. INTRODUCTION

The Bernstein polynomial on the closed interval [0, 1] is a fascinating and well-known
polynomial introduced in 1912 by S.N. Bernstein [3]. Such as

Ba(f.) = 3 busla) ()
k=0

where

b () = (Z) 2 (1 — ) F,
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and when £ =0,1,2....... n
g-Bernstein polynomials for f € C|0, 1] proposed by G.M. Phillips [19].

nq fa ank q; T

where
n n—
buk(q; ) = <k>$k(1 —a)y "

In addition to the novel modification of the g-Bernstein operators and (p,q)-integers on
those operators with their limit and the Voronovskaja approximation with some properties,
for 0 < ¢ <p <1 forall f € C[0,1] and = € [0, 1] in ([6],[10],[11]), such that

—n(n— n— n k

VnéeNandif p=1and 0 < ¢ <1, then bring to the point of g-Bernstein operator.

n

Bug(fiz) =) (T/‘Dp,qu(l - ;L');;kf(%)

k=0

A new generalization with copious variations for those operators, like the (p,q)-Bernstein
and (p, ¢)- Durrmeyer operators in 2009 By Gupta and in 2015 was forwarded by Mursaleen
et al.([13],[18]). Some approximation properties for g-integers and (p, ¢)-integers with the
convexity of functions offered by Gupta ([12],[15],[16]). A new modification of the Narayana
operators using (k,t) bivariate with (p,q) generalized Bernstein operators and their appli-
cations in 2024 proposed by Bala and Mishra [1]. New Bernstein-type operators based on
beta-modification with a graphical depiction of the newly created operators for f € C([0,1))
are defined as Beta Bernstein operators. For x € [0,1], and 3, : C[0,1] — C]0,1] was
presented by Dhawal J.et al.[7], such as

/Bn(fa $> = Pn,k(x)f(k/n)dt

where

n\pfnz+k+1,2n—k—nx+1)
P, () =

k B(nz+1,n—nz+1)
at here (a,b) is beta function and defined as

B(a,b) = /01 711 — )P tdt,

where (a,b) > 0.
The summation integral formula provided by J.L.Durrmeyer furnished for additional gen-

eralizations of Bernstein operators in [9], including as

an k(@ / Pk (t) f(t)dt.

The famous Szasz Mirakayan operator in [17] such as :

[e.e]

Sp(f,z) = spk(z) f(k/n)dt

k=0
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k
where Sy, p(z) = e ("]f!) . Furthermore, Baskakov introduced an operator known as the

Baskakov operator, which is applicable to continuous functions. There are defined examples
for x € [0, 00), such as V,, : C[0,00) — C0, 00) in [2].

k=0

n+k—1 xk

where vy, (z) = ("7} )W

There has been a great deal of generalization of Bernstein-type operators available to aca-
demics. In 2016 the (p,q) Bernstein-Durrmeyer operators with beta integral using some
moments where for each n € N and f € C[0, 1] Honey Sharma [20].

n

1
DEt(fia) = -+ ™™ Y ()L /0 B () £ (1)t

k=0

for p > 1 then (p, ¢)-Bernstein Durrmeyer operators with beta integral.

Definition 1.1. ([20]). If 0 < p < ¢ < 1 and for every s,t € RT, then the (p, ¢)-beta integral
is
! —1 s—1
Bualts) = [ 71— g0y @)

and proposed a connection between g-beta and (p, ¢)-beta integrals.

Let 0 < p < ¢ <1 then (p,q) integer [n], 4! such as

n__ .n
[n]p,q! 7
pb—q
[n]p,q! = mpm [2]p,qv ------ [n]p,m

If for every n > 1 and [n], 4! = 1 if n = 0 for special case with integers 0 < k < n such as

<Z> - E

and expansion of (p, ¢)-polynomials is

(x+y)p, =@+ {pr+ )Pz + CY)-nenn. " e +q" 'y}

If f:[0,a] — R then integration of f(z) is defined by

a J B 0 qk qk
/0 F(@)dpg(w) = (p — Q)“,;) el )

when |2] > 1
In 2022 by Cai et al. dealt with the new generalization of beta Bernstein with test
functions, uniform convergence, the Peetre K-functional, and functions of the Lipschitz class

[5], such as

. 1 <~ (m _ - 1 ! m—
Bm(K:x):m;)(p>(p—mx)2xp ta—g)m=p lﬁ(p—i—l,m—p—l—l)/o uP(1—u)™ P K (u)du.

for every x € (0,1),m € N and B(p+ 1,m — p+ 1) is a beta function and if r, s > 0 then

1
Br,s —/ :J:T_l(l — ) ldx
0
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Numerous mathematicians have proposed several Bernstein generalizations after studying a
new hybrid method for data analysis suggested by Vajargah and Nouraldin [4]. We provide
a new variation of the (p,q)-Bernstein operators defined by a gamma generalization.
a k
BRA(frw) = D 05 (F0) (g (1)
k=0

where
9

o (fix) = ¢* <Z> pe " na)®,
b,q

If for every n € N and p =1, 0 < ¢ < 1, then the above equation reduces to the g-Bernstein

operator.
n

i) = () el )

In the paper, we gave all estimates according to equation (2) because it’s a special case
of well-known Bernstein operators. In 2024 a novel Stancu-type adaptation of Bernstein-
Kantorovich bivariate operators with an exponential class was created. They also provided

some well-known theorems and approximation properties by Kanat and Su [21].

2. MAIN RESULTS
MOMENTS OF THE (P,Q)-BERNSTEIN OPERATORS

We now infer a few moments of those altered operators.

Lemma 2.1. Ife;j(t) =t ,i=0,1,2 and for x € [0,00] and n € N then

e Bh(ep;x) = Bp(t°,2) = B,(1,7) = ™™
e BIY(e1i2) = By(th,2) = By(t,2) = qre—
o Bh(eg;x) = B,(t2, ) = ™™ q:n(}l + qzn(n — 1))

Proof. Let i = 0 in the above statement then we get with using the equations (1) and (2)

where
n —nx —nx
bi:%(f;x):q()(o) el = e,
P.g
B,(t',z) = B,(1,2) = e ™
And
Bu(th, ) = Bu(t,x) = Y bug(fi2)(=)
k=0
- pPa g k
() + St =
k=0 k=1
O(5) el e () ey = goe
o P
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The next moment is the, where

= gnre () + 2D (a2 )
B2, z) = e*nz(%) +¢%e " n(n — 1)
= e_"f‘q:z:(?l1 + gxn(n — 1)) O

2.1. Central moments of above Bernstein operators.

Lemma 2.2. Ifx € [0,1] and for 0 < g < p < 1, using the above moments of the lemma,
then

(1) Bp(t —z;2) = e ™x(qg—1)
(2) Bu((t —2)%2) = e ™y <Z +n(n —1)xg® — 2xq + x)

Proof.
(1) B,(t —x;2) = Bp(t,z) —xB,(l,z) = e "qx — e "z
= g — 1)
(2) Bn((t — 2)% 1) = Bu(t?, ) — 2B, (t, z) + 2B, (1, x)

1
=e " ( +n(n — 1)(qa:)> — 2ze g 4+ e " a?
n

=e "z <Z +n(n —Da¢® — 2xq + 1:)

= P(z).

3. CONVERGENCE THEOREM FOR BERNSTEIN OPERATORS

Theorem 3.1. If a function f € C[0,1] for every e > 0 then there is an existence of N such
that

[f(x) = BRA(f;2)| <e
for all z € [0,1] and n > N.
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Proof. We know that the inequality

(k_x>2 = (E)Q—Q(E)x—l—az2 (3)

n n n

both sides of equation (3) with the sum of k = 0 to n, then

"k 2 (n k —nxf_ k
(2 (e
= BPY(t%; 1) — 20 BP(t; ) + 2> BPY(1; )
= BpY ((t —x)%; rc) =e "z <i +n(n — 1)ag® — 20q + w)

By using above lemma

n k 2
Z ( - a:) (n) ¢"e % nak] = e"%ﬁ(q +n(n —1)zg* — 22q + x>
n k n

k=o

Now we select a number § > 0 and if S5 is a set for all values of k£ and holds |% — x| > 0 then

b(t-2)e

n\ ke 1 E N (0 e
Ykess <k> ¢"e " na]* < ﬁzkesé (n - ;13> <k> e " na)”

Since 0 < e™™*.qx < § on [0, 1] then we get

hence

< 1
— 2nd2

(4)

Nk
P
> 3
N
=)
el
o
B
sl
ol

k=0
then we can write .
PIEDIEDY
k=0 keSs  ké¢Ss

Now we can write the difference between f(x) and BE?(f;x) we have

@)= Bo(fia) = (560 = 12 () ake ot
k

> (i
and so
(ke et

@)= B = X (- 1)

we get

@) = Bl = 3 1) = £ (] )a¥e

keSs

k n —nx
> 17 = (I ke ol )
n
k¢Ss
We know f € C[0,1] and it is a bounded function, so |f(x)| < M where M > 0 such that

|f(x) — f(%” < 2M,Vz € [0,1].
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and hence

Shesl (@) = £ ([ )a¥enal

< 2MZXjes; <Z> qke*"m [nm]k

by equation (4)
Skesi @) = £ () e lna

< -
= 2M 2n4? (6)

Since function f is a continuous function and uniformly continuous also, then V €> 0 then
there exists § > 0 that depends on € and f such that

v =yl <6 = |f(2) - fW) < 5. Ve,y € 0, 1]
then for k ¢ Sy so
Shessl (@) = S

S|
—
> 3
~__
)
e
®
3
&
3
B
B

€ - N\ k —na k
<2Z<k>qe [nz]” <
k=0
by equation (6) and (7) we get

DN

M €
|f(x) = BR(f;7)] < o5z T3

we choosing N > % SO
[f(z) = BR(f;z)| <€ ¥n=>N.

3.1. Korovkin type theorem.

Theorem 3.2. If f is a function that is continuous on [0,1] and 0 < ¢g<p <1,V n € N,
then BEY(f,z) — f(z) converges uniformly on C[0,1].

Proof. Since [n+ s] — oo when s = 1,2,3 as n — oo, then it is easily seen that By (eg;x) —
ek or 2¥ where k = 0,1,2 and using the identity [n + s],, = Sp 0" + ¢°[n]p, When s=
0,1,2. So we get our results due to the famous Korovkin’s theorem. O

4. RATE OF CONVERGENCE

In this section we will study a rate of convergence. If f € C|0, 1], then the modulus of

continuity of function f such as

w(f,0) = sup |f(z) = f(@)]
[t—z|<,(z,t)€[0,1]
and the Lipschitz maximal type functions of order A as follows.
L0 @)

t#z, (zt)el0,l] |t — x|

wa(f,d0) = sup |f(x +2h) —2f(x + h)+ f(z)| where z,x+ h,x+2h € [0,1]
Ih]<6

LAL)A(f,(S): ,0< A<
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Also, for a positive constant M, a Lipschitz function is one that is f € Lipy(¢) with

0 < ¢ <1. Then
f@t) = fx)| < M|t—=|®, ¥V tael01]

And Peetre K—functional as
Ky(f,0) = inf {||f—gll+9llg"[[}
geW?

where
wW? = {g e C0,1];4,¢" € C[|0,1]}

then existence of positive constant C > 0 such that

Ky(f,0) < Cwy(f,V5) ,d>0.

Theorem 4.1. For f € Lipp(¢p) and 0<qg<p<1 and n>1 then
¢
B22(0) ~ 1) < 01 (W0 p.0))

where ¥ = BH? <\t —x|; x)

Proof. For f € Lipy(¢p) and BLY(f;x) both are positive linear operators, then by Holder’s

inequality, we get

BRA(fiw) = ()| < BRAS(E) - f(a)fia) < MBEA(t - af’;)

If ¢ =1
|BRA(fix) — f(x)] < MBRA(|t — 2|% )

|BR(fi2) — f(2)] < M¥(n,p,,q)°

Hence proved.

5. DIRECT ESTIMATES

Theorem 5.1. ([8]). If f € C[0,1] then
[BRA(f(t) = f(x);2)] < 2w(f,0)

An =/ BEYt —2)% 2

Proof. By using Popoviciu’s technique

50 - 5 < wtr.0) (152

where

+1>, vV 0>0.

and also using linearity and monotonicity of the operator DY(f;z) we get

[ BRA(f(t) — f(@); ] < BRA(lf(t) — f(z)];2)
by (8) and (9) we have

B0 — )il < wlr.0) (PR )
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Now by the Cauchy-Schwartz inequality and the lemma for central moments, we have

DA _ |2 ) L/2
’Bﬁ,q(f(t) - f(l')),aj| < w(f’ 5)<Bn (|t 5 | ) ) + 1>

An
<w(f, o2+ 1)
if we take A\, = 0 then
<2w(f,8) So proved.

Theorem 5.2. If f € C[0,1] then we have

BE i) — [(@)] < CuP(f303(a) + (. 2)

Proof. By lemma of central moments we get. Let

Bﬁ”((t —x)?%; :c) < On(x)

and assume that
BRA(fi) = ()~ 1 (4 B2 - i)

and
HE9(fi) = BRO + BRA(fsa)
then we get
BRA)] < (B - ) ) < (i ).
Now using Taylor’s formula, we get
t

o(t) = g(x) + ¢ (@)(t — 2) + / (t - 2)g" (w)du

x

SO
HP(g;x) — g(x) = ¢'(2) <H£’q(t —x); :z) + HPA < / 2t — ) g" (u)du; x)
x+Bh Y (t—x;z)
= Bg’q(/xt(t —u)g" (u)du; 33) - / <x + BRIt — x;x) — u) g" (u)du
we have
2 gi0) gl < 1527 [ o0 - g i)
x+Bh(t—x;x)
+| / <a: + BPA(t — x;x) — u) g" (u)dul
: 2
<7118z (¢ = 2o ) + (24 B2 - z30) — ) 1]
< &allg"
also we get
(H(fr2)| < | BRI(fi2)| + 2] fI] < 3] f]]
SO

1By — f()| < [HR(f —g;2) = (f —9)(@)[ + !f(BZ’q(t - m)s-%‘) — [(@)| + [HyT = g()]
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S HRA(S —o52)| +1(f = 9)(@)]pq + |f<B£"1(t — x); »’6) — f@)[ + [Hy(g; 2) — g()]
< Af = gll + w(f;8) + &5 (x)lg"l
taking infimum on RHS and we know g € W?2 and using Peetre K- functional so
|BE(fi2) — f(2)] < C?(f505(2)) + w(f;6).
proved U
5.1. Monotonicity for convex function. In 2016 proved the monotonicity for (p,q)-

Bernstein operators by Kang [16]. Now we shall study the monotonicity of the (p, ¢) Bernstein

operators using the gamma function.

Definition 5.3. A function f: R™ — R is said to be convex if forall X € [0,1] then
fOz+ (1= Ny) <Af(x) + (1 =N f(y)
Example 5.4.
(1).f(z) = e
(2).f(z) = Sin(ox)

The function f(x) = e** exhibits convexity and monotonicity, as its values increase or de-
crease in correspondence with the behavior of f(z). This property is similar to the second ex-
ample, which depends on the value of ¢ = 1 and is restricted to the interval z € (—m/2,7/2).

Theorem 5.5. If f € C[0,1] is a conver function, then BR(f;x) > f(x), V x € [0,1], V
neNadl<g<p<l1.

Proof. We know that f € C]0,1] is a bounded function on [0,1]. and |f| < M for
M > 0 then we may write by using lemma BL? > 0 so we can
flx) < BY(f; ).

with alternating proof is that

let xp=1t] and X\, = <Z> ¢pFe " nalk

BRI(fix) = [n] Y ML (k + 1) f ()

k=0

n
> 1 (1 3o Mr -+ 1))
k=0
SO
BRA(f;x) = f(x).
Condition for Monotonicity on [0,1]: The generalized Bernstein operators with the polyno-

mial b, ;(f; x) will be monotonically increasing on [0, 1] for k£ > 1. O

5.2. Voronovskaja type theorem. We present a significant quantitative Voronovskaja-
type theorem in this section. Holhas also provided the identical first derivation theorem for
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(p, q)-Bernstein operators [14], utilizing the smoothness modulus of Ditzian-Totik of the first

order.
Theorem 5.6. For any f € C|0,1],then the inequality holds:

1B — f(z) — e " o(x) ()| < Ce ™ f"(z)¢(x).

Proof. Since f € C[0,1] and ¢,z € [0, 1]. We know Taylor expansion,then we get:
t

F(t) — F(2) = (t — ) f () + / (t — u) " (w)du

T

therefore

t

F(t)—f (@)~ (t—2)f'(z) = / (t—u) f" (u) du— / (t—u) f" () dus = / (t—w) [ ()~ " ()] du.

xT

By using lemma 0.0.2 and 0.1.1 : we get

t
1B = fz) — e " o(x) f7 (2)]] < Bﬁ’q< / [t = ullf"(u) = f"(x)|du

: a;) (A).

f; [t — ul|f"(u) — f"(x)|du| was given by [11] page -337. as follows

t
/ |t = ull f"(w) = f"(@)|du| < 2/ = gll(t —)* = 2[[6g'|[||6* ||t — x|’ (B).
Where g € Wy[0,1] forall m = 1,2,3................ and 0 < g < p < 1 there exist a constant
Cmn > 0.
1Bt —2)™; z)|| < Cugp(a)e™™ (©).

Where z € [0, 1] and C is constant. Now combine (A), (B), and (C) with lemma 2.1
Then the Cauchy-Schwarz inequality we get is used by Kang[16].

B2~ f(a) e (a) " (@)]| < 2Hf”—gHB£’q<\t—w!2;w> +2H¢g’uu¢-ﬂffuBﬁq(\t—xr?’;m)

1/2 1/2
<217 = alleFlle™™ + 2l o711 Bl ol ) (B2l i
< 2|7 = gllllg*lle™ +2CIgglle ()
cerota) (117" ol + lea" )
Since ¢(x) < 3 for every x € [0, 1] we get
137~ ) - 0" @] < 3Cotore ™ (17~ ol + 69"
Then finally we get
1B — f(x) — e o(a) f(x)]| < O™ f" (2)6(a).

Hence Proved. (]

6. CONCLUSIONS

This paper introduces a new modification of (p, ¢)-Bernstein operators. Using these oper-

ators, we propose and prove approximation properties for a new class of gamma functions in
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(p, q) - calculus. We also studied Korvkin’s theorem, direct estimates, and the rate of conver-

gence through Peetre’s K-functional and also proved the convergence theorem for Lipschitz

functions of continuous functions. We provide a proof of Voronovskaja’s theorem using the

Ditzian-Totik modulus of smoothness and get flexible results for those theorems.
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