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1. INTRODUCTION

The concept of hyperstructures was first introduced by Marty [12] in 1934 during the
8th Congress of Scandinavian Mathematicians. In 1965, Zadeh [17] introduced the idea of
fuzzy sets, which has since led to the development of numerous fuzzy algebraic structures.
Consequently, researchers have devoted significant attention to exploring and studying the

*Address correspondence to T. Nozari; Department of Mathematics, Golestan University, Gorgan, Iran, E-mail:
t.nozari@gu.ac.ir.

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 International License.
Copyright (© 2025 The Author(s). Published by University of Mohaghegh Ardabili.

16


https://jhs.uma.ac.ir/article_2509.html
https://jhs.uma.ac.ir
https://doi.org/10.22098/jhs.2025.16534.1070
HTTPS://ORCID.ORG/0009-0009-9332-2984
HTTPS://ORCID.ORG/0000-0003-0668-9390
HTTPS://ORCID.ORG/0000-0001-5760-1788
HTTPS://ORCID.ORG/0000-0002-2632-6098
 https://creativecommons.org/licenses/by-nc/4.0/

Congruence Relation In Fuzzy Partial Hyperalgebras 17

fundamental concepts of fuzzy hyperstructures. Corsini and Leoreanu investigated the ordi-
nary operations on fuzzy sets in their work [5]. For a non-empty set H, an ordinary operation
maps each pair of elements in H to a non-empty subset of H, while a fuzzy hyperoperation
associates a fuzzy subset with each pair of elements in H. This concept was first introduced
in [6]. In [3], Ameri and Zahedi presented the concept of hyperalgebraic systems Schweigert
investigated the congruence relations of multialgebras in [14]. In [2], Ameri and Rosenberg,
building on the work in [3], introduced the concepts of compatibility, strong compatibility,
congruences, and strong congruences within hyperalgebras, thereby extending the notion of
congruences found in ordinary algebras. They also introduced the lattices of congruences and
strong congruences in hyperalgebras, illustrating that the characteristics of these lattices are
distinct from those found in ordinary algebras. Sen, Ameri, and Chowdhury [15] introduced
an innovative approach to fuzzy semihypergroups. This approach was subsequently extended
to include the concepts of fuzzy hyperrings [9] and fuzzy hypermodules [10]. Building on [15],
Ameri and Nozari expanded this approach to encompass hyperalgebras, the most extensive
category of fuzzy hyperalgebraic systems in [4]. They introduced and analyzed the concept
of fuzzy hyperalgebras and their relationships with hyperalgebras, establishing a connection
between fuzzy hyperalgebras and ordinary algebras.

This paper introduces fuzzy partial hyperalgebras to study subsets H of a hyperalgebra K,
even if H is not closed under fuzzy hyperoperations. By removing n;-tuples from each n;-ary
hyperoperation (; that produce values outside H, we build a simpler structure for analysis.
Inspired by partial algebras [8], this approach simplifies the study of fuzzy hyperstructures
[7]. We focus on congruence relations and their links to strong congruence, building on recent
studies [1, 13]. This work offers a clear framework for these relationships, supporting further

research into algebraic properties like distributivity [16].

2. PRELIMINARIES

In this section, the key definitions and preliminary findings are introduced that will be
referenced in the following sections.

Recall that for a non-empty set H, a fuzzy subset p of H is a function from H into the
real unit interval [0, 1]. p is a non-zero fuzzy subset of H if there exists some x € H such
that u(x) > 0.

For two fuzzy subsets p and v of H, we say u is smaller than v, and write pu < v if for all
x € H, p(z) <v(z).

A fuzzy n-ary hyperoperation f” on a non-empty set H isamap f*: Hx H x---x H —
F*(H) which associates a non-zero fuzzy subset f"(ai,...,ay) with any n-tuple (ai,...,an)
of elements of H, where F*(H) is the set of all non-zero fuzzy subsets of H ([4]).

Let H be a non-empty set and for every i € I, let 8; be a fuzzy n;-ary hyperopertion on
H. Then H = (H, (B;| i € I)) is called a fuzzy hyperalgebra, where (n; : i € I) is the type
of this fuzzy hyperalgebra. Two fuzzy hyperalgebras are similar if they have the same type
(14)).

A non-empty subset S of a fuzzy hyperalgebra H is a fuzzy subhyperalgebra of H if for all
i €I, and for all aj,...,a,, €S, the following condition holds [4]:

if Bi(a1,...,an,)(x) > 0 then x € S.
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A binary relation on a fuzzy hyperalgebra H is a subset of H2. A binary relation p on H
is said to be an equivalence relation if [2]:
(1) (xz,x) € p for all x € H (reflexive),
(7) if (z,y) € p then (y,x) € p for all x,y € H (symmetric),
(77) if (x,y) € p and (y,x) € p, then (z,z) € p for all x,y,z € H (transitive).

Definition 2.1. [4] Let p be an equivalence relation on a hyperalgebra H = (H, (5;| i € I))
and p and v be two fuzzy subsets on H. We say that ppv if following two conditions hold:
(7) For all @ € H, if p(a) > 0, there exists b € H such that v(b) > 0 and (a,b) € p,

(74) For all b € H, if v(b) > 0, there exists a € H such that p(a) > 0 and (a,b) € p,

and we say ppv, if for every a,b € H such that u(a) > 0 and v(b) > 0, then (a,b) € p.

3. CONGRUENCE RELATIONS IN Fuzzy PARTIAL HYPERALGEBRAS

In this section, we introduce the concepts of fuzzy partial hyperalgebra and relative fuzzy
subhyperalgebra of the fuzzy partial hyperalgebra. We also extend the congruence relation
on a fuzzy partial hyperalgebra to a congruence relation on another fuzzy hyperalgebra that
contains the first set as a relative fuzzy subhyperalgebra.

Definition 3.1. A binary relation p on a fuzzy hyperalgebra H = (H,(8;| ¢ € I)) is
called compatible with g; if for every ¢ € I and for all ai,...,an,,b1,...b,, € H such
that a1pby, ..., an,pby,, we have

5z‘(a1, - ,a,m.) P Bi(bla - ,bn2>

An equivalence relation p on fuzzy hyperalgebra H is called congruence on H if it is
compatible with every f;, for all i € I.

A binary relation p on a fuzzy hyperalgebra H = (H,(8; | ¢ € I)) is called a strongly
compatible with f; if for every ¢ € I and for all ay,...,ap;,b1,...b,;, € H such that

a1pbi, ..., an,;pby,, we have

/Bi(ala e 7a”ni) ﬁ 6’i(b17 e 7bnz)

An equivalence relation p on H is called strongly congruence relation on H if it is a strongly
compatible with every f;, for all 4 € I.
Denote by Con(H) (Cons(H)) the set of all congruences (strong congruences) of H.

Clearly, every strongly congruence of a fuzzy hyperalgebra is a congruence too.

Next, to illustrate the concept of strong congruence more clearly, we present an example
of a strong congruence relation on a fuzzy hyperalgebra and verify its compatibility with the
corresponding operations.

Ezample 3.2. Let HH = (H = {a, b, ¢}, B) be a fuzzy hyperalgebra with binary hyperoperations
defined as shown in the following table. If p = {(a,a), (b,b), (¢, c), (a,b), (b,a)}, then p is a

strong congruence relation on H.
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I 71 Blaa) | Ba.b) | Bla,) | Bvva) | Bb.D) | Bb.0) | Blesa) | Aled) | Blec)
08 | 06 0 06 | 0.3 0 0 0 0

b 02 | 04 0 04 | 07 0 0 0 0.3
c 0 0 0 0 0 0 0 0 0.7

The relation p satisfies the conditions of strong congruence with respect to the operation
B, as verified in all cases. This confirms the compatibility of the operation with the given

equivalence relation.

Definition 3.3. Let H = (H,(8;| ¢ € I)) be a fuzzy hyperalgebra, p € Con(H) and a € H.
The congruence class determined by a and p, denoted by p,, is the subset of H defined by:

pa = {b € H| (a,b) € p}.

Definition 3.4. A fuzzy partial hyperalgebra is a pair H = (H, (5;| i € I)), where for
each ¢ € I, there are an ordinal number n; and a set X; C H™ such that §; is a function
from X; into F*(H). In case X; = H™ the fuzzy hyperoperation f; is called total fuzzy

hyperoperation, and otherwise, it is called a fuzzy partial hyperoperation on H.

Definition 3.5. Let H = (H, (8;| i € I)) be a fuzzy partial hyperalgebra. If 3;, where i € I,
is a n;-ary fuzzy partial hyperoperation, then D(3;, H) denotes the domain of §; in H, that
is, D(B;,H) is a subset of H™:.

Definition 3.6. Let H' = (H',(3;| i € I)) be a fuzzy partial hyperalgebra. Then H' is a
fuzzy subhyperalgebra of the fuzzy partial hyperalgebra H = (H, (5;| i € I)) if H C H'. In
this case, 8; on H' is the restriction of 3; on H to H'.

Remark 3.7. According to the above definition, we have
D(B;,H') = D(B;,H)n H'™

Definition 3.8. The fuzzy partial hyperalgebra H' = (H',(5;] i € I)) is a relative fuzzy
subhyperalgebra of the fuzzy partial hyperalgebra H = (H, (8] i € I)), if H C H and for
all B, i€ 1,

D(Bi, /') = {(a1,...,an,)| (a1,...,an,) € D(B;, H) N H'™, Bi(as,...,an,) € F*(H')}.
We also say that H' is embedded in H.

Definition 3.9. Let H = (H, (8| i € I)) and H = (H',(8;] i € I)) be two fuzzy partial
hyperalgebras such that H’ is embedded in H and 6 is a congruence relation on H. Denote
the restriction of 6 to H' by 6.

Definition 3.10. Let H = (H,(3;| i € I)) and K = (K, (8;| @ € I)) be two fuzzy partial
hyperalgebras and H C K. Let 6 be a congruence relation on H. Then 6 can be extended
to a relation p on K, if p is a congruence relation on K and 6 C p, i.e., for every a,b € H,
(a,b) € 0 implies (a,b) € p.

Definition 3.11. let H = (H, (8;| i € I)) be a fuzzy partial hyperalgebra with the congruence

relation §. A fuzzy subhyperalgebra H' is called 6-strong if 6y is a strong congruence relation
on H'.
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Clearly, H is a fuzzy 6-strong subhyperalgebra of H if and only if 6 is a strong congruence
relation on HI.

In the following theorem, we will state the main objective of the article. We show that a
fuzzy partial hyperalgebra can be embedded into a fuzzy hyperalgebra in such a way that a
specific congruence relation on the latter corresponds to a given congruence relation on the

former.

Theorem 3.12. Let H = (H, (5;| i € I)) be a fuzzy partial hyperalgebra and 6 be a congruence
relation on H. Then H can be embedded into a fuzzy hyperalgebra K so that

(i) there is a congruence relation p on K such that pg =0,

(1) for every fuzzy 0-strong subhyperalgebra H' of H, there is a fuzzy subhyperalgebra K' of
K extending H' such that (0g/)a = ¢, for all a € H' and some congruence relation ¢ on
K'.

Proof. (i) Let H = (H, (B;| ¢ € I)) be a fuzzy partial hyperalgebra and 6 be a congruence
relation on H and
B,Bs,....,B;,... i <a,

be the congruence classes of #, with « being a finite number.
Put

A:=HU{b}U{m}, i<a,
where by # bs, if t # s (s,t < o), and b; # m, b; ¢ H for all i <« and m ¢ H.
Let

{m}, BiU{bi}, BoU{ba},...,BiU{b;},..., i < «,

be the blocks of a partition B of A. Put

Bl :=B; U{b;}, i < a.

Define 8! for (ai,...,a,,) € A™ as follows:
1) if (al,...,ani) € By x---x By, N D(p;, H),

ﬁiA(alj...,ani) = /BzH(al,...,ani).
9) if

(ais. . any) € By x - x BLA\D(:, H),
and if there is some
(a/l,...,a;”) c Bl X X Bnl mD(BhH)v

and s < a such that B (ay,...,an,) € F*(Bs), then for every z € A,
,824((11, s an)(2) = Xu{bs}(z)-

3) if aj = m for some j =1,...,n; or if
(a1,...,an;) € By X --- X By

and
By X ... x By, N D(B;, H) =0,

then for every z € A
/BzA(ala s 7a’n¢)(z) = X{m}(z)'
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This definition makes each 5{4 a fuzzy hyperoperation on A and, K = (A4, (/BZA] i e I))
a fuzzy hyperalgebra. Part (1) of the above definition shows that H is a relative fuzzy
subhyperalgebra of K, since (2) and (3) produce elements outside of H. The partition B

induces an equivalence relation p on K. Also
{m}, B}, ..., Bl, ..., i< a, are the equivalence classes of p,

{(m}nH=0,BjNnH=By,...,BBNH=08,,...,i<a,

0 induces the congruence classes By,...,B;,...,i < a, on H. Therefore pg = 0.

Now we must to show p is a congruence relation on K. For every ¢ =1,...,n;, let a;,b; € H
such that (a;,b;) € p. Note that

(a) if for some j =1,...,n;, a; = m, then b; = m and hence by part (3),

6?((117 s 7an¢) = BiA(bb . abm) = X{m}-

So, if A (a1,...,an,)(2) > 0, z € A, we have X{m}(2) > 0 and z = m. Then there exists
t = m such that 32 (b1,...,by,)(t) > 0. Since m = z = ¢, (t,2) € p and p is congruence
relation on K.

(b) if (a1,...,an;) € B} X -+ x By, then for every i = 1,...,n;, a; € Bj = B; U {b;}. Since
(ai,bi) €p, b€ Bé = B;U {bz} and

(br,...,bn;) € By X --- X By, .

If By x -+ x By, N D(f;,H) = 0, then by part (3) of the definition,

/654(0’17 L 7ani) == /BzA(bl) ceey bnl) == X{m}7
and according to the part (a), p is congruence relation on K.
If By X -+ x By, N D(B;,H) # 0, three situations occur:

(S1) both BA(a1,...,an,) and BA(b1,...,bn,) are Xu{b}, for some s < a. If
BA(a1,...,an,)(2) > 0, z € A, then z € U{bs}. So, there exists 1 < j/ < n; such that

z € BjpU{bj} and z = by . In this case, if t = b;, then (¢, 2) € p and p is congruence relation
on K.

(S2) one of them, say ﬁf(al,...,ani), is in F*(Bs), for some s < «, and the other is
Xu{b,}- For every z € A such that BA(a1,...,an,)(z) > 0, there exists r < « such that
z € B. = B, U {b,}. Consider t = b,; then 8 (b1,...,by,)(t) >0 and (t,2) € p. Thus p is a

congruence relation on K.

(S3) both BA(a,...,a,,) and B (by,...,by,) are in D(B;, H), then by part (1) of the
definition,
Bi(at,...,an,) [ Bi(b1, ..., bn,).
Sine pg =6,
Bar,.. . an,) P B b1, ... bny),
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and p is congruence relation on K. So, the proof of (i) is complete.

(i7) Let H' = (H',(5;] i € I)) be a fuzzy 6-strong subhyperalgebra of H. Then g/ is a
strong congruence relation on H'. Put C; := BN H' and A" = H'U{b;} U{m}, where i < a.
Then A’ N B; = C;. Now consider K' = (A’,(8{}] i € I)). We must to show K’ is fuzzy
subhyperalgebra of K. Let 8/ (a1, ...,an,)(z) > 0, where ay,...,an, € A’. Then

(FS1)if Cy x---xCp,ND(B;, H) = 0, by part (3) of the definition in (i), z = m and z € A’;

(FS2) if C1 % --- x C, N D(Bi, H) # 0, since A' N B; = Ci,
Cy x--- XCniﬂD(ﬂi,H):Cl X oo XCm,

by part (2) of the definition in (i), z € U{bs} for s < a, so z € A’;

(F'S3) if (a1,...,an,) € Cp x--- x Cp,\D(B;, H), by part (2) of the definition in (7), it will
be similar to (F£'52).

Obviously H' is a fuzzy relative subhyperalgebra of K. Also C; = B; N H' are the congru-
ence classes of Og.
On the other hand,

{bl}a{b2}7"'7{bi}7"‘7{m}7017'-wCia”-v 1 < a,

define a congruence class ¢ on K'.

For every a € H' and b € (), such that b € H', we have (a,b) € 0. So, there exists
i < « such that a,b € C;. Therefore (a,b) € ¢ and (0g/), C ¢q. Also if b € ¢, such that
be A’ we have (a,b) € ¢ and

(«) if there exists ¢ < a such that a,b € {b;}, then a = b =b; and a,b ¢ H';
(8) if a,b € {m}, then a =b=m and a,b ¢ H’;

() if there exists i < « such that a,b € C; = B; N H', then b € H' and (a,b) € Op.
Therefore ¢ C (0p+)q. and (0p7)a = ¢q. This completes the proof of (ii). O

Corollary 3.13. Let H = (H,(B;| i € I)) be a fuzzy partial hyperalgebra and let 0 be a
congruence relation on H. Then, there exists a fuzzy hyperalgebra K that contains H as a
relative fuzzy subhyperalgebra, and there is a congruence relation ¢ on K such that ¢ = 6.

Theorem 3.14. LetH = (H, (B;| i € I)) be a fuzzy partial hyperalgebra and 6 be a congruence
relation on H. Then 0 is strong if and only if H can be embedded into a fuzzy hyperalgebra

K and 6 can be extended to a congruence relation p on K such that for all a € H, 6, = pq.

Proof. Let 0 be a strong congruence relation on H. Since H and K are their own fuzzy 6-
strong subhyperalgebras, by Theorem 3.12, H can be embedded into the fuzzy hyperalgebra
K and 6 can be extended to congruence p on K such that 8, = p,, for every a € H.

Conversely, let H be a fuzzy relative hyperalgebra of the fuzzy hyperalgebra K. Then
H C K and
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D(,BZ,H) = {(al, .. .,ani)\ (al,. . .,ani) S D(/BZ,K) ﬂH"i,BZ-(al, ... ,ani) € f*(H)}

Let p be a congruence relation on K extending the congruence relation 6 on H such that
0y = pa, for every a € H. We need to show that 0 is a strong congruence relation on H, i.e.,
for every ai,...,an,,b1,...,by, € H such that (a1,b1) € 0,...,(an,,by,) € 0, the following
holds:
Bi(ar, ... an,) 0 Bi(b1,...,bn,),

or equivalently, for all z,y € H such that g;(ai,...,an,)(x) > 0 and 5;(b1,...,bs,)(y) > 0,
(x,y) € 0. Since a; € H, (a1,...,an;) € H™. Also, since H is fuzzy relative subhyperalgebra
of K, we have (a1,...,an,) € D(f;,K). Similarly, (b1,...,bn,) € D(5;,K). Since p is a
congruence relation on K and a;,b; € K, if (a;,b;) € p, we have

ﬁi(ah s 7ani)ﬁ Bi(bl) SRR bnl)

Hence for allm € K, if B;(a1, ..., an,)(m) > 0, there exists n € K such that §;(bi,...,by,)(n) >
0 and (m,n) € p. Since x,y € H, we have z,y € K and (x,y) € p. Also since 0, = p,, for
every a € H, we have (x,y) € p. Therefore 0 is a strong congruence relation on H. O

Ezample 3.15. Let H = (H = {a,b},3) and K = (K = {a,b,c}, ) be two fuzzy hy-
peralgebras with the binary hyperoperations defined as shown in the following tables. If
0 ={(a,a), (b,b),(a,b),(b,a)} and p = {(a,a), (b,b), (c,c), (a,b), (b,a)}, then 6 and p are the
congruence relations on H and K, respectively.

B
Bla,a) | B(a,b) | B(b,a) | B(b,b)
H
a 0 02 | 03 0
b 02 | 03 | 05 | 03

B
Bla,a) | Bla,b) | Bla,c) | B(ba) | B(b,b) | B(bc) | Blc,a) | B(e,b) | Ble,c)
K
a 0 02 | 03 | 03 0 04 | 0.1 0 0.7
b 02 | 03 | 05 0 03 | 05 0 02 | 0.2
c 0 0 0 0 0 0 0 0 0.3

Then H is a fuzzy partial hyperalgebra and also H is a fuzzy relative subhyperalgebra of the
fuzzy partial hyperalgebra K which applies to the conditions of Theorems 3.12 and 3.14.

4. CONCLUSIONS

In this paper, the concept of fuzzy partial hyperalgebra was introduced. This concept
is naturally suited for discussing subsets of hyperalgebra rather than fuzzy subhyperalge-

bras. If we take any subset H of fuzzy hyperalgebra K that is not necessarily closed under
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the fuzzy hyperoperations, we can delete all n;-tuples in the domain of each n;-ary fuzzy

hyperoperation 3; that would yield a value outside of H, thus resulting in a fuzzy partial

hyperalgebra and by characterizing the relationships between congruence and strong congru-

ence, we have simplified the examination of this issue. Future research may focus on algebraic

properties such as distributivity. These directions could further advance the development of

hyperstructure theory.

1]
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